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Abstract
Full Text
UDC 530.145

MATHEMATICAL PHYSICS

L. Sh. KHODZHAEV

ON THE THEORY OF 2(2𝑠 + 1)-COMPONENT
FREE QUANTIZED SPINOR FIELDS
(Presented by Academician N. N. Bogolyubov, 14 XI 1966)

In the present paper we give a group-theoretic and functional formulation of the
formalism of 2(2𝑠+1)-component free quantized spinor fields (1,2), with the aim
of subsequently studying the covariant structure of the elements of the causal
𝑆-matrix for arbitrary spin.

To define 2(2𝑠 + 1)-component free spinor fields as operator-valued generalized
functions, we introduce into consideration a rigged Hilbert space (3) 𝐷𝑆 ⊂
𝐻𝐿2

⊂ 𝐷′
𝑆, induced by a unitary irreducible representation [𝑚𝑠] of the spinor

Poincaré group 𝑃 ↑
+ for a particle of mass 𝑚 and spin 𝑠.

The states of the system are described by vector-valued generalized functions
from the space

𝐷′
𝑆 =

∞
⨁
𝑛=0

𝐷(𝑛)
𝑆(Ω̄+𝑛)[𝑚𝑠]𝑛, (1)

i.e., the space of linear continuous functionals in the nuclear space (3) of Fock
𝐷𝑆. These vector-valued generalized functions have the form

|𝜌(Φ)⟩ =
∞

∑
𝑛=0

|𝜌(𝑠𝑚)𝑛(Φ)(𝑠𝑚)𝑛⟩ =
∞

∑
𝑛=0

∑
(𝑠3)𝑛

|𝜌(𝑠𝑚)𝑛
(𝑠3)𝑛 (Φ)(𝑠𝑚)𝑛

(𝑠3)𝑛 ⟩ (2)

for any element Φ = {Φ(𝑠𝑚)𝑛
(𝑠3)𝑛 (𝑝)𝑛}∞

0 ∈ 𝐷𝑆, with components of the function
Φ(𝑠𝑚)𝑛

(𝑠3)𝑛 (𝑝) ∈ 𝑆(Ω̄+
𝑛), where 𝑆(Ω̄+

𝑛) is the space of basic functions, where

Ω̄+
𝑛 =

𝑛
⨂
𝑖=1

Ω̄+
𝑚𝑖

, Ω̄+
𝑚𝑖

= {𝑝𝑖 ∈ 𝑅4; 𝑝2
𝑖 = (𝑝0

𝑖 )2−( ⃗𝑝𝑖)2 = 𝑚2
𝑖 , 𝑝0

𝑖 > 0, 𝑖 = 1, … , 𝑛};

|𝜌(𝑠𝑚)𝑛
(𝑠3)𝑛 (Φ)(𝑠𝑚)𝑛

(𝑠3)𝑛 ⟩
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are generalized basis vectors of the canonical system of the continuous represen-
tation

[𝑚𝑠]𝑛 =
𝑛

∏
𝑖=1

[𝑚𝑖𝑠𝑖]

of the spinor Poincaré group 𝑃 ↑
+; 𝑠𝑖

3 = −𝑠𝑖, … , 𝑠𝑖, 𝑖 = 1, … , 𝑛, are the eigenvalues
of the third component of the spin-projection operator. On these generalized
basis vectors is spanned the 𝑛-particle subspace 𝐷(𝑛)′

𝑆(Ω̄+𝑛)[𝑚𝑠]𝑛—a Hilbert space
of generalized states. The transformation properties of the generalized vectors
of the canonical system with respect to a unitary transformation 𝑈(𝑎, 𝐴) of the
Poincaré group 𝑃 ↑

+ are determined according to

𝑈(𝑎, 𝐴) |𝜌(𝑠𝑚)𝑛
(𝑠3)𝑛 (Φ)(𝑠𝑚)𝑛

(𝑠3)𝑛 ⟩ = |𝜌(𝑠𝑚)𝑛
(𝑠3)𝑛 (𝑈(𝑎, 𝐴)Φ)(𝑠𝑚)𝑛

(𝑠3)𝑛 ⟩, (3)

where

(𝑈(𝑎, 𝐴)Φ)(𝑠𝑚)𝑛
(𝑠3)𝑛 (𝑝)𝑛 =

= exp [𝑖
𝑛

∑
𝑗=1

𝑎 ⋅ 𝑝𝑗] ∑
(𝑠′

3)𝑛

𝑛
⨂
𝑗=1

𝐷𝑠𝑗𝑚𝑗
𝑠′

𝑗𝑠𝑗
[𝑅−1(𝐴, 𝑝𝑗)] Φ(𝑠𝑚)𝑛

(𝑠′
3)𝑛 (𝐴−1𝑝)𝑛. (4)

where

𝑅−1(𝐴, 𝑝) = (𝑝 ⋅ 𝜎̃/𝑚)1/2𝐴−1(𝐴−1𝑝 ⋅ 𝜎/𝑚)1/2 ∈ 𝑆𝑈(2, 𝐶); 𝜎 = (𝜎0, 𝜎⃗);

𝜎̃ = (𝜎0 − 𝜎⃗)
are the Pauli matrices;

(𝑝 ⋅ 𝜎/𝑚)1/2 = [2𝑚(𝑝0 + 𝑚)]−1/2[(𝑚 + 𝑝0) + ⃗𝑝 𝜎⃗] ∈ 𝑆𝐿(2, 𝐶)

is the Lorentz transformation to the rest frame, i.e.

(𝑝 ⋅ 𝜎/𝑚)1/2 ̃𝑝 = 𝑝; ̃𝑝 = (𝑚, 0);

𝐷𝑠𝑚[𝑅−1(𝐴, 𝑝)] is the usual (2𝑠+1)×(2𝑠+1)-dimensional matrix representation
of the Wigner rotation (4) 𝑅−1(𝐴, 𝑝) ∈ 𝑆𝑈(2𝐶). In formula (4) it is assumed
that

(𝐴𝑝)𝜇 = Λ(𝐴)𝜇
𝜈𝑝𝜈

for 𝐴 ∈ 𝑆𝐿(2, 𝐶) and Λ(𝐴) ∈ 𝐿↑
+.

We note that the multiparticle generalization of the basis vector

∣𝜌(𝑠𝑚)𝑛
(𝑠3)𝑛 (Φ)(𝑠𝑚)𝑛

(𝑠3)𝑛 ⟩

sovietrxiv.org/items/ru-196801.44170 Machine Translation

https://sovietrxiv.org/items/ru-196801.44170


is obtained on the basis of the Schwartz kernel theorem (6) by means of the
direct product of one-particle generalized basis vectors

∣𝜌𝑠𝑖𝑚𝑖
𝑖 (Φ)𝑠𝑖𝑚𝑖𝑠𝑖 ⟩

for arbitrary
Φ𝑠𝑖𝑚𝑖𝑠𝑖 (𝑝𝑖) ∈ 𝐷(1)

𝑠(2𝑚𝑖)[𝑚𝑖𝑠𝑖], 𝑖 = 1, … , 𝑛,

which are common generalized eigenvectors of the operators of 4-momenta 𝑃 𝜇

and of the 3rd component of the projection of the spin operator 𝑆3(𝑝), defined
by the relation

𝑆𝑗(𝑝) = 1
2𝑚

3
∑

𝜇,𝜈,𝜎,𝜆=0
𝜀𝜇𝜈𝜎𝜆(𝑝 ⋅ 𝜎̃/𝑚)1/2 𝜇

𝑗 𝑃 𝜈𝑀𝜎𝜆. (5)

We now introduce into consideration the operator-valued generalized creation
functions

𝑎∗ 𝑠𝑚
𝑠3

( ̃𝑓𝑠3
)

and annihilation functions
𝑎𝑠𝑚

𝑠3
( ̃𝑓𝑠3

)
of a particle of mass 𝑚 and spin 𝑠, and the corresponding operator-valued
generalized functions

𝑏∗ 𝑠𝑚
𝑠3

( ̃𝑔𝑠3
)

and
𝑏𝑠𝑚

𝑠3
( ̃𝑔𝑠3

)
for an antiparticle, where

̃𝑓𝑠3
(𝑝), ̃𝑔𝑠3

(𝑝) ∈ 𝑆(Ω+
𝑚),

defined in the canonical system of generalized basis vectors, transforming ac-
cording to the unitary representations

𝐷𝑠𝑚[𝑅(𝐴, 𝑝)] and 𝐷𝑠𝑚[𝑅−1(𝐴, 𝑝)]

of the spinor Poincaré group 𝑃 ↑
+. Analogously one may introduce one-particle

operator-valued generalized functions

̂𝑎∗ 𝑠𝑚
𝛼 ( ̃𝑓𝛼), ̂𝑎𝑠𝑚

𝛼 ( ̃𝑓𝛼), ̂𝑏∗ 𝑠𝑚
𝛼 ( ̃𝑔𝛼), ̂𝑏𝑠𝑚

𝛼 ( ̃𝑔𝛼),

𝛼 = −𝑠, 𝑠, defined in the spinor system of generalized basis vectors, transforming
according to the nonunitary finite-dimensional representations

𝐷𝑠𝑚(𝐴), 𝐷𝑠𝑚(𝐴)−1+, 𝐷𝑠𝑚(𝐴)−𝑇 and 𝐷𝑠𝑚(𝐴)∗

of the group 𝑆𝐿(2, 𝐶).
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Between these two classes of operator-valued generalized functions the following
relations hold. For example (5):

∑
𝛼

̂𝑎𝑠𝑚
𝛼 ( ̃𝑓𝛼) = ∑

𝑠3

𝑎𝑠𝑚
𝑠3

( ̃𝑔𝑠3
), (6)

where
̃𝑔𝑠3

(𝑝) = ∑
𝛼

𝐷𝑠𝑚
𝛼𝑠3

[(𝑝 ⋅ 𝜎/𝑚)1/2] ̃𝑓𝛼(𝑝);

∑
𝛼

̂𝑏∗ 𝑠𝑚
𝛼 ( ̃𝑓𝛼

−) = ∑
𝑠3

𝑏∗ 𝑠𝑚
𝑠3

(ℎ̃𝑠3
), (7)

where
ℎ̃𝑠3

(𝑝) = ∑
𝛼

𝐷𝑠𝑚
𝛼𝑠3

[(𝑝 ⋅ 𝜎/𝑚)1/2𝜀−1] ̃𝑓𝛼(−𝑝),

𝑝0 = √ ⃗𝑝 2 + 𝑚2

for arbitrary
̃𝑓𝛼(𝑝), ̃𝑓𝛼

−(𝑝) = ̃𝑓𝛼(−𝑝) ∈ 𝑆(Ω+
𝑚).

In order to formulate the condition of causality or local commutativity, it is
evidently necessary to define quantities with causally independent supports. To
this end we introduce into consideration (2𝑠 + 1)-component spinor fields

𝜑𝑠𝑚
𝛼 (𝑥) and 𝜒𝛼̇

𝑠𝑚(𝑥),

respectively in the (𝑠, 0)- and (0, 𝑠)-representations, regarded as operator-valued
generalized functions, i.e. to each function

𝑓𝛼(𝑥) ∈ 𝑆(𝑅4)

there is put in corres-

there corresponds the linear operator

𝜑𝑠𝑚
𝛼 (𝑓𝛼) = ∑

𝛼=−𝑠,𝑠
𝜑𝑠𝑚

𝛼 (𝑓𝛼) = 2𝜋 ∑
𝛼=−𝑠,𝑠

[ ̂𝑎𝑠𝑚
𝛼 ( ̃𝑓𝛼

−) + ̂𝑏∗ 𝑠𝑚
𝛼 ( ̃𝑓𝛼)] =

=
√

2𝜋 ∑
𝑠3

[𝑎𝑠𝑚
𝑠3

( ̃𝑔𝑠3
) + 𝑏∗ 𝑠𝑚

𝑠3
(ℎ̃𝑠3

)] in 𝐷𝑆, (8)

where (Φ, 𝜑𝑠𝑚
𝛼 (𝑥)𝜓) ∈ 𝑆′(𝑅4) for Φ, 𝜓 ∈ 𝐷𝑆. The field 𝜒𝛼̇

𝑠𝑚(𝑥) has an analogous
representation.

The spinor (2𝑠 + 1)-component fields 𝜑𝑠𝑚
𝛼 (𝑥) and 𝜒𝛼̇

𝑠𝑚(𝑥) satisfy the wave equa-
tions

(−𝑖)2𝑠𝜑𝛼( ̂𝜕𝛼𝛼̇
𝑠 𝑔𝛼̇) = 𝜒𝛼̇(𝑔𝛼̇), (−𝑖)2𝑠𝜒𝛼̇( ̂𝜕𝛼̇𝛼𝑓𝛼) = 𝜑𝛼(𝑓𝛼), (9)
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𝜑𝛼((□ − 𝑚2)𝑓𝛼) = 0, 𝜒𝛼((□ − 𝑚2)𝑔𝛼̇) = 0 (10)

for arbitrary 𝑓𝛼(𝑥), 𝑔𝛼̇(𝑥) ∈ 𝑆(𝑅4), where

̂𝜕𝑠𝑠 = ( 0 ̂𝜕𝑠𝑠
𝛼𝛼̇

̂𝜕𝛼̇𝛼
𝑠 ̇𝑠 0 ) = ( 0 𝐷𝑠𝑚

𝛼𝛼̇(𝜎̃⋅𝜕/𝑚)
𝐷𝑠𝑚

𝛼𝛼̇(𝜎⋅𝜕/𝑚) 0 ) . (11)

Bearing in mind that any interaction preserving parity must include both the
𝜑𝑠𝑚

𝛼 (𝑥)-field and the 𝜒𝛼̇
𝑠𝑚(𝑥)-field, we introduce for consideration the 2(2𝑠 +

1)-component spinor fields 𝜓𝑠𝑚(𝑥) and 𝜓𝑠𝑚(𝑥), regarded as operator-valued
generalized functions; that is, to each 2(2𝑠 + 1)-component regular spinor

𝐹(𝑥) = {𝐹𝜒(𝑥) = (𝑔𝛼̇(𝑥)
𝑓𝛼(𝑥))} , 𝐹 𝜒(𝑥) = 𝐹 ∗

𝜒(𝑥) (12)

with components 𝑔𝛼̇(𝑥), 𝑓𝛼(𝑥) ∈ 𝑆(𝑅4) there are assigned linear operators

𝜓𝑠𝑚(𝐹) = ∑
𝜒=(𝛼,𝛼̇)

𝜓𝑠𝑚
𝜒 (𝐹 𝜒) = ∑

𝛼=−𝑠,𝑠
[𝜑𝑠𝑚

𝛼 (𝑓𝛼) + 𝜒𝛼̇
𝑠𝑚(𝑔𝛼̇)] , (13)

𝜓𝑠𝑚(𝐹) = ∑
𝜒=(𝛼,𝛼̇)

𝜓𝑠𝑚
𝜒 (𝐹𝜒) = ∑

𝛼=−𝑠,𝑠
[𝜑𝑠𝑚

𝛼̇ (𝑓 𝛼̇) + 𝜒𝛼
𝑠𝑚(𝑔𝛼)] , (14)

defined in 𝐷𝑆, and moreover (Φ, 𝜓𝑠𝑚(𝑥)𝜓) ∈ 𝑆′(𝑅4) and (Φ, 𝜓𝑠𝑚(𝑥)𝜓) ∈ 𝑆′(𝑅4)
for Φ, 𝜓 ∈ 𝐷𝑆. These fields satisfy the wave equations

(−𝑖)2𝑠𝜓𝑠𝑚(𝐹 ̂𝜕𝑠𝑠) = 𝜓𝑠𝑚(𝐹), 𝜓𝑠𝑚((□ − 𝑚2)𝐹) = 0; (15)

(𝑖)2𝑠𝜓𝑠𝑚( ̂𝜕∗ 𝑠𝑚𝐹) = 𝜓𝑠𝑚(𝐹), 𝜓𝑠𝑚((□ − 𝑚2)𝐹) = 0 (16)

and the commutation relations for free fields.

The spinor 2(2𝑠 + 1)-component fields 𝜓𝑠𝑚(𝑥) and 𝜓𝑠𝑚(𝑥) transform according
to a nonunitary finite-dimensional representation of the spinor Poincaré group
𝒫↑

+ as follows:

𝑈(𝑎, 𝐴)𝜓𝑠𝑚(𝐹)𝑈−1(𝑎, 𝐴) = 𝜓𝑠𝑚(𝑈(𝑎, 𝐴)𝐹), (17)

where

(𝑈(𝑎, 𝐴)𝐹)(𝑥) = {𝑈(𝑎, 𝐴)𝐹 𝜒(𝑥)}𝜒=(𝛼,𝛼̇)
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= {∑
𝜒′

𝐹 𝜒′[𝐴−1(𝑥 − 𝑎)] 𝐷𝑠𝑚
𝜒′𝜒(𝐴)} ; (18)

𝐷𝑠𝑚(𝐴) = (𝐷𝑠𝑚(𝐴)−1 0
0 𝐷𝑠𝑚(𝐴)+) (19)

for arbitrary 𝐹(𝑥) ∈ 𝑆(𝑅4) and 𝐴 ∈ 𝑆𝐿(2, 𝐶).
The 𝑃 -, 𝑇 - and 𝐶-invariance of these fields can be expressed by means of the
functional relations:

𝑈𝑃 𝜓𝑠𝑚( ̄𝐹 )𝑈−1
𝑃 = 𝜉𝑃 𝜓𝑠𝑚(𝑈𝑃 ̄𝐹 ), (20)

where

(𝑈𝑃 ̄𝐹 )(𝑥) = {𝑈𝑃 ̄𝐹𝜒(𝑥)}𝜒=(𝑎,𝑎̇) = {∑
𝜒′

̄𝐹𝜒′(𝑃𝑥)𝑅𝜒′𝜒} , (21)

𝑅 = (0 𝐼
𝐼 0) , ̄𝐹 (𝑥) ∈ 𝑆(𝑅4)

(𝑃 -invariance; for (𝜉𝑃 )2 = 1, 𝑈2
𝑃 = 1);

̄𝑈𝑇 𝜓𝑠𝑚( ̄𝐹 )𝑈−1
𝑇 = 𝜉𝑇 ̄𝜓𝑠𝑚( ̄𝑈𝑇 𝐹 ), (22)

where

( ̄𝑈𝑇 𝐹 )(𝑥) = 𝐾𝑇 𝑅𝑇 ̄𝐹 𝑇 (𝑇 𝑥) ∈ 𝑆(𝑅4), (23)

𝐾𝑇 = (𝐷𝑠(𝜀) 0
0 𝐷𝑠(𝜀)) , 𝐷𝑠

𝑠′
3𝑠3

(𝜀) = (−)𝑠+𝑠′
3𝛿𝑠′

3,−𝑠3

(𝑇 -invariance; for |𝜉𝑇 |2 = 1, 𝑈2
𝑇 = (−)2𝑠);

𝑈𝐶𝜓𝑠𝑚( ̄𝐹 )𝑈−1
𝐶 = 𝜉𝐶

∗𝜓𝑠𝑚(𝑈𝐶𝐹 ), (24)

where

(𝑈𝐶𝐹 )(𝑥) = {(𝑈𝐶𝐹 )𝜒(𝑥)}𝜒=(𝑎,𝑎̇) = {∑
𝜒′

𝐶𝑇
𝜒′𝜒 ̄𝐹 𝑇

𝜒′(𝑥)} , (25)
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𝐶 = (𝐷𝑠(𝜀) 0
0 (−)2𝑠𝐷𝑠(𝜀)) (26)

(𝐶-invariance; for |𝜉𝐶 |2 = 1, 𝑈2
𝐶 = 1).

One can define Green’s functions for these fields.

Taking this opportunity, I express my deep gratitude to N. N. Bogolyubov, A.
N. Tavkhelidze, Nguyen Van Hieu, I. Todorov, B. V. Medvedev-Vereshchagin
and A. V. Efremov for useful discussions and valuable remarks.

Joint Institute
for Nuclear Research

Received
19 IX 1966

CITED LITERATURE
1. H. Loos, Fortschr. Phys., 10, 65 (1962).

2. S. Weinberg, Phys. Rev., 133, B1318 (1964).

3. I. M. Gelfand, N. F. Vilenkin, Generalized Functions, vol. 4, 1960.

4. B. L. van der Waerden, Die gruppentheoretische Methode in der Quanten-
Mechanik, Berlin, 1932.

5. L. Sh. Khodjaev, On the theory of 2(2𝑆 + 1)-component free quantized
spinor fields, I, Preprint, D-2-3010, Joint Inst. Nuclear Research, Dubna,
1966.

6. L. Schwartz, Théorie des Distributions, 1, 2, Paris, 1957.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.44170 Machine Translation

https://sovietrxiv.org/items/ru-196801.44170

	Abstract
	Full Text
	ON THE THEORY OF 2(2s+1)-COMPONENT FREE QUANTIZED SPINOR FIELDS
	CITED LITERATURE


