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In the present paper an axially symmetric problem of the theory of elasticity is
solved in quadratures for a space cut along part of a spherical surface. Appar-
ently, this problem is considered for the first time.

1. In a space with a cut located on the surface of a sphere of radius R, we
introduce a cylindrical coordinate system z,7,6, where z is the axis of
rotation. We take the expressions for the components of the displacement
vector in the Trefftz form (1)

2Gw = p, + 20v¢/0z;

2Gu = @, + 209 /0r. e

Here G is the shear modulus; ¢,, ¢,, 1 are real functions of the variables z,r,
satisfying the equations

Ap.=0;  Alpe?)=0;  AyY=0

z

A_aiQ_A'_aiQ_Flﬁ_‘_iiQ
T922 0 o2 rdr 12062

and connected by the relation

0p,[0r + @, [r+ 0¢p,/0z + (3 —4v)0y/0z = 0, (2)

where v is Poisson’ s ratio.
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Following works (2,3 ), in the plane zor we introduce analytic functions of the

complex variable ®,(¢), ®5(¢), P5(¢) by the relations

S S BN 1SS S S M(ST. S
v T i (=1 —1) Pz M'[ C—ti—1 )

() = L [ 2ol 2)dC
T mir P (C_t)<<—z>

The functions @, (¢) satisfy the condition ®,(¢) = ®,(¢), k¥ = 1,2,3. The
contour connecting the points ¢ and ¢ in formulas (3) intersects the axis oz and

is such that the function /(¢ — t)({ — t) remains throughout on one branch. We

assume that when ¢t = Re’® and ¢ = Re® lie on L, then arg /(¢ —t)(¢ —t) —
Dasa—0, 0 =0 (a>0).

(t=z+ir, t =2z —1ir).

Substituting (3) into (2), we arrive at an equality which must hold everywhere
in the region,

D3(C) = (3 — 4@ (C) + D5(C)- (4)

Substituting (3) into (1), taking (4) into account, we obtain

e , (C—2)d¢
2Gu = o, 3—4v)®, 2@ —; 5
[ @0+ 600+ o2} @)
I / dg
Guw=— o 201 (&) ]| ——.
2 m'/t[ 2(§) + 29 (6))] DD

The displacements v and w will vanish at infinity if, for large |£],

CaiCey i g =tride,
§+§+1 2(5) +§2+7

where (3 —4v)c_; +d_; =0.

q’l(f) =

Substituting (5) into the known relations connecting stresses and displacements
in cylindrical coordinates, we obtain expressions for the stresses:

1 ’ / ” 7 dé-
o, =— 1—2v)0 z® P —_——
= ] =220+ 2000+ (6] s

)
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I (E—z)d¢

T = | [2(1 — v)@7 (&) + 2P (&) + D4(E)] eI
o, = —% | [(3—2v)®7 (&) + 2P (§) + @é(f)](gf(&t)_
i [ 16w @ ra0 2L
oy L [ _2E©Od
miJ VE—DE—1)
toiz [ 00+ a0+ saj(] AEZDE

2. In the case of the first fundamental problem, the following expressions are
prescribed on the boundary:

p, = 0, cos(n, z) + 7, cos(n,r);

Pr = Ty COS(n, Z) + Oy COS(TL, T)? (7)

where n is the outward normal to the boundary surface.

Substituting (6) into (7), we obtain the following expressions on the boundary:

2 ["Re{A%(0)e®/?}do

RIOZ = — )
Pz (@) T Jo +/2(cos® — cos )

2 [“ Re{A (0)e"/?} db

Rp, (a) = — ; 8
—Rsinap/(a) = g/ Re{B*(0)e?/?}1/2(cos § — cos ) db);
T Jo

2 [“ ,
—Rsinap, (o) = = / Re{B(0)e'?/?}1/2(cos § — cos o) d,
™

0

where o = Re? is a point of the contour L;
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A(§) = E(R2+ E)F(§) + (65— ) F/(§) + £(1 — ) F (&) + £05(8);

B(§) = E3(R? + &) F" (§) + §[R? + £2(10 — 4v) | F" () +

+(15—6v)E2F/ (§)+3EF(§) +6@5 () +£25(€); 1 (€) = 26F () +F(€). (9)

From the condition of boundedness of the displacements at the end of the cut
L it follows that, in the neighborhood of the points ¢ = Re®1, ¢ = Re"1, for
A(€) and B(&) the inequalities

K 3 K )
§<=; B < —t=, §<

‘A(é-)'S |§*C|67 2a ‘§*C|5’ 57

must hold, where K and K are certain positive constants, and ¢ denotes either
end of the cut L.

From (8) we obtain the boundary conditions for A(&) and B(¢):

Re{A™(0)e""/?} = g1(0),  Re{B*(0)e"?} = —hy (),

Re{A™(0)e"/?} = g,(0);  Re{B~(0)e/?} = —hy,(0). (10)
Here
9:1(0) = p(Rpl),  95(0) = p(Rp7),
where
_d o p(a)sinada
o) = de/() V/2(cosa — cosB)’
hy(0) = ¢(Rpf), hy(0) = Y(Rp,),
where

d { 1 d (7 pla)sin®ada 1

w(p):@ sinf  do b \/2(cosa — cos0)

Solving, by known methods (*), problems (10), we find A(¢) and B(€)
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A0 = smgg | B P o)

o+ &do
—+
c—¢€ o

Lot ~i8/2 X+ (o E(R—0)+Eo(R+o0) o
o X2(§)/Lg4<9)e X ) =g d

1 £€&—R
- 2mi X,(€)

/%@wmﬂwﬂi
T, g

11
2mi Xy(8)

) 2 +§R2 +J3 _ R20'
he (8)e-i0/2 X+ (o) 2 do+
| ratere s (o) ST

B(¢)

1 1

E0(0c+ R) +E(R(R? — 0%) + o(0® — R?)

- 02X+ (o
+2m. X0 /Lh4(9) X (o) ol(o—¢)

_ LR iyt (o 40, WE(E—R)
2w X4(6) /th(e) K@)+ X,(6)

Here

X6 = \/(f — Rei®)(¢£ — Re—i01);

%@ =[X@F X0 =[X©F X=X

aq is a real constant;

295(0) = g1(0) +95(0),  294(0) = g7(0) — g5(0),

where
gn(0)7 Ogeggla
*(0) = =1,2
m>{M%7%SK& (n=1,2)
2h3(0) = —h7(0) — h3(0), 2hy(0) = —h7(0) + h3(0),
where

h,(—0), —6; <0<0 '

do—

sovietrxiv.org/items/ru-196801.44237 Machine Translation


https://sovietrxiv.org/items/ru-196801.44237

Now, with known A(¢) and B((), from system (9) one can find ®(¢) and ®5(¢)
in the form of indefinite quadratures. The arbitrary constants will be determined
from the conditions of analyticity of these functions in the elastic space.

3. In the case of the second fundamental problem of the theory of elasticity,
the initial expressions are (5). Calculations analogous to those carried out
above lead to the formulas

ClO = 5mx | KO 2K (o)

d
0+C£+

c—Co

Lo 02X (o ((c+R)+o(c—R) o
o XQ(g)/Lk‘*(e) X2 () o2(0 — () 1o

1 15(0)e=/2 5 + ¢ 1 [20,(0)e?dp
D@—m&@[gmﬂ04“+mlaﬂ;-
Here
2kg(0) = k1(0) + k3(0),  2k4(0) = —k7(0) — k5(0),
where
s a0, 0<0<0y, o
kr, (0) = {kn(—ﬁ), 0, <0 <0 (n=1,2);
ki(0) = Y(2Gu™);  ky(0) = (2Gu)
213(0) = 17(0) —15(0),  20,(0) = 13(0) + 15(0),
where

<0<y,
oy = @ 0sO<O
1(—6), —0,<0<0

L(0) =(2GvT);  1,(0) = (2Gv7).

The functions C'(¢) and D({) are related to ®,(¢) and ®,(¢) by the relations

C(Q) = (R? + ¢2)CF"(¢) + (9 — 8v)CPF' () + (3 — 4v)CF(C) + (5 ();
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D(Q) = (R + C*)F'(¢) + CF(C) + 5(C);

P1(¢) = 2CF7(C) + F(Q)-
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