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Abstract
Full Text
UDC 519.40

MATHEMATICS

V. N. Salii

Transformative Semigroups (𝔊, ∘, 𝜉, 𝜒1, 𝜒2)
(Presented by Academician A. I. Mal’cev, 10 V 1967)

It is known that not all properties of (partial) transformations of a set can be
expressed in terms of the operation of their multiplication. Consequently, in
considering an abstract semigroup isomorphic to a given semigroup of trans-
formations, we cannot recover many important connections between the cor-
responding transformations. Among such connections are the most important
binary relations defined in semigroups of transformations: the projection rela-
tions 𝜒1 (first) and 𝜒2 (second) ((𝜑1, 𝜑2) ∈ 𝜒𝑖 if and only if 𝑝𝑟𝑖𝜑1 ⊂ 𝑝𝑟𝑖𝜑2),
and the relation of semicompatibility of transformations 𝜉 ((𝜑1, 𝜑2) ∈ 𝜉 if and
only if 𝜑1 and 𝜑2 act identically on 𝑝𝑟1𝜑1 ∩ 𝑝𝑟1𝜑2; for transformations their
compatibility is usually denoted by an infix sign).

The desire to give as complete an abstract description as possible of semigroups
of transformations leads to the natural concept of a relativized semigroup (3): a
system (𝔊, ∘, 𝜌1, … , 𝜌𝑛), where (𝔊, ∘) is a semigroup, and 𝜌1, … , 𝜌𝑛 are certain
binary relations given on 𝔊. If (𝔊, ∘, 𝜌1, … , 𝜌𝑛) and (𝔊∗, ∘∗, 𝜌∗

1, … , 𝜌∗
𝑛) are two

relativized semigroups, then a mapping 𝑃 ∶ 𝔊 → 𝔊∗ is called a homomorphism
of the first into the second if 𝑃 is a homomorphism of (𝔊, ∘) into (𝔊∗, ∘∗), and,
moreover, (𝑔1, 𝑔2) ∈ 𝜌𝑖 if and only if (𝑃 (𝑔1), 𝑃 (𝑔2)) ∈ 𝜌∗

𝑖 . The study of rela-
tivized semigroups of transformations was initiated by V. V. Wagner (1). He
also posed the problem of an abstract characterization of relativized semigroups
of transformations (𝔊, ∘, 𝜉, 𝜒1, 𝜒2).
Relativized semigroups isomorphic to relativized semigroups of transformations
of the form (𝔊, ∘, 𝜉, 𝜒1, 𝜒2) will be called transformative semigroups. At-
tempts to describe the class of transformative semigroups led to the isolation
of the classes of transformative semigroups of the first kind (𝔊, ∘, 𝜉, 𝜒1) (2), pro-
jection semigroups of the first and second kinds (𝔊, ∘, 𝜒1) and (𝔊, ∘, 𝜒2), re-
spectively (5), general projection semigroups (𝔊, ∘, 𝜒1, 𝜒2) (3), and relativized
semigroups (𝔊, ∘, 𝜉) (6). In the present note an elementary (but infinite) system
of axioms is given for transformative semigroups (𝔊, ∘, 𝜉, 𝜒1, 𝜒2). The problem
is solved by the same method with whose aid the author obtained an abstract
characterization of projection semigroups (3) and an elementary axiomatics of
transformative semigroups of the first kind (4).
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Let (𝔊, ∘, 𝜉, 𝜒1, 𝜒2) be some relativized semigroup. Define a ternary predicate
Π as follows. Put

Π0(𝑔1, 𝑔2, 𝑔3) ↔ (∃ ̄𝑔1, ̄𝑔2, … , ̄𝑔𝑚−1, ̄𝑔𝑚, 𝑔)(( ̄𝑔1, ̄𝑔2) ∈ 𝜉∧⋯∧( ̄𝑔𝑚−1, ̄𝑔𝑚) ∈ 𝜉∧{ ̄𝑔1𝑔, ̄𝑔2, … , ̄𝑔𝑚−1, ̄𝑔𝑚} ⊂ 𝜒1⟨𝑔1⟩∪𝜒1⟨𝑔2⟩∧( ̄𝑔𝑚𝑔, 𝑔3) ∈ 𝜒1);

Π𝑛(𝑔1, 𝑔2, 𝑔3) ↔ (∃ ̄𝑔1, ̄𝑔2, … , ̄𝑔𝑚−1, ̄𝑔𝑚, 𝑔)(( ̄𝑔1, ̄𝑔2) ∈

∈ 𝜉 ∧ ⋯ ∧ ( ̄𝑔𝑚−1, ̄̄𝑔𝑚) ∈ 𝜉 ∧ Π𝑛− ̄𝑔1
(𝑔1, 𝑔2, ̄𝑔1𝑔) ∧ Π𝑛−1(𝑔1, 𝑔2, ̄𝑔2) ∧ ⋯

⋯ ∧ Π𝑛−1(𝑔1, 𝑔2, ̄𝑔𝑚) ∧ ( ̄𝑔𝑚𝑔, 𝑔3) ∈ 𝜒1;
Π(𝑔1, 𝑔2, 𝑔3) ↔ (∃𝑛) Π𝑛(𝑔1, 𝑔2, 𝑔3)

(the symbol 𝑔 may be empty).

We construct inductively, over the alphabet with letters 𝑎𝑔, 𝑏𝑔, 𝑐(𝑔1,𝑔2) (𝑔, 𝑔1, 𝑔2 ∈
𝔊), the following set of words Γ.

First Γ1 is defined:

1. 𝑐(𝑔1,𝑔2) ∈ Γ1.

2. Π(𝑔1, 𝑔2, 𝑔3) → 𝑐(𝑔1,𝑔2)𝑏𝑔3
∈ Γ1.

3. Π(𝑔1, 𝑔2, 𝑔3) ∧ (∃ ̄𝑔3, … , ̄̄𝑔3, ̃𝑔3)((𝑔3, ̄𝑔3) ∈ 𝜉 ∧ ⋯ ∧ ( ̄̄𝑔3, ̃𝑔3) ∈ 𝜉∧

∧Π(𝑔1, 𝑔2, ̄𝑔3) ∧ ⋯ ∧ Π(𝑔1, 𝑔2, ̄̄𝑔3) ∧ ( ̃𝑔3, 𝑔4) ∈ 𝜒2 → 𝑐(𝑔1,𝑔2)𝑏𝑔3
𝑎𝑔4

∈ Γ1.

4. 𝛾𝑏𝑔1
𝑎𝑔2

∈ Γ1 ∧ (∃ ̄𝑔2, ̄̄𝑔2, ̄𝑔3, ̄̄𝑔3, 𝑔)(( ̄𝑔3𝑔, 𝑔3) ∈ 𝜒1 ∧ (𝑔2 ̄𝑔2, ̄𝑔3) ∈

∈ 𝜒1 ∧ 𝛾𝑏𝑔1 ̄𝑔2
∈ Γ1 ∧ ( ̄𝑔2 ̄̄𝑔2, ̄̄𝑔3𝑔) ∈ 𝜒1 ∧ 𝛾𝑏𝑔1 ̄̄𝑔2 ∈ Γ1 ∧ ( ̄̄𝑔3, ̄𝑔3) ∈ 𝜉) →

→ 𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
∈ Γ1

( ̄𝑔2, ̄̄𝑔2, 𝑔 may be empty symbols).

5. 𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
∈ Γ1 ∧ (∃ ̃𝑔3, … , ̄̄𝑔3, ̄𝑔3)((𝑔3, ̃𝑔3) ∈ 𝜉 ∧ ⋯ ∧ ( ̄̄𝑔3, ̄𝑔3) ∈ 𝜉∧

∧𝛾𝑏𝑔1
𝑎𝑔2

𝑏 ̃𝑔3
∈ Γ2 ∧ ⋯ ∧ 𝛾𝑏𝑔1

𝑎𝑔2
𝑏 ̄𝑔3

∈ Γ1 ∧ (( ̄𝑔3, 𝑔4) ∈ 𝜒2 ∨ (∃ ̄𝑔2)( ̄𝑔3 = 𝑔2 ̄𝑔2∧

∧𝛾𝑏𝑔1 ̄𝑔2
𝑎𝑔4

∈ Γ1))) → 𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
𝑎𝑔4

∈ Γ1

( ̄𝑔2 may be an empty symbol).

6. There are no other words in Γ1.

Suppose now that Γ𝑛 has been constructed. Then:

1. 𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
∈ Γ𝑛 ∧ 𝑔3 = 𝑔2 ̄𝑔2 → 𝛾𝑏𝑔1 ̄𝑔2

∈ Γ𝑛+1 ( ̄𝑔2 may be empty).
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2. 𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
𝑎𝑔4

∈ Γ𝑛 ∧ 𝑔3 = 𝑔2 ̄𝑔2 → 𝛾𝑏𝑔1 ̄𝑔2
𝑎𝑔4

∈ Γ𝑛+1 ( ̄𝑔2 may be empty).

3. 𝑐(𝑔1,𝑔2)𝑏𝑔3
∈ Γ𝑛+1 ∧ (∃𝑔3, … , ̄̄𝑔3, ̃𝑔3)((𝑔3, ̄𝑔3) ∈ 𝜉 ∧ ⋯ ∧ ( ̄̄𝑔3, ̃𝑔3) ∈

∈ 𝜉 ∧ 𝑐(𝑔1,𝑔2)𝑏 ̄𝑔3
∈ Γ𝑛+1 ∧ ⋯ ∧ 𝑐(𝑔1,𝑔2)𝑏 ̄̄𝑔3 ∈ Γ𝑛+1 ∧ ( ̃𝑔3, 𝑔4) ∈ 𝜒2) →

→ 𝑐(𝑔1,𝑔2)𝑏𝑔3
𝑎𝑔4

∈ Γ𝑛+1.

4—5. As in the definition of Γ1, with Γ1 replaced everywhere by Γ𝑛+1.

6. There are no other words in Γ𝑛+1.

Finally, put

Γ =
∞
⋃
𝑛=1

Γ𝑛.

On the set Γ define a binary relation 𝜀1, setting (𝛾1, 𝛾2) ∈ 𝜀1 if and only if

𝛾1 = 𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
… 𝑎𝑔2𝑛

𝑏𝑔2𝑛+1
(𝑎𝑔2𝑛+2

), 𝛾2 = 𝛾𝑏 ̃𝑔1
𝑎𝑔2

𝑏 ̃𝑔3
… 𝑎𝑔2𝑛

𝑏 ̃𝑔2𝑛+1
(𝑎𝑔2𝑛+2

)

and (𝑔2𝑘+1, ̃𝑔2𝑘+1) ∈ 𝜉 (𝑘 = 0, 1, … , 𝑛).
Lemma 1. If IΔ𝔊 ⊂ 𝜉 and Π−1

𝜉 ∘ ⊂ 𝜉 (i.e. 𝜉 is reflexive and symmetric), then

̄𝜀1 =
∞
⋃
𝑛=1

𝜀𝑛
1

is an equivalence relation.

Using ̄𝜀1, we introduce in Γ one more binary relation. Namely, let

𝛾1 = ̄𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
… 𝑏𝑔2𝑛−1

𝑎𝑔2𝑛
𝑏𝑔2𝑛+1

̄̄𝛾,

𝛾2 = ̃𝛾𝑏𝑔1
𝑎𝑔2

𝑏𝑔3
… 𝑏𝑔2𝑚−1

𝑎𝑔2𝑚
𝑏𝑔2𝑚+1

̄𝛾 and 𝑔2𝑛+1 = 𝑔2𝑛 ̃𝛿2𝑛, 𝑔2𝑛−1 ̃𝛿2𝑛

= 𝑔2𝑛−2 ̃𝛿2𝑛−2, … , 𝑔3 ̃𝛿4 = 𝑔2 ̃𝛿2, ̄𝑔2𝑚+1 = ̄𝑔2𝑚 ̄𝛿2𝑚, ̄𝑔2𝑚−1 ̄𝛿2𝑚

= ̄𝑔2𝑚−2 ̄𝛿2𝑚−2, … , ̄𝑔3 ̄𝛿4 = ̄𝑔2 ̄𝛿2

( ̃𝛿2𝑛, ̃𝛿2𝑛−2, … , ̃𝛿4, ̃𝛿2, ̄𝛿2𝑚, ̄𝛿2𝑚−2, … , ̄𝛿4, 𝑔2

may be empty symbols),

( ̄𝛾𝑏𝑔1 ̄𝑔2𝛾, 𝛾𝑏𝑔1 ̄𝑔2 ̄𝛾) ∈ ̄𝜀1.
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In this and only in this case we regard (𝛾1, 𝛾2) ∈ ̄𝜀2. Putting

̄𝜀2 =
∞
⋃
𝑛=0

𝜀𝑛
2 ,

we construct the fundamental relation on the set Γ:

𝜀 =
∞
⋃
𝑛=1

̄𝜀2 ∘ ̄𝜀1 ∪ ̄𝜀1 ∘ ̄𝜀2.

By Lemma 1 and the definition of ̄𝜀2, 𝜀 will be an equivalence relation. 𝜀-
equivalent words will be regarded as different writings of one and the same
word.

Introduce the notation

𝛾 ∘ 𝑏𝑔 =
⎧{
⎨{⎩

𝛾0𝑏𝑔1
𝑎𝑔2

𝑏𝑔, if 𝛾 = 𝛾0𝑏𝑔1
𝑎𝑔2

,
𝛾0𝑏𝑔1𝑔, if 𝛾 = 𝛾0𝑏𝑔1

,
𝑐(𝑔1,𝑔2)𝑏𝑔, if 𝛾 = 𝑐(𝑔1,𝑔2);

and 𝛾 ∘ 𝑎𝑔 = 𝛾0𝑏𝑔1
𝑎𝑔, if 𝛾 = 𝛾0𝑏𝑔1

.

Lemma 2. If

III (𝑔1, 𝑔2) ∈ 𝜉 ∧ (𝑔3, 𝑔4) ∈ 𝜉 → (𝑔1𝑔3, 𝑔2𝑔4) ∈ 𝜉

(i.e. 𝜉 is stable), then from (𝛾1, 𝛾2) ∈ 𝜀 it follows, under the condition (𝑔1, 𝑔2) ∈ 𝜉,
that

(𝛾1 ∘ 𝑏𝑔1
, 𝛾2 ∘ 𝑏𝑔2

) ∈ 𝜀,
if both these words belong to Γ.

Now put (𝛾1, 𝛾2) ∈ 𝜔 if and only if:
1. 𝛾2 = 𝑐(𝑔2,𝑔2) and 𝛾1 ∘ 𝑏𝑔2

∈ Γ.
2. 𝛾2 = 𝑐(𝑔2,𝑔2)𝑏𝑔2

and 𝛾1 ∘ 𝑎𝑔2
∈ Γ.

Lemma 3. If:
IV 𝑐(𝑔1,𝑔1)𝑏𝑔2

∈ Γ → (𝑔1, 𝑔2) ∈ 𝜒1,
V 𝜒2

1 ⊂ 𝜒1 (i.e. 𝜒1 is transitive),

VI (𝑔1, 𝑔2) ∈ 𝜒1 → (𝑔3𝑔1, 𝑔3𝑔2) ∈ 𝜒1 (i.e. 𝜒1 is left regular),

VII 𝑐(𝑔1,𝑔1)𝑏𝑔1
𝑎𝑔2

∈ Γ → (𝑔1, 𝑔2) ∈ 𝜒2,
VIII 𝜒2

2 ⊂ 𝜒2 (i.e. 𝜒2 is transitive),

then the binary relation 𝜔 is transitive.

Proof. Let (𝛾1, 𝛾) ∈ 𝜔 and (𝛾, 𝛾2) ∈ 𝜔.

1. 𝛾2 = 𝑐(𝑔2,𝑔2), 𝛾 = 𝑐(𝑔,𝑔), and 𝑐(𝑔,𝑔)𝑏𝑔2
∈ Γ. According to IV, (𝑔, 𝑔2) ∈ 𝜒1;
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a) 𝛾1 = 𝛾0𝑎𝑔1
, 𝛾0𝑎𝑔1

𝑏𝑔 ∈ Γ. By V and the definition of Γ, 𝛾0𝑎𝑔1
𝑏𝑔2

∈ Γ;

b) 𝛾1 = 𝛾0𝑏𝑔1
, 𝛾0𝑏𝑔1𝑔 ∈ Γ. In view of VI, (𝑔1𝑔, 𝑔1𝑔2) ∈ 𝜒1, whence (𝛾1, 𝛾2) ∈

𝜔.

2. 𝛾2 = 𝑐(𝑔2,𝑔2), (𝛾, 𝑐(𝑔,𝑔)𝑏𝑔) ∈ 𝜀, 𝛾 ∘ 𝑏𝑔2
∈ Γ. By Lemma 2,

(𝛾 ∘ 𝑏𝑔2
, 𝑐(𝑔,𝑔)𝑏𝑔 ∘ 𝑏𝑔2

) ∈ 𝜀.

Here
𝑐(𝑔,𝑔)𝑏𝑔𝑔2

= 𝑐(𝑔,𝑔)𝑏𝑔 ∘ 𝑏𝑔2

belongs to Γ together with 𝛾 ∘ 𝑏𝑔2
, by the definition of Γ. Then IV gives

(𝑔, 𝑔𝑔2) ∈ 𝜒1. If 𝛾1 = 𝛾0𝑏𝑔1
, then, by the condition, 𝛾0𝑏𝑔1

𝑎𝑔 ∈ Γ. Obvi-
ously,

𝛾0𝑏𝑔1
𝑎𝑔𝑏𝑔𝑔2

∈ Γ,
and then also

𝛾0𝑏𝑔1
∘ 𝑏𝑔2

= 𝛾0𝑏𝑔1𝑔2
∈ Γ.

3. 𝛾2 = 𝑐(𝑔2,𝑔2)𝑏𝑔2
, (𝛾, 𝑐(𝑔,𝑔)𝑏𝑔) ∈ 𝜀, 𝛾 ∘ 𝑎𝑔2

∈ Γ. Then

𝑐(𝑔,𝑔)𝑏𝑔𝑎𝑔2
∈ Γ,

i.e., by VII, (𝑔1, 𝑔2) ∈ 𝜒2. Since 𝛾1 = 𝛾0𝑏𝑔1
, from 𝛾0𝑏𝑔1

𝑎𝑔 ∈ Γ, according
to VIII, we obtain

𝛾0𝑏𝑔1
𝑎𝑔2

∈ Γ.
The lemma is proved.

Lemma 4. If
IX (𝑔1𝑔2, 𝑔1) ∈ 𝜒

(i.e. 𝜒 is right-negative), then

𝛾 ∈ 𝜔−1⟨𝑐(𝑔1𝑔2,𝑔1𝑔2)⟩ ↔ 𝛾 ∈ 𝜔−1⟨𝑐(𝑔1,𝑔1)⟩ ∧ 𝛾 ∘ 𝑏𝑔1
∈ 𝜔−1⟨𝑐(𝑔2,𝑔2)⟩.

Lemma 5. If
X Δ𝔊 ⊂ 𝜒2 (i.e. 𝜒2 is reflexive),

XI (𝑔1𝑔2, 𝑔2) ∈ 𝜒2 (i.e. 𝜒2 is left-negative),

XII Δ𝔊 ⊂ 𝜒1 (i.e. 𝜒1 is reflexive),

then
𝜔−1⟨𝑐(𝑔,𝑔)⟩ ∘ 𝑏𝑔 = 𝜔−1⟨𝑐𝑔,𝑔𝑏𝑔⟩.

Proof. Let 𝛾0 ∈ 𝜔−1⟨𝑐(𝑔,𝑔) ∘ 𝑏𝑔⟩, and moreover 𝛾0 = 𝛾0 ∘ 𝑏𝑔. If 𝛾0 = 𝛾0 ∘ 𝑎𝑔0
,

then 𝛾 ∈ 𝜔⟨𝑐(𝑔,𝑔)𝑏𝑔⟩ by X; and if 𝛾0 = 𝛾0𝑏𝑔0
, then we apply XI. Conversely,

assuming 𝛾 ∈ 𝜔⟨𝑐(𝑔,𝑔)𝑏𝑔⟩, i.e. 𝛾 ∘ 𝑎𝑔 ∈ Γ, we have, in view of XII, 𝛾𝑎𝑔𝑏𝑔 ∈ Γ, but
𝛾𝑎𝑔𝑏𝑔 = 𝛾𝑎𝑔 ∘ 𝑏𝑔, and 𝛾𝑎𝑔 ∈ 𝜔−1⟨𝑐(𝑔,𝑔)⟩, and (𝛾, 𝛾𝑎𝑔𝑏𝑔) ∈ 𝜀.
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Theorem 1. If in a relativized semigroup (𝔊, ∘, 𝜉, 𝜒1, 𝜒2) the binary relations
𝜉, 𝜒1, 𝜒2 satisfy conditions I–XII and XIII

(𝑐(𝑔1,𝑔2)𝑏𝑔1
, 𝑐(𝑔1,𝑔2)𝑏𝑔2

) ∈ 𝜀 → (𝑔1, 𝑔2) ∈ 𝜉,

then it admits a homomorphism into some transformative semigroup of trans-
formations.

Proof. Construct a mapping 𝑃 of the set 𝔊 into the set 𝔉(Γ × Γ) of all trans-
formations of Γ, putting

𝑝𝑟1𝑃(𝑔) = 𝜔−1⟨𝑐(𝑔,𝑔)⟩
and

𝑃(𝑔)(𝛾) = 𝛾 ∘ 𝑏𝑔.
Lemma 4 and the stability of 𝜉 (condition III) ensure the equality

𝑃(𝑔1𝑔2) = 𝑃(𝑔2) ∘ 𝑃 (𝑔1)

(we recall that equality of words from Γ is understood in the sense of their
𝜀-equivalence). Further,

𝑝𝑟1𝑃(𝑔1) ⊂ 𝑝𝑟1𝑃(𝑔2)
is equivalent, by definition, to the inclusion

𝜔−1⟨𝑐(𝑔1,𝑔1)⟩ ⊂ 𝜔−1⟨𝑐(𝑔2,𝑔2)⟩,

which, in turn, in view of Lemma 3 and the reflexivity of 𝜒2 (condition XII), is
replaced by the relation

𝑐(𝑔1,𝑔1) ∈ 𝜔−1⟨𝑐(𝑔2,𝑔2)⟩,
i.e.

𝑐(𝑔1,𝑔1)𝑏𝑔2
∈ Γ.

But the latter, according to IV, is equivalent to

(𝑔1, 𝑔2) ∈ 𝜒1.

Analogously, Lemmas 4 and 5, the reflexivity of 𝜒2 (condition X), and condition
VII ensure the equivalence of the relations

𝑝𝑟2𝑃(𝑔1) ⊂ 𝑝𝑟2𝑃(𝑔2)

and
(𝑔1, 𝑔2) ∈ 𝜒2.

Let now (𝑔1, 𝑔2) ∈ 𝜉. Then from Lemma 2 it follows that, if

𝛾 ∈ 𝑝𝑟1𝑃(𝑔1) ∩ 𝑝𝑟1𝑃(𝑔2),

then
(𝑃 (𝑔1)(𝛾), 𝑃 (𝑔2)(𝛾)) ∈ 𝜀,
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i.e. 𝑃 (𝑔1)𝑃 (𝑔2). Conversely, if 𝑃(𝑔1) and 𝑃(𝑔2) are half-compatible, then, in
particular,

𝑃(𝑔1)(𝑐(𝑔1,𝑔2)) = 𝑃(𝑔2)(𝑐(𝑔1,𝑔2)),
i.e.

(𝑐(𝑔1,𝑔2)𝑏𝑔1
, 𝑐(𝑔1,𝑔2)𝑏𝑔2

) ∈ 𝜀,
whence, by XIII, (𝑔1, 𝑔2) ∈ 𝜉. The theorem is proved.

Theorem 2. In order that the relativized semigroup (𝔊, ∘, 𝜉, 𝜒1, 𝜒2) be transfor-
mative, it is necessary and sufficient that the binary relations 𝜉, 𝜒1, 𝜒2 satisfy
conditions I–XIII and XIV

𝜉 ∩ 𝜒1 ∩ 𝜒−1
1 ⊂ Δ𝔊.

Proof. Sufficiency. Under condition XIV the mapping 𝑃 defined in the pre-
ceding theorem will be one-to-one. Indeed, if

𝑃(𝑔1) = 𝑃(𝑔2),

then
(𝑔1, 𝑔2) ∈ 𝜒1 ∩ 𝜒−1

1

(since
𝑝𝑟1𝑃(𝑔1) = 𝑝𝑟1𝑃(𝑔2)

) and
(𝑔1, 𝑔2) ∈ 𝜉

(since 𝑃(𝑔1)𝑃 (𝑔2)). Hence
𝑔1 = 𝑔2

according to XIV.

The necessity of all the conditions except IV, VIII, XIII is known (3,4 ). The
proof of the necessity of IV, VIII, XIII involves certain technical difficulties.
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