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Transformative Semigroups (&,o,&, x1, X5)

(Presented by Academician A. I. Mal cev, 10 V 1967)

It is known that not all properties of (partial) transformations of a set can be
expressed in terms of the operation of their multiplication. Consequently, in
considering an abstract semigroup isomorphic to a given semigroup of trans-
formations, we cannot recover many important connections between the cor-
responding transformations. Among such connections are the most important
binary relations defined in semigroups of transformations: the projection rela-
tions x; (first) and x, (second) ((¢q,¥s) € x; if and only if pryp; C pryp,),
and the relation of semicompatibility of transformations £ ((¢q,¢,) € € if and
only if ¢, and ¢, act identically on pryp, N prie,; for transformations their
compatibility is usually denoted by an infix sign).

The desire to give as complete an abstract description as possible of semigroups
of transformations leads to the natural concept of a relativized semigroup ®): a
system (B, 0, p1,...,p,,), where (&,0) is a semigroup, and py, ..., p,, are certain
binary relations given on &. If (&,0,pq,...,p,) and (&*, 0 pi, ..., pk) are two
relativized semigroups, then a mapping P : & — &* is called a homomorphism
of the first into the second if P is a homomorphism of (&, o) into (&*,o*), and,
moreover, (g,,9,) € p; if and only if (P(g,), P(g5)) € p;. The study of rela-
tivized semigroups of transformations was initiated by V. V. Wagner (). He
also posed the problem of an abstract characterization of relativized semigroups
of transformations (&, <,&, x1, X2)-

Relativized semigroups isomorphic to relativized semigroups of transformations
of the form (&,0,&, xq,xs) Will be called transformative semigroups. At-
tempts to describe the class of transformative semigroups led to the isolation
of the classes of transformative semigroups of the first kind (8, 0,&, x;) ), pro-
jection semigroups of the first and second kinds (&,0,y;) and (&, 0, x,), re-
spectively ) general projection semigroups (&, 0, %15 X2) () and relativized
semigroups (&, 0, £) 6. In the present note an elementary (but infinite) system
of axioms is given for transformative semigroups (&,0,&, xq,X2). The problem
is solved by the same method with whose aid the author obtained an abstract
characterization of projection semigroups ® and an elementary axiomatics of
transformative semigroups of the first kind (4.
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Let (,0,&,x1,X2) be some relativized semigroup. Define a ternary predicate
IT as follows. Put

HO(gla927g3) A (Hglag% agm—lagmvg)((gla.gZ) € EA/\(gm—lvgm) € gA{glga §2a agm—lﬁgm} C X1<91>UX1<9

Hn(glag%gB) A (3513523 agmflagmag)((gla‘gQ) S
EENA (gm—la‘gm) €EEN Hn—gl (917927§19> A Hn—l(g13923§2) A
< AL, 1 (91 925 ) A (G 9: 93) € X1
H(gl7g2793) A (Eln) Hn(91792793)

(the symbol g may be empty).

We construct inductively, over the alphabet with letters ag, by, ¢, o (9,971,995 €
&), the following set of words T

First I'; is defined:
1. 6(91792) S Fl'
2. H(.glag27g3> - c(gl,gz)bg3 € Fl'
3. H<g1792793> A (Elg.?n 7.53753)((937.@3) € 5 JAREEA (.537.53) € 5/\

/\H(917927§3) JARERA H(917927.§3) A (53394) € X2 — C(gl,g2)bg3ag4 € Fl'

4. b, a, €Ty A (392, Gy, G35 G5, 9) (939, 93) € X1 A (9299, G3) €

€ X1 Ay 4, ET1 A (9292, 959) € xa A Ybg 52 € 1 A (95, 93) € §) =

— ’ybgla%bg3 el

(92, 95> 9 may be empty symbols).

5. by ag by €Ty A (G355 G3,93) (95, G3) € EN - A (G5,95) € EN
AYbg, a4, b5, € Do A Ayby ag by € Ty A((G3,94) € X2V (352) (g5 = 9292/

/\Pyb91§2a94 € Fl))) - ’yb91a92b93a94 € Pl

(g, may be an empty symbol).
6. There are no other words in I';.
Suppose now that I',, has been constructed. Then:

1. b, a, b, €', ANgs=gsg, — b

g, g, Og. €T, (g, may be empty).

9192
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a, €T, (g, may be empty).

2. 9bg ag. by a, €T Ngs = ga9, = by g a4

1 9293 94

3. C(g,,90)b9; €EThpa A (3gs, - ,53,573)((93,§3) €ELENA (53,53) S

€ fA c(gl,gz)b§3 € FTL+1 A N C(gl,gZ)b§3 € F’I’Yr‘rl A (§37g4) € X2> -

= b, a, €'\ 4.

91,92) 793" 9a
4—5. As in the definition of I';, with I'; replaced everywhere by I', ;.
6. There are no other words in I',, ;.

Finally, put

r={Jr.
n=1

On the set T' define a binary relation ¢, setting (v;,v,) € &; if and only if

M= fyb!h agz bgs agzn b92n+1 (a92n+2)’ T2 = ’Ybfh a92 b§3 ag2n b§2n+1 <a92n+2)

and (gop 11, Jor 1) €E (k=10,1,...,n).
Lemma 1. If IA, C £ and Hglo C & (i.e. & is reflexive and symmetric), then

oo
-~ — n
€1 = U €1
n=1

is an equivalence relation.

Using ¢,, we introduce in I' one more binary relation. Namely, let

M= ’yb!h Gg, bgs b92n71a92n b92n+177

Y2 = ’)/bgl a’g2 bg3 bg2m71 ame bg2m+17 and Jon+1 = 92n62n’ g2n—152n

= Gon 202, 2,-+, 9304 = go0a, Jom+1 = G2m%m>  Gom-—192m

= Gom—202m—25 -+ 5 304 = G205

Q|

~ —

(021 0225+ 504,02, s Oy -+ 5 05 G

may be empty symbols),

(’?bg1§277 ’nglgfw SESp
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In this and only in this case we regard (vy;,7,) € &,. Putting
o0
52 = U Eg,
n=0

we construct the fundamental relation on the set I':
oo

e=|J&eE U g o8,
n=1

By Lemma 1 and the definition of £,, € will be an equivalence relation. e-
equivalent words will be regarded as different writings of one and the same
word.

Introduce the notation
Yobg, 4g,0gs ify = Yobg, g,
vobg = 70b91g7 if*y:’yobgl,
C(g1vg2>b9’ if v = c(.‘hvgz);
and yoa, = by a4, it ¥ =b,, .

Lemma 2. If

I (g1,92) €& A (93,94) €& — (9193, 9294) €&

(i.e.  is stable), then from (v;,7,) € € it follows, under the condition (g, g5) € &,
that

(71 ° bg1772 ° ng) €e,
if both these words belong to T'.

Now put (7y,7,) € w if and only if:
L vy =g, .9, and 7y 0 by €T
2. T2 = C(92792)b92 and T e g, er.

Lemma 3. If:
v c<91a91)b92 el— (91592) € X1s

V x?Cx; (i.e x; is transitive),
VI (91,92) € X1 = (9391, 9392) € xa  (L-e. X s left regular),
VIL ¢y 010g,0g, €T — (915 92) € Xas
VII X3 Cx, (i.e. xo is transitive),
then the binary relation w is transitive.
Proof. Let (v,,7) € wand (7,7,) € w.
L Y9 =g, 9,00 ¥ = Cg,9)» a0 €4 51b, € I'. According to IV, (9,92) € X1;
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a) 71 = VoG, s Yoy, by € I'. By V and the definition of I', yya, b, €I}

b) v = Yobg, > Yobg, g € I'- In view of VI, (919, 9192) € X1, whence (71,7,) €
w.

2. Y9 = C(g, 0.0 (V:C(g.000g) €€, Vo by €T. By Lemma 2,

(Yoby,: Clg.q0g°by,) Ec

Here

b

€(9.9)099, = C(g.9)bg © by,

belongs to I' together with y b, , by the definition of I'. Then IV gives
(9,992) € x1- If 71 = b, , then, by the condition, yyb, a, € T'. Obvi-
ously,

70b91a9b992 el

and then also
70b91 © b92 = ’YObglg2 € L.

3. Yo = Cgy.00)0005 (VCg.000g) €€ Yoa, €T. Then
C(g,9>bgagz el

i.e., by VII, (g1,95) € Xo. Since v; = Yoby, » from b, a, € T, according
to VIII, we obtain
Yobg, ag, €T

The lemma is proved.

Lemma 4. If
IX (9192,91) € x

(i.e. x is right-negative), then

v € w e oy ew A yoby € w’1<c(92792>>.

91927.‘7192)> 91»91)>
Lemma 5. If

X Ag Cxy (ie. xo is reflexive),
XTI (9194,92) € xo (i.e. x5 is left-negative),
XII Ag Cxy (ie. xy is reflexive),

then

w71<c(9,g)> ob, = w71<cg,gbg>'

Proof. Let vy € w'{c(y,q ©by), and moreover 75 = g 0 by. If v5 = 75 © ag,
then v € w(c(y 4by) by X; and if v, = Yobg,, then we apply XI. Conversely,
assuming vy € w(c(g’g>bg>, Le.yoa, €I', we have, in view of XII, Yagb, € I', but
yagb, =a,ob,, and va, € w’1<c<g’g)>, and (v,7azb,) € €.
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Theorem 1. If in a relativized semigroup (&,0,&,x1,X2) the binary relations
&, X1, Xo satisfy conditions I-XII and XIIT

(€g1,02)09,7 €(g1,92)09,) € € = (91,92) €&,

then it admits a homomorphism into some transformative semigroup of trans-
formations.

Proof. Construct a mapping P of the set & into the set §(I' x ') of all trans-
formations of I", putting
priP(g) = W71<C(g,g)>
and
P(g)(7) = v,

Lemma 4 and the stability of £ (condition IIT) ensure the equality

P(g192) = P(gs) ° P(g1)

(we recall that equality of words from I' is understood in the sense of their
e-equivalence). Further,

priP(g,) C priP(g)

is equivalent, by definition, to the inclusion

1 1
W (g, 00)) C W {C(gy00))

which, in turn, in view of Lemma 3 and the reflexivity of x, (condition XII), is
replaced by the relation

1
8(91791) cw <C(92a92)>’
i.e.

C(legl)bQQ el

But the latter, according to IV, is equivalent to

(91592) € X1-

Analogously, Lemmas 4 and 5, the reflexivity of x, (condition X), and condition
VII ensure the equivalence of the relations

praP(gy) C pryP(gs)
and
(91 92) € Xa-
Let now (g;,9,) € & Then from Lemma 2 it follows that, if
v € pryP(g1) NpriP(gz),

then
(P(g1)(7), P(g2)(7)) € &,
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i.e. P(g;)P(g,). Conversely, if P(g;) and P(gy) are half-compatible, then, in
particular,

P(gl)(c(ghgz)) = P<g2)(c(91a92)>’
i.e.
(6(91792)b91’ 6(91792>b92) €e,

whence, by XIII, (g, 95) € £ The theorem is proved.

Theorem 2. In order that the relativized semigroup (&, 0,&, x1, X2) be transfor-

mative, it is necessary and sufficient that the binary relations &, X1, Xo satisfy
conditions I- XIIT and XIV

ENx;NXT' CAg.

Proof. Sufficiency. Under condition XIV the mapping P defined in the pre-
ceding theorem will be one-to-one. Indeed, if

P(g,) = P(g5),

then
(91,92) € xa Nx1'
(since
priP(g1) = priP(gs)
) and
(91:92) €€
(since P(g;)P(g,)). Hence
91 = 92

according to XIV.

The necessity of all the conditions except IV, VIII, XIII is known (3,%). The
proof of the necessity of IV, VIII, XIII involves certain technical difficulties.

Saratov State University
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