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The problems of relativistic quantum field theory and of the quantum theory
of many bodies lead to the necessity of considering various mutually nonequiv-
alent representations of the canonical commutation relations (c.c.r.). In this
connection, representations of a special kind are of considerable interest—rep-
resentations in the tensor product of a countable family of Hilbert spaces (1),
in each of which the Schrédinger representation of the c.c.r. for one degree
of freedom is realized (?3). Such representations we shall call direct product
representations (d.p.r.).

It is known (%) that an arbitrary representation of the c.c.r. can be realized in
the direct integral fr ®H (a) du(a) of Hilbert spaces H (a) over the set I' = {a}
of all sequences a = [aq, as,...] of nonnegative integers a; and is completely
determined by a triple {v(a), u(a), [c;(a)]}. Here v(a) is the dimension of the
space J (a), p is a quasi-invariant measure on T', and [c,(a)] is a family of
unitary operators on J (a) satisfying certain simple restrictions (4).

In the present note we formulate a number of results on the structure of d.p.r.’
s and on their place in the scheme of the general classification of Garding and
Wightman (*).

Let the Hilbert space H = Hkoil ®J(;, be the tensor product of the family
{H), = L?*(z)}32, of a countable number of copies of the space L?(x). Consider
the separable complex Hilbert space § of basic functions and the basis {e;}5°, in
it. Let § be the set of finite linear combinations of elements of the basis. A direct
product representation of the c.c.r. is a Weyl mapping W : § — U (][ ®F},) of
the manifold § into the group of unitary operators on [[ ® %), such that

W(f)=w (Z Zk%) = H®Wk(2k>’ (1)

where W, () is a unitary operator in L?(x), defined by the equality
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(Wi(2)p)(x) = expi[/o&n + ] - p(x + 7). (2)

It follows from (1) that a d.p.r. is orthogonally reduced by each incomplete
tensor product HX = H: ®J{(},, generated by a product vector x = [], ®x
with x, € H, = L%*(z) and ||x,] = 1. It can be shown that the restriction
WX of the representation W to the subspace HX is irreducible and that the
bicommutant {W(f)}} 5 of the set {W(f)} ez coincides with the closure B (in
the weak operator topology) of the algebra generated by

operators of the form A =1, ® I,.. ® A, ® I}, ..., where A}, is any bounded
operator on J{,, and [ is the identity operator.

Theorem 1. Two representations WX and WX’ are equivalent if and only if

D1 xi) = 1] < oo, ®3)
k

i.e., when HX is weakly equivalent to HX' in the sense of von Neumann (.

Proof. For brevity we consider only the necessity of condition (3). Let WX be
equivalent to WX ie. for all f € §

WX(f) =UWX (f)U. (4)

Suppose that condition (3) is not satisfied. Then, according to von Neumann’
s results (Theorem X of (1)), there exists an operator

AW} fes ()

such that the restrictions of A to AX and HX', respectively, are

Ax=1, AX =o. (6)

But from (4) and (5) it follows that AX = UAX U~ which contradicts (6). By
another, more cumbersome method this result was obtained earlier in ().

We now clarify the structure of triples {v, u, [¢;]} corresponding to irreducible
p-p-p- Note that every such representation WX generates a commuting family
{N jx};’il of self-adjoint particle-number operators

NY=(L®..010;®..)X,

where

(n0)(w) = 3[—d*p(x)/da® + a?p(z) — . (7)
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From (7) it is seen that the spectrum of N is the set S; = {0,1,2,...}, so that
the spectral decomposition of N ]X has the form

Ny =) apilay).

a;€S;

Using the family {P;(a;)}32,, one can construct a spectral projection-valued
measure M on the o-ring ¥ of subsets E C I', where I' = {a} is the Cartesian
product HSj of the spectra S;. Here the operator-valued measure M is a
product measure, i.e. if £ € ¥ and E = [] £, where E; C S, for all j, then

M<E) :HMj(Ej)v (8)

where

and the product (8) converges in the strong operator topology.

Next note that in each X one can choose a product vector
X = H QX
k

such that:
a) the incomplete tensor product HX generated by x coincides with H X

b) x is a cyclic vector with respect to the family {N jx }, and all coefficients
g7 = (Xg» hyy) in the expansion of x, in Hermite functions h,,(z) are
nonzero.

Using the measure M and the cyclic product vector xy =[] 20x ®Xj» One can in
the usual way isometrically map J(X into

[ e%(@duta),
T

where dim # («) = 1. In this case the operators N ]X pass into the operators
of multiplication by a;, and the representation WX assumes the standard form
(4). The numerical measure u(E) = (M(E)x,x), by virtue of the choice of
the cyclic vector and property (8), turns out to be a quasi-invariant product
measure generated by the set of numbers

Pyt = (Pi(m)x, x) = lg;?]? (10)
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with ¢ from b). It is not difficult to find also the form of the last element of
the triple—the operators ¢ (a). We have

cp(a) = exp —ilf (o) — O (ay, — 1)), (11)

where 0, (m) = arg ¢}

Conversely, it is not difficult to verify that for any triple {v(a) =1, u, [cf (@) =
e"®e(@x)]} with a product measure u there is a corresponding irreducible D.P.R.
Thus, we have proved

Theorem 2. A representation of the c.c.r. is equivalent to some irreducible
direct-product representation if and only if v =1, p is an (equivalent) product
measure, and ci(a) have the form (11).

Combining Theorems 1 and 2 and using formula (10), we obtain

Corollary. Two quasi-invariant product measures . and p’, generated respec-

tively by sets of numbers py* and p;™, are equivalent if and only if

PO BRVi AT
k m

This result is an exhaustive solution of the corresponding problem posed in (4),
and was first obtained in (5).

< 00. (12)

The class of representations considered makes it possible to give a simple crite-
rion for the propriety of canonical finite-particle transformations (not necessarily
linear). We have in mind the following. Let a; and a, be the creation and an-
nihilation operators corresponding to some representation of the c.c.r. in the
space H. A transformation of the family {a,a} }3°, into itself will be called
a finite-particle canonical transformation (c.t.) if for all k the pair (a,a}") is
represented in the form

(ag, ;") = (filag, - ay ; azl ...a;g”),fk(azl ey s g eay ), (13)

where n < 0o, and

laf 0} ] = aja}” — ajaf = [y, af].
so that {a},a;"}7°, generates in J a new representation of the c.c.r., generally
speaking not equivalent to the original one. If these two representations are
equivalent, then the c.t. is called proper. Let us note at once the not always
clearly understood fact that propriety of a c.t. depends not only on the form of
the functions f, in (14), which reflect only the algebraic properties of the c.t., but
also on the properties of the original representation in . In the case when the
latter is equivalent to an irreducible D.P.R. WX, the transformed representation
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is equivalent to some other D.P.R., namely WYX, so that, by Theorem 1, the
criterion for propriety of the c.t. (for brevity we restrict ourselves to one-particle
c.t.” s) has the form

Z |(UrXps X)) — 1] < o0. (14)
%

Here Ux = [[, ®UyXy, and each Uy is a unitary operator in £? such that for
all k

(aps ay”) = (UpaUg Y, Upaf U Y,

Where f[jk = Il ® eee ®Uk ®Ik+1 ees

An analogous criterion is easily derived also for finite-frequency canonical trans-
formations. It is also of interest to note that for any such canonical transforma-
tion there exists a representation in which it is proper.

All the results obtained above, with obvious modifications, carry over also to
the case of canonical anticommutation relations.
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