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1°. Denote by II,, the set of all trigonometric polynomials of order < n. For a
given polynomial
n
D, (t) = Z r sin(kt + a,)
k=0
construct the polynomial

n—1
5n(t) =r,+2 Z r cos[(n — k)t + a,, — oy,
k=0

which we shall call associated with the polynomial ®,. In (!) the following
theorem was established:

If t € I1,,, then the identity

27 2n
— l _ r—1%
[ e @a0= T3 e e B w0
holds, where
2r—1 o,
1/% = ™=
2n n

It is interesting that if

w2 ()

3 () = sin® nt/2
msin®t/2
Therefore, with this choice of the polynomial ®,,, equality (1) becomes the well-
known identity of M. Riesz (?)

then

n

, 1 (=11 (2r — )7
t'(z) = o E t(x+ gor)72 o2 tell,, ¢, = o (2)
r=1 r
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The present note is devoted to extending identity (1) to the complex domain
and to the case of semi-entire trigonometric polynomials.

2°. Let D be an arbitrary finite domain with simply connected complement
D, and rectifiable boundary I'. Denote by w = ®(z) the function mapping
D, conformally onto the domain |w| > 1 of the w-plane under the condition
®(00) = c0. Let z = 9(w) be the inverse function. Denote by A(D) the set
of all functions f(z) continuous in the closed domain D and analytic at every
interior point of D. Put

I£]l = max [f(2)].
zeD

Define the shift f, of a function f € A(D) by the real number ¢, —oo < t < oo,
by means of the equality

fi(z) =

L[ fH{y[®)e"]}
= /F JWIRE)TN) 3)

(—=z

The transformation (3) has been well studied in the works of V. K. Dzyadyk
(34). For fixed ®,, € II,, introduce the operators

o(f) = o(f.2) = / L)@, (0 dt, e AD),
2n

U(f:2) = 3= D o, (D118, (0,).

Theorem 1. If f is a polynomial of degree < n, then the identity

a(f)=U(f)
holds.

We outline the proof. Denote by F,, the Faber polynomial of degree n generated
by the domain D. It is known that any polynomial of degree n is expressed
linearly in terms of the polynomials {F}}, 0 < k < n. Therefore it suffices to
prove the identity only for the polynomials F, 0 < k < n.

The Faber polynomials have the important property that

(Fy)e = erikt'

Therefore
o(F) = Fy [ @0 dt, ()
T 2n . -
U(Fy) = Frg > ek (1)1, (4,). (5)
r=1

sovietrxiv.org/items/ru-196801.46456 Machine Translation


https://sovietrxiv.org/items/ru-196801.46456

By virtue of identity (1), valid for any trigonometric polynomial of order n,

[ v Ze“w 3,5,

Therefore it follows from (4) and (5) that o(F},) = U(F},).
Corollary. If the kernel ®,, is such that

5n(¢7) >0, r=1,2,...,2n, (6)

then for any polynomial f of degree < n the inequality

Indeed, by Theorem 1 and (6) we have

2n
’/ flz H o v 15, (1@ (0. (8)

One can verify that the last sum is equal to 2nr,,. Therefore (7) follows from
(8)-

Inequality (7) is a generalization of the classical inequality of S. N. Bernstein
on the maximum modulus of the derivative of a trigonometric polynomial.

/: fi(2)®,,(1) dtH <, m ”fw )| 7)

12500052

holds.

3°. As is known, an expression of the form

n

= (aycos(k+1/5)x + by sin(k + 1 /,)x),
k=0

where {a,}7_., {by}}_, are constants, is called a half-integer trigonometric poly-
nomial of order n. We denote the set of all such polynomials by II,, . . It is
obvious that any polynomial ® € II,,/, can be written in the form

:ZTksin((k+1/2)a:+ak), (9)
k=0

where 7, and oy, are real numbers, with r, > 0,0 <k <n.

Let @ be a fixed polynomial from II,, . Associate with it the polynomial
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B(x) = QZrkcos [(n+ Dz —(k+1/))z+a, —ay,
k=0

which we shall call the polynomial associated with the polynomial (9).

Theorem 2. Let ¢, €I, 5; then the identity holds

2n+2

27
/0 L 0RO = 3T S o) EE), (0
where
(2r—1)m a,,

T w42 n+l

Proof. Obviously, it is enough to prove equality (10) only for the functions
{cos(k+1/2)x}7_, {sin(k+1/2)x}}_,. Let us verify, for example, identity (10)
for ¢ (x) = cos(k + 1/2)z, 0 < k < n. After simple calculations we obtain that

27
/0 cp(x+ 0)®(0) d0 = —7ry sin[(k + 1/2)x — ay]. (11)

Denote the right-hand side of (10) by U(t,,,x). Then, by virtue of (11), it is
necessary to prove that

Uley, ) = —mrsin[(k + 1/2)z — ay].
This equality follows from the equalities

2n+2 2n+2

Z (—=1)""Lcospd, = Z (—=1)"tsinpd, =0 0<p<n+1;
r=1 r=1

2n+2

Z (=)™ Lcos(n +1)8, = (2n + 2)sina,,;

r=1

2n+2

> (=1 tsin(n + 1), = (2n + 2) cos v,

r=1

Let us give some applications of Theorem 2. Let
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@@ﬁ::E:Qk;JSHKk+]/%x. (12)
k=0

n

It is easy to check that in this case

sin®(n + 1)z/2 T 1>
(m>_Wcos2, 7r/0 t(z + 0)®(F) db = t'(z) (13)

K

for any ¢ € I, ;5. Therefore, if one takes into account that sin” s, =1/2,
then by Theorem 2 we obtain

Corollary. For any polynomial ¢ € II,, 4, the identity holds

t/( ) 1 2n+2t( N )( 1)T71 COSQDT/Q 2r—1 (14)
x) = E x - —_— = .
4n + 4 r=1 807’ Sin2 (107"/2’ SDT 2n "

Remark. Identity (14) can also be derived from M. Riesz’ s identity (2). Ap-
plying identity (14) to the case where ¢, (x) = sin(n+1/2)z, and putting = 0,
we obtain

2n+2 2% 1
2 — _
521 ctg ey (2n+1)(2n +2).

Theorem 3. If the kernel ®,, is such that

)>0, r=1,2 .., (2n+2), (15)

then for any ¢ € II,, |, , the inequality holds

/%t(a: +0)3,(0)do
0

T &~ sinfa,(n—j+1/2)/(n+1) +a; —a,]
= (n 1 ;Tj sin[(n — j+ 1/2)7/(2n + 2)] ) 21
(16)

Inequality (16) is sharp in the sense that for

o (0) = zn:cos(k +1/2)6 (17)
k=0

for every t € I1,,,, o equality holds in (16).
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We outline the proof. From Theorem 2 it follows that for every ¢ € II,, .4 5

2n+2
< <2n+2 X ) - as)

It can be verified that if inequalities (15) are satisfied, then

/%t(:p +0)D, (0)do
0

mi2 L& sinfa,(n—j+1/2)/(n+1)+a;—a,]
;@n( = Z; sin[(n — j + 1/2)x/(2n + 2)] ‘

Therefore (16) follows from (18). Let ®,, be defined according to (17). By simple
calculations we obtain that in this case

sin”(n + 1/2)t

5"(3&) - sint/2 (19)

Thus, inequalities (15) are satisfied. Hence Theorem 3 is applicable. But in fact
in this case equality holds in (16), since it is directly seen that the right-hand
side of (16) is equal to 7|t|. It can be verified that if ®,, is defined according to
(17), then for every t € I,y o

/ "t + 0)®,(6) db = mt(x).
0

Therefore the left-hand side of (16) is also equal to |¢|.
Theorem 4. If the kernel ®,, is such that the inequalities

.. (6,) <0, r=n+1ln+2..,2n+2, (21)

are satisfied, then for every ¢ € II,, .4 /5

2T« (1)
: (n+ 2oz + 1>w/<2n+z>2> I

From equality (13) it is seen that if ®,, is defined according to (12), then in-
equalities (20), (21) are satisfied, and hence Theorem 4 is applicable in this
case.

/%t(x +0)D, (0)do
0

Received
21 II 1968
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