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(Presented by Academician N. N. Bogolyubov, 14 XI 1966)

In the present paper we give a group-theoretic and functional formulation of the
formalism of 2(2s+ 1)-component free quantized spinor fields (1'?), with the aim
of subsequently studying the covariant structure of the elements of the causal
S-matrix for arbitrary spin.

To define 2(2s + 1)-component free spinor fields as operator-valued generalized
functions, we introduce into consideration a rigged Hilbert space (3) Dg C
Hy C Dy, induced by a unitary irreducible representation [ms] of the spinor

Poincaré group 731 for a particle of mass m and spin s.

The states of the system are described by vector-valued generalized functions
from the space

o0
Dy = @)D;’;gm[ms]n, (1)
n=

i.e., the space of linear continuous functionals in the nuclear space (%) of Fock
Dg. These vector-valued generalized functions have the form

p(@)) = > [plmin(@)eminy = 3 3 [l @)y (2)

n=0 n=0 (s3)"

for any element & = {@Ezgl”(p)n}go € Dg, with components of the function

@Eiglﬂ (p) € S(Q), where S(€)) is the space of basic functions, where

O =R, QL ={p e R pl = E))>—(B)* =m, p) >0, i=1,..,n}
=1
(sm)n (sm)n
1Py (®)isgn )
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are generalized basis vectors of the canonical system of the continuous represen-
tation

ms], = ] [imisd]

of the spinor Poincaré group PI; st =—8;,...,8;, i =1,...,n, are the eigenvalues

of the third component of the spin-projection operator On these generalized
(n)
5(9%)
of generalized states. The transformation properties of the generalized vectors
of the canonical system with respect to a unitary transformation U(a, A) of the

basis vectors is spanned the n-particle subspace D [ms],,—a Hilbert space

Poincaré group FI are determined according to

U(a, A) [ (@) = |pl " (Ua, @), (3)
where
(U(a, A)®)(" (p),, =
= exp l Za pjl Z ®D TR A O (AT ), (4)
n ]
where

“HAp)=(p-5/m)PATH (AT o/m)"? € SU(2,C); o = (0g,0);
G = (09 —0)
are the Pauli matrices;
(p-o/m)!? = [2m(p° +m)]"V2[(m +p°) + p o] € SL(2,C)
is the Lorentz transformation to the rest frame, i.e.
(p-o/m)'Pp=p;  p=(m,0);

Ds™[R™1(A,p)] is the usual (2s+1) x (2s+1)-dimensional matrix representation
of the Wigner rotation (*) R7*(A,p) € SU(2C). In formula (4) it is assumed
that

(Ap) = A(A)",p”

for Ae SL(2,C) and A(A) e L.
We note that the multiparticle generalization of the basis vector

(s3)n
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is obtained on the basis of the Schwartz kernel theorem () by means of the
direct product of one-particle generalized basis vectors

o (@)™

for arbitrary

5" (p;) € Digmi)[misi]a i=1,..,n,

which are common generalized eigenvectors of the operators of 4-momenta pr
and of the 3rd component of the projection of the spin operator S;(p), defined
by the relation

. 1 3 .
S](p) =5 Z E,u,ua/\(p : O'/m);/Q#PVMU)\‘ (5)

m w,v,0,A=0

We now introduce into consideration the operator-valued generalized creation
functions

az;m(f,)
and annihilation functions .

az' (fs,)
of a particle of mass m and spin s, and the corresponding operator-valued
generalized functions

b3 (9s,)
and

b3y (9s,)
for an antiparticle, where

Fo (0)s G, () € S@,),

defined in the canonical system of generalized basis vectors, transforming ac-
cording to the unitary representations

D™ [R(A,p)] and D*™[R7(A,p)]

of the spinor Poincaré group /ﬁl Analogously one may introduce one-particle
operator-valued generalized functions

arm(fo), asm(fe), BmE), e,

a = —s, s, defined in the spinor system of generalized basis vectors, transforming
according to the nonunitary finite-dimensional representations

D™ (A), Dsnz(A)—l-&-’ Dsm(A)—T and Dem(A)*

of the group SL(2,C).
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Between these two classes of operator-valued generalized functions the following
relations hold. For example (°):

24 ) 2%3 Go,): (6)

where

s, (p) = Z D3 [(p - o/m)M?] Fo(p);
Z B:s;sm(foz Z b* sm (7)

where

hy,(p) = > D2 [(p- o/m)t2e1] fo(—p),
P’ = P2 +m?

for arbitrary

Fop),  Fo(p) = F*(—p) € S@,,).

In order to formulate the condition of causality or local commutativity, it is
evidently necessary to define quantities with causally independent supports. To
this end we introduce into consideration (2s 4 1)-component spinor fields

" (x) and XS, (2),

respectively in the (s,0)- and (0, s)-representations, regarded as operator-valued
generalized functions, i.e. to each function

fo(x) € S(RY)

there is put in corres-

there corresponds the linear operator

= Y ey =2r > [ag () + b)) =

a=—s8,8 a=—s8,8

=21y [a3m(G,,) + b2 (hy,)|  in Dg, (8)

where (®, 3™ (z)1) € S’ (R*) for ®,7 € Dg. The field x&,, (z) has an analogous
representation.

The spinor (2s + 1)-component fields 5™ (x) and x¢  (z) satisfy the wave equa-
tions

(—0)%0a(0299:) = XU (gs),  (—0)PX (Dauf®) = 0ulf*), 9)
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ea(@=m?)f*) =0, x*(O—m?)gs) =0 (10)

for arbitrary f(z),g,(z) € S(R*), where

bes _ [0 935 _ 0 D32(5-0/m)
’ ‘(533 0>_<Di’2(0~3/m) ;)

Bearing in mind that any interaction preserving parity must include both the
@sm(z)-field and the x¢, (z)-field, we introduce for consideration the 2(2s +

1)-component spinor fields 9" (z) and @Sm(x), regarded as operator-valued
generalized functions; that is, to each 2(2s + 1)-component regular spinor

o ={r = (%0)} o -Re (12)

with components g, (), f*(x) € S(R*) there are assigned linear operators

P (F) = Y emF) = Y [@3m () + xEn(94)] (13)
x=(a,d) a==8,s

) = D 0 F) = Y [ () xGalea)] . (14)
x=(a,&) a=—s,s

—S

defined in Dg, and moreover (®, ™ (x)y) € S’(R*) and (®,
for ®,¢ € Dg. These fields satisfy the wave equations

"(x)¥) € 8'(RY)

(=029 (FO™) = ¢*™(F),  4*"((@—m?*)F)=0; (15)

—S8m —S

29 (@mF) =9 (F), ¢ (O-m?)F)=0 (16)

and the commutation relations for free fields.

The spinor 2(2s + 1)-component fields ¥*™(z) and T (z) transform according
to a nonunitary finite-dimensional representation of the spinor Poincaré group
.’Pl as follows:

Ula, Ay (F)U Y (a, A) = 4> (U(a, A)F), (17)

where

(U(a, A)F)(x) = {U(a, A)F(2)}

x=(a,c)
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TR o} 09

b= (7 )

for arbitrary F(x) € S(R*) and A € SL(2,C).

The P-, T- and C-invariance of these fields can be expressed by means of the
functional relations:

Upp*™(F)Up"' = Eptp™™(UpF), (20)

where

(P-invariance; for (£p)? =1, U3 = 1);

Urp*™(F) Uz = &pp*™(Upp), (22)

where

(Upp)(z) = KTRTFT(Tz) € S(RY), (23)

Ds<€> O S — S Sé
e B

(T-invariance; for |&72 = 1, U2 = (—)%);
U™ (F)UG" = & "™ (Ucp), (24)

where

Uer)(@) = {Ucp)y(£)} y=(a,) = {ZCfoxT } (25)
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o (Dso(g) (_)2801) 3(5)> (26)

(C-invariance; for {2 =1, U =1).
One can define Green’ s functions for these fields.

Taking this opportunity, I express my deep gratitude to N. N. Bogolyubov, A.
N. Tavkhelidze, Nguyen Van Hieu, I. Todorov, B. V. Medvedev-Vereshchagin
and A. V. Efremov for useful discussions and valuable remarks.
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