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1°. Introduction. In this note several new results from the theory of Orlicz
spaces in the sense of Zaanen are formulated. We give the necessary information
about these spaces (}2).

A function M(u), 0 < u < 00, 0 < M(u) < oo, is called a Young function
if it satisfies the following conditions: M (u) is nondecreasing on [0, co], with
M) = 0, M(c0) = o0; 0 < dy; < o0, where dy; = sup{u | M(u) < oo};
0 < ¢y < o0, where ¢;; = sup{u | M(u) = 0}; M(u) is continuous for every
u < dp;; M(u) is continuous from the left at w = dj;; M(u) is convex on the
interval [0, d,,).

Definition. M (u) satisfies the Ag-condition (where 1 < 3 < oo) on |a,b],
0 <a < b < oo, if there exists a K, 0 < K < oo, such that M (fu) < KM (u)
for a < u <b.

Lemma. If d,; < oo, then the following two conditions are equivalent:
1) M(d,,) < oo; 2) there exist 3 > 1 and u, € [0,37'd,,) such that M (u)
satisfies the A g-condition on [ug, 87 dy,].

Let X be a nonempty set; R, some o-algebra of its subsets; u, a o-finite measure
(3) defined on R, with 0 < uX < oo. Fix an increasing sequence of sets X,, € R
such that 0 < uX,, < oo, n=1,2,..., and

X

(@

X =

n*

n=1

Following (?), we shall call a set E C X bounded if E C X,, starting from
some n. We shall assume that the measure p is complete (i.e., if uA = 0 and
B C A, then B € R) and continuous (i.e., if pA > 0 and 0 < § < pA, then there
exists a B € R such that B C A and uB = 9).

Let S be the set of all functions measurable on X with respect to the measure
1, taking values in the extended real line or in the extended complex plane.
Functions which coincide almost everywhere on X are regarded as identical.

The Young class is the set
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Py, = {u €S| /XM[|u(a:)]dx < oo}.

Obviously, P, is contained in the set of almost everywhere finite functions from
S and is a convex set.

The Orlicz space L, is the union of all sets aP,;, 0 < a < co. L, is a vector
space (under certain conditions the Young class P,; itself is a vector space; then
Ly = Py =aPy, 0 < a < 00), and after the introduction of the norm

lul, = inf{a >0 /XM[alu(:c)H dx < 1}

or

Jull, = sup { /X [u(z)o(z)| da | /X Nlo(a)[] d < 1}

(where N(v) = max{uv—M(u) | 0 <u < 0o}, 0 < v < 00) it becomes a Banach
space.

The norms | |; and | |, are equivalent; more precisely, ||ul; < [uly < 2|ul;.
Both norms are defined on the whole set S, but if w € S\ L,,, then |u|, =
0o, k=1,2. We note that

fu] July <1} = {u

/XM[u(x)H dz < 1} c P,

An important role in the theory of the space L, is played by its closed subspace
Lﬁ/[, defined as the intersection of all the sets aP,;, 0 < a < co. Here Lﬁ/[ = {0}
(where 6 is the zero function) if and only if d;; < oo. On the other hand,
L%, = L,, if and only if L,, = Py,.

2°. Topological and metric properties of the Young class as a subset
of an Orlicz space. In the following Theorems 1-3, certain results obtained
in (4) for a narrower class of Orlicz spaces are generalized and supplemented (in
particular, in (%) it is assumed that c¢,; = 0, d;; = oo, and puX < c0).

Theorem 1. The following three conditions are pairwise equivalent:
A. The Young class Py, is a closed set in the Orlicz space L.
B. Py ={u € Ly, | |u(z)| < d,; almost everywhere on X}.

C. The function M (u) satisfies the A z-condition on [ugy, 5~ dy] for some 8> 1
and uy € [0, 87dy,), and, if uX = oo, then uy = 0.

Corollary 1. If d;; = oo, then Py is closed if and only if Ly, = Py,.
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Remark. From Theorem 1, in particular, there follows the well-known criterion
for the coincidence of L,; with P,;: L,; = P, if and only if d;; = co and M (u)
satisfies the A,y-condition on [ug, 00], where uy = 0 if uX = co.

Theorem 2. The Young class Py, is an open set in the space Ly, if and only
Z‘f LM - PM'
For uw € L,,, put

pro(u, Lhy) = inf{u — ol |ve LY}, T, ={ue Ly | pplu, LY,) < 1},

k=1,2.

Theorem 3. Let d]\/[ = OQ. Then Hk = lntPM7 ﬁk = FM = {U S LM |
pelu, L) <1}, k=1,2.

Corollary 2. If dy; = oo, then
pr(u, LYy) = polu, L)) = inf{a > 0 | u € aPy,}

for every u € Ly,.

Corollary 2 means that if d,; = oo, then the norms || ||; and | ||, induce one and
the same norm in the factor space L,/ Lf\c/[.

Corollary 3. If dy; = oo and L, #+ Py, then the mazimal radius of balls
contained in Py, is equal to one both for the norm | ||, and for the norm | ||5-

Theorem 4.
sup{|ully, | v € Py} = ldpsllg, k=1,2.

Here d,; denotes the function taking the value dy; at oll x € X.
Corollary 4. P,, is a bounded set in the space Ly, if and only if dy; € Ly,

From Corollary 4 there follows the following boundedness criterion for P,;:
if dy; = oo, then P, is unbounded; if d;; < oo, then P,; is bounded if and only
if pX < o0, or uX =o00 and c;; > 0.

Theorem 5. Let d); < co. Then
max{r | D, C Py} =1,

where D, = {u | |ul; < r}. Moreover, if M(dy)uX <1, then |dyl; =1 and
Py = Dy; if M(dy)pX > 1, then |dyll; > 1 and both inclusions

Dy C Py CHul fully < ldplli}

are strict.

3°. On some subspaces of an Orlicz space. Following (?), denote by L,
the closure in the space L,, of the set of bounded functions u(x) for which the
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set {x € X | u(z) # 0} is bounded. In addition, denote by E]f\/[ the closure in
Ly

sets of bounded functions u(z) for which pu{z € X | u(z) # 0} < oo, and by
E,; (*) the closure in L,; of the set of bounded functions contained in L,,
(one should take into account that if uX = oo and ¢;; = 0, then, for example,
identically constant functions different from zero do not belong to L,,).

As shown in (?), Lﬁ/[ C L%, and L{V[ = L4, if and only if d,; = co. On the
other hand, it is obvious that L}, C Ejf\/[ C Ey C Ly,

Theorem 6. If d,; = oo, then LY, = Ef, (). If d), < oo, then L}, = B, if
and only if (X \ X,,) = 0, starting from some n.

Theorem 7. If uX < oo, then E}\} = FE,;. If pX = oo, then EJ]\} = E,, if and
only if ¢;; = 0 and M(u) satisfies the A,-condition on [0, d] for some b > 0.

Theorem 8. If d;; < oo, then E,; = L,,;. If d); = oo, then E,; = L;, if and
only if M (u) satisfies the A,-condition on [ug, oo] for some wu, > 0.

4°. Convergence in mean. It is said (*) that a sequence u,, € L,, converges
in mean to u € L, if

lim [ M[lu,(z)—u(x)|]dx = 0.

n—oo

From the definition of the norm | |; it follows easily that convergence in norm
entails convergence in mean.

Theorem 9. Convergence in norm in the space L, is equivalent to convergence
in mean if and only if L;; = P,,; and ¢p; = 0.

It should be noted that Theorems 8 and 9 generalize the corresponding results
from (4).
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