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1. In the papers (1,2 ), the eigenvalues of the operator 𝑙ℎ (in 𝐿2 = 𝐿2(0, ∞))
were studied:

𝑙𝑦 = −𝑦″ + 𝑞(𝑥)𝑦, 𝑦′(0) − ℎ𝑦(0) = 0,

where ℎ is a complex number, 𝑞(𝑥) a complex-valued function. The spectral
analysis of the operator 𝐿ℎ was carried out by M. A. Naimark (1). In particular,
he proved that if 𝑞(𝑥) satisfies the condition

sup
𝑥

|𝑞(𝑥)| exp(𝜀𝑥) < ∞, 𝜀 > 0, (1)

then the operator 𝑙ℎ has a finite number of eigenvalues. B. S. Pavlov (2) obtained
a more precise result, namely: condition (1) can be replaced by the condition

sup
𝑥

|𝑞(𝑥)| exp(𝜀√𝑥) < ∞, 𝜀 > 0. (2)

In the present note, analogous questions are considered for the equation

−𝑦″ = 𝑘2𝐶(𝑥)𝑦 − 𝑘𝑄(𝑥)𝑦, 𝑥 ≥ 0, (3)

where 𝐶(𝑥) and 𝑄(𝑥) are square matrices of order 𝑛, and the eigenvalues of the
matrix 𝐶(𝑥) are positive and distinct.

It is proved in the paper that if

‖𝐶′(𝑥)‖ ≤ 𝐶1 exp(−𝜀1
√𝑥), ‖𝑄(𝑥)‖ ≤ 𝐶2 exp(−𝜀2

√𝑥), (4)

where 𝐶1, 𝐶2, 𝜀1, 𝜀2 > 0, then the number of eigenvalues of the operator 𝐿 is
finite (the operator 𝐿 is defined below).
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2. We formulate the basic conditions on equation (3). The matrices 𝐶(𝑥)
and 𝑄(𝑥) satisfy the following conditions:

1∘. lim
𝑥→∞

𝐶(𝑥) = 𝐶(+∞) exists, is finite and nondegenerate.

2∘. ‖𝐶′(𝑥)‖2 + ‖𝐶″(𝑥)‖ ∈ 𝐿1 = 𝐿1(0, ∞).
3∘. lim

𝑥→∞
‖𝐶′(𝑥)‖ = 0, ‖𝐶′(𝑥)‖ ∈ 𝐿1.

4∘. ‖𝑄(𝑥)‖ ∈ 𝐿1.
Lemma. If conditions 1∘—4∘ are fulfilled, then equation (3) has 2𝑛 linearly
independent solutions 𝑦1, 𝑦2, … , 𝑦2𝑛. These solutions, for any fixed 𝑥 ≥ 𝑥0, are
regular for Im 𝑘 > 0 and continuous for Im 𝑘 ≥ 0. The solutions 𝑦1, 𝑦2, … , 𝑦𝑛 ∈
𝐿2, while the solutions 𝑦𝑛+1, … , 𝑦2𝑛, and no nontrivial combination of them,
belong to 𝐿2.

Introduce the operator

𝑙 = −𝑑2/𝑑𝑥2 − 𝑘2𝐶(𝑥) + 𝑘𝑄(𝑥).

Let 𝐷 be the collection of all vector-functions 𝑦 ∈ 𝐿2, all components of which
are absolutely continuous on every finite interval [0, 𝑎], 𝑎 > 0, and such that
𝑙𝑦 ∈ 𝐿2. Denote by 𝐷𝐿 the collection of all vector-functions 𝑦 ∈ 𝐷 such that

𝐴𝑦(0, 𝑘) + 𝐵𝑦′(0, 𝑘) = 0, (5)

where 𝐴 and 𝐵 are constant square matrices of order 𝑛, for which one of the
following conditions is satisfied:

1) if 𝐵 = 0, then det 𝐴 ≠ 0.

2) if 𝐵 ≠ 0, then also det 𝐵 ≠ 0.

By 𝐿 we denote the operator in 𝐿2 with domain 𝐷𝐿 and 𝐿𝑦 = 𝑙𝑦 for 𝑦 ∈ 𝐷𝐿.

3. Introduce the function

𝐷(𝑘) = det[(𝐴𝑌 (𝑥) + 𝐵𝑌 ′
𝑥(𝑥))|𝑥=0], (6)

where 𝑌 (𝑥) = (𝑦1, 𝑦2, … , 𝑦𝑛).
Following B. S. Pavlov (2), we shall call the point 𝑘 = 𝑘0 a singular point of the
operator 𝐿 if 𝐷(𝑘0) = 0. The multiplicity of the singular point 𝑘 = 𝑘0 will be
called the multiplicity of the root 𝐷(𝑘0) = 0. The set of all singular points of
the operator 𝐿 will be denoted by 𝐸, the set of all eigenvalues by 𝐸0, the set
of all singular points lying on the real axis (−∞, ∞) by 𝐸1, the set of singular
points of infinite multiplicity by 𝐸2, and the set of all accumulation points of
eigenvalues by 𝐸3.
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Theorem 1. Suppose that conditions 10—40 are satisfied. Then:

1) The set of eigenvalues, counted with multiplicities, satisfies the condition

∑ | Im 𝑘0| < ∞.
2) 𝐸3 ⊂ 𝐸1.

3) The set 𝐸1 is bounded, closed, has measure zero, and satisfies the condition

∑ |𝑙𝑘| ln |𝑙𝑘| > −∞,

where |𝑙𝑘| is the length of the interval of adjacency 𝑙𝑘 to the set 𝐸1, and the
summation extends over all bounded intervals of adjacency.

Theorem 2. Suppose that condition 10—40 is satisfied. In addition, let

‖𝐶′(𝑥)‖ ≤ 𝐶1 exp(−𝜀1𝑥𝛼), ‖𝑄(𝑥)‖ ≤ 𝐶2 exp(−𝜀2𝑥𝛼),

where 𝐶1, 𝐶2, 𝜀1, 𝜀2 > 0, 0 < 𝛼 < 1/2.

Then:

1) 𝐸1 ⊂ 𝐸2.

2) The set 𝐸2 is bounded, closed, has measure zero, and satisfies the condition

∑ |𝑙𝑘|(1−2𝛼)/(1−𝛼) < ∞,

where |𝑙𝑘| is the length of the interval of adjacency 𝑙𝑘 to the set 𝐸2, and the
summation extends over all bounded intervals of adjacency.

Theorem 3. If all the conditions of Theorem 2 are satisfied and 𝛼 = 1/2, then
the number of eigenvalues of the operator 𝐿 is finite.

The methods of proof are analogous to the methods used in papers (2,3 ).
I express my deep gratitude to M. V. Fedoryuk for posing the problem and for
constant attention to the work.
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