Soviet-era science, translated into English

ON THE QUESTION OF
OPTIMAL ITERATIVE
PROCESSES

MATHEMATICS
1968

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196801.48108

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196801.48108

Abstract

Full Text
UDC 518:512.25
MATHEMATICS

Corresponding Member of the Academy of Sciences of the USSR G. I. Marchuk,
Yu. A. Kuznetsov

ON THE QUESTION OF OPTIMAL ITERA-
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We shall denote by V,, the space of n-dimensional real vectors over the field of
real numbers with scalar product

(0 ) =Y @ity (P €V,).
i=1

Let @ be some subspace of V. A matrix B* is called positive definite on @
(B Z 0) if (B, ) > 0 for any ¢ € Q (¢ # O, O is the zero vector), and positive

semidefinite on Q (B > 0) if (By,¢) > 0 for all ¢ € Q. The spectral radius
Q

of the matrix B will be denoted by p(B). In the present work all matrices are
assumed to be real.

Let, for the solution of the system of linear algebraic equations

Ap = f, (1)

where A is a nonsingular matrix and f € V,,, the iterative process

Pl = ok — B lzp:%k(AB)i—ll (ApF — ), ©FecU® (k=0,1,..). (2)
i—1

is proposed.

Here B is some matrix for which B(Ap — f) # © for any ¢ € U? (¢ #+ A7Lf),
Vi = 7:(€F) (€8 = ApF — f), and the ~, belong to a set G of real functionals
defined on any £ € V,, (£ # 0O, i =1,...,p). With respect to U® we shall assume
that this is a closed set of the space V,, such that Uy = {¢: ¢y = Ap — f, p €
U} is a linear subspace of V,, and, for any ¢ € U° and any real numbers
(i=1,...,p), the vector

Y=¢—DB (Ap—f)

p
> a,(AB)™!
=1
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belongs to U°.

By convergence of the iterative process (2) in U® we shall mean convergence
of the sequence {*} to the vector p* = A~!f, which is the unique solution of
system (1), for any initial approximation

P

Z v (AB)"

i=1

R,(v)=I1-B A

@Y € U°. The operator (y; € G; i = 1,...,p, I is the identity matrix) is called
the transition operator of the iterative process (2). We introduce in U, the
norm |¢|p = (D, p)'/2, where D = D* > 0 is some matrix, and in the space

U={¢:¢=9—¢" ¢ €U’ the norm [¢|p, = |A¢[p.

For given matrices A, B, and D, the problem of optimizing the iterative process
(2) in the space U with the norm | |4 consists in finding functionals v, € G
(i=1,...,p) such that

* Here and below, any matrix whose dimensions are not specified is assumed to
be square of order n.

0 v . U
[z = it 1m0l 0
bA 45

where

1Ryl = 5 (1 ()] /W)

It is not difficult to see that the problem of constructing such functionals is
equivalent to finding, for any £ € Uy, a vector 7 = y(§) € V], for which

Here

JD(’}/? f) = ‘

P
(f - zw) ‘
=1

and S = AB. Problem (4) is solvable for any £ € U, (£ # O), and the set of its
solutions coincides with the set of solutions of the system

D
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CP)y =P, (5)
where C™) is an m x m matrix with elements
Cij = (DS, 89¢) (1<i,j<m)
and ™ €V, is the vector with components

b, = (DS%,¢) (i=1,...,m; m=1,...,p),

which is always consistent.

Since the matrix C?) may be singular, problem (3) has, in general, a nonunique
solution. Let @Q,, be the set of vectors { € U, for which the vectors {S*¢}7,
are linearly independent and

Smrle = Zaﬁsé (m=1,...,p—1)
i=1
and

Qp:{g: §¢Qm (m:17"'7p_1>7 §€UA, f#@}

Then the vector 4 with components

where Eij are the elements of the p X p matrix é'v, defined by the relation

if €€ @,, (1 <m <p),is a solution of system (5).

Thus, defining the values of the functionals ,% by the relations

forall ¢ e Uy (€ #+ ©) and
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%:(§) =0
forall £ ¢ Uy and £ = © (i = 1,...,p), we obtain a solution of problem (3).
Process (2) with functionals ')gi (i = 1,...,p) constructed in this way will be

called optimal.

Tt is not difficult to show that Jp(7,&) is a continuous functional on the set

Qa=1{V: v=9/llel, ¢ €Uy}

and that JD(%,f) <1 (€U, £+ 0) if and only if

max |(DS,€)| > 0.

1<:i<p

Then, since

= inf Jp(v,v),
A veQs p(y W

the following is valid.

Theorem 1. Let

ap(s) = inf [max (DS, w)\] .

Qa [1<i<p

Then ap(s) < 0 is a necessary and sufficient condition for convergence in U° of
the optimal iterative process (2); moreover, if ap(S) > 0, then

U
12N, <L

Concerning the implementation of the optimal iterative process (2), let us note
that if, for some k > 0, the vector £¥ € @, then the matrix C'®) is nonsingular

and y(&F) = [CP)]~1p(P) | and if €F ¢ Q, (€ € Uy, €* # ©) and there is some
solution of system (5), then

=y, —B

p
Z ’3‘/2521‘| Eka
=1

and the iterative process terminates, converging to the exact solution in a finite
number of steps.
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Since for py, > p; > 1 we have

0 0
IR, WD, < IR, (MID,
it follows that

Lemma 1. If the p,-step optimal process (2) converges in U, then the p,-step
process also converges for any py > py.

Let U, L @[, where @, is the null space of the matrix D (this, for example,
always holds if D is nonsingular). Then ¢ = [D*]'/2D'/2¢ and

(DS€,&) = (A',4) (i=1,....p)

for any ¢ € U,. Here [D*]'/? is a pseudoinverse matrix for the matrix D'/? (see
(2)), ¥ = D'Y2¢, and A = DY2AB[D*]'/2. Since in this case

wp(8) = inf | max [(A',0)]/(0.v)].

YeUp [1<i<p

where Up, = {1 : ) = DY2¢p, ¢ € U,}, we have

Lemma 2. A% > 0 for some 1 < iy < p is a sufficient condition for convergence
in UY of the optimal iterative process (2).
Let us consider some special cases.
1. Let Uy L & and A = A*. Then for any p > 1 the condition U, L ¢, =0,
where @, is the null space of the matrix A, is necessary for convergence in
UY of the optimal iterative process (2). This condition is also sufficient for

its convergence in U for any p > 2 in the case of an arbitrary Hermitian
matrix A, and for any p > 1 when, in addition,

A>0.

If A > 0and Up L @4, then for the norm of the operator Rp(%) in U the
estimate
oY
IR, (Vlb, <1/|T,(70)l; (6)

is valid, where

p

T,(r) = [T+ VP2 = 1P+ (1= V72 = 1) /2

is the Chebyshev polynomial of order p, 7y = (M + m)/(M —m), M = p(A),
and m = 1/p(AT). For the case of an arbitrary Hermitian matrix A, Uy, L @4,
and p > 2, the estimate has the form
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IR,DIB, < 1/IT, (7).

Here p = [p/2] and 7, = (M + m)/(M — m), where M = p(A?) and m =
1/p([AF]?). f A= A* >0, B=1,and D = A™!, then we arrive at the p-step
method of steepest descent proposed by L. V. Kantorovich (7), and estimate (6)
is given, for example, in monograph (1).

Under the assumptions made at the beginning of this section, for the imple-
mentation of one step of the optimal iterative process (2) one can propose the
following modification of the conjugate-gradient method (see (1, 6)). Let, for
some k > 0, vectors o* and £ = Ap* — f be given. Then we obtain the vector

©**1 by the following formulas

(D(ApM 0P — f), Ark )

k+i/p — ;
(DArg,, Arf )

k+(i—1)

12 2 P — by, Vi =
where

rg=Bgk, vk = BAGIP — f) = By,

(DAB(A(pkH/p —f), Ark )
(DA}, Arf ) ’

B = (i=1,...,p—1).

The latter is not difficult to show, since
(DATf,Ar?) =0 fori#j

(Arf,A?“? €Uy, 1<i,j<p).
The implementation scheme proposed above -

makes it possible to substantially increase the efficiency of the iterative processes
under consideration when they are applied in practice.

Example. Let A=B—C, A > 0,and Uy = {¢: ¥ =Co, ¢ €V, }, where

B:

_F, F; =C" 20,

V,

n

~ |F 0
L L

>0, c—‘L L‘

Vv,

n

and Fy, F, = F} and L = L* are n/2xn/2 matrices. (Systems of equations with
such matrices arise in the numerical solution of kinetic equations [4].) Choose for
process (2) B= B! and D= C". Since U, L @, and p(BC) = |BC||%, <1,
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it is easy to see that A = DV2AB[D*]/? = A* > 0, and, consequently, the

n

optimal iterative process (2) converges in

Ul={p:p=A+J, peUy}

for any p > 1. Note that for any f € V,, the vector Bf € U, since ABf — f =
—CBf € Uy. Using (6), it is not difficult to show that

. oY 2
puégl%llnp(BC)/lnllRp(v M, <1/2p

for any fixed p > 1. In other words, in this case asymptotically one step of the
optimal iterative process (2) is at least equivalent to 2p? steps of the simple
iteration method

Bobtt =Cok 4+ f,  oFeV, (k=0,1,..).

Let us note that, to implement the iterative process (2), knowledge of the matrix
C™ is not necessary if the vector Bf is chosen as the initial one.

2. Let B, = Hizl(l + 7B,) be a nonsingular matrix, 7 a real parameter,
B = B!, and D = I. Iterative processes with matrices B of this form

arise when solving system (1) by the splitting method (see [4, 5]).
Lemma 3. If A > 0, then there exists 7, > 0 such that for any 7 € [0, 7] the

n

matrix B, is nonsingular and the optimal iterative process (2) converges in V,,
for all p > 1.

Suppose that [ =2, A= B, + B,, B; > 0; B, > 0, and choose
Vo Va

D=[I+7B) "I +7By) L.
Lemma 4. Under the assumptions made above, the optimal iterative process
(2) converges in V,, for any 7 > 0 and p > 1.

In conclusion, the authors express their gratitude to S. G. Godunov and V. I.
Lebedev for valuable comments.
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