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In the present note a refinement and generalization to the multidimensional case
is given of some results of Kulldorff (1) on the theory of grouped samples. For
the history of the question see (1).

Let there be given a random variable with a continuous n-dimensional distribu-
tion function

-

F(x)=F(x,0) = F(zq,...,2,;0,...,0,), (1)

depending on an unknown vector parameter 6 = (64, ...,0,) with s-dimensional
range of variation 2. The problem is to estimate the parameter 6 on the basis of
N observations of this random variable. For this purpose the following procedure
is proposed (a method of grouping observations). Let X be the range of variation
of the variable x = (24, ..., x,). This region may be infinite and, in particular,
may coincide with the whole n-dimensional space. Partition the region X into
pairwise nonintersecting subregions X, ..., X,. Usually X is a finite or infinite
rectangular parallelepiped; the regions X, are also parallelepipeds formed by

planes parallel to the faces of the parallelepiped X.

The function F(x, 5) and this partition define a finite probability scheme with
k outcomes having probabilities

-

pi:pi(é):pi(:{’ve) (i=1,..,k), (2)

where pi(%i,é) is the probability of falling in the region X,. The method of
grouping a sample for estimating the parameter 6 consists in reducing this prob-
lem to estimating 6 from observations in a finite probability scheme. In what
follows we shall estimate the parameter g from observations in the finite proba-
bility scheme (2).

Consider a sample 9, consisting of N observations in our finite scheme. Let
N, be the number of observations of the i-th outcome of the scheme. In the case

where the p; are determined by formulas (2), N, is the number of observations
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falling in the region X, (i = 1,...,k). To estimate the parameter 6 we use
the maximum likelihood method. To the sample 91, there corresponds the
likelihood function

L= Loy (®) =[] (3)

By a maximum likelihood estimate (m.l.e.) in the strict sense we mean
such a value § € Q at which the likelihood function L = L(f) assumes its
absolutely largest value.

-

Let the functions p; = p,(#) have partial derivatives with respect to all argu-
ments. Any root of the system of likelihood equations

0
—logL = =1,.. 4
89t Og O (t Y )S>7 ( )

lying in , will be called an m.l.e. in the broad sense. An m.l.e. may fail to
exist, but then it can be replaced by a certain random variable

(see (1)), for which the results given below will also be valid.

Theorem 1. Let a sample M, be fixed, and suppose that, for every i (i =
1,...,k) for which N; > 0, the functions p, = p;(8) = p,(0,,...,0,) have con-
tinuous first partial derivatives in the open parallelepiped ) defined by the

inequalities

wi <0, <w! (i=1,..,s) (5)

(possibly w} = —o00, w! = 400). Suppose that there exist points 6= 6,...,0,)

and 6 = (8,,--,8,) of the parallelepiped Q satisfying the following conditions:
for each index t =1, ..., s,

k
dlogp,
SN, % >0, (6a)
i=1 tlg,=0t
k
dlogp,
SN SR <o (6b)
i=1 t o lg,=0t
for all 0,,...,0,_1,0,,1,...,0, satisfying inequalities (5). Then an m.l.e. exists

in the broad sense. If, moreover, for any vector 6="0 satisfying the system of
likelihood equations (4), the matrix
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) (tu=1,..,s) (7)

6=6

k 2 )
ZNZO logp;
— 00,00,

is the matrix of a negative definite quadratic form, then there exists a unique
m.l.e. in the strict sense.

Let 6° be the true value of the parameter 6. An m.le. (in the strict sense
or, respectively, in the broad sense) §™~) is called consistent if, as N —
00, the vector ™) converges in measure to 8°). The m.l.e. ™) is called

asymptotically efficient (in Wald’ s sense) if

(@) lim E[VN (6% —§0)] =0; (8)

N—oo

) im [ { [V (67— )] [VA (66— o)} -

N—oo

_ Ek: dlogp; 0Ologp; B
- PiT5g, o0

u §=6(0)

()

the vector random variable
VN (9’(93?N> _ §(O>>

is asymptotically normal as N — oo (the parameters of the limiting distribution
are determined by the right-hand sides of (8) and (9)).

Theorem 2. Suppose that, for sufficiently large NV, the system of maximum-
likelihood equations (4) has a unique* solution 60™M~)  and suppose that, in some
neighborhood Q, C Q of the point 69 there exist second partial derivatives of

-

the functions p; = p,;(0) = p;(04,...,0,) (i =1,..., k), and, moreover,

E (g 2
P;
0 t=1,..,s); 10
Z(aat ) £0 ) (10)

=1

* If, as mentioned above, we generalize the concept of an m.l.e., then it is
sufficient to require that the system of equations (4) have no more than one
root.

suppose, moreover, that there exists a positive differentiable function g(g) =
g(0y,...,0,) such that the functions

1S
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0 ~ 0logp, . L
aet(g(g) a0, ) (i=1,...,k t=1,..,5) (11)

are continuous. Then, as N — oo, the estimate 6™~ is consistent and asymp-
totically efficient.

Let py be the probability that, for a given N, the m.l.e. exists in the strict
sense. Then py — 1 as N — oo.

As an application of the results obtained, let us consider the m.l.e. for the math-
ematical expectation fi of an n-dimensional normal distribution with known co-
variance matrix 3, on the basis of a grouping of the observation results. Let
X coincide with n-dimensional space. Partition it into & = k; -+ k,, pairwise
disjoint parallelepipeds (k; > 2 (i =1,...,n))

X (1/1 = 17~-~7k1;'-~;y = 17...,]{5"), (12)

VlyesVy

defined by the inequalities

T <ry <y,
(13)
2Vl z, < zn),
where
—00 = xg()) < xél) << mgk) =400 (i=1,...,n) (14)
are certain fixed numbers. Then system (4) takes the form
ilogL—O (t=1,..,n) (15)
8ut )t )
where
Ky K, N Ky K, Nutvn
L=Loyy(i) =[]~ ] pwiwir = 11 ( f(x, i) dx>
vy=1 Vn= vy=1 v, =1 :{"1 oVn
(16)
where
. 1 .
fox i) = (@m) VS exp |~ (x-S - )]s ()
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here N

A ViyeesVp
region X

is the number of observations in the sample I, falling into the
ViV

Theorem 3. Suppose that for the sample M, the conditions

1+1

Z S Y 3 N £

via=lvy=1 v,=1

(i=1,..,n) (18)

1+1

Z Z Z Z VisesVio 15K Vi1 sesVn #N

via=lvy=1 v,=1

Then there exists a unique m.l.e. in the strict sense. It is computed as the unique
root of system (15). This estimate, as N — oo, is consistent and asymptotically
efficient.

Theorem 3 follows directly from Theorems 1 and 2 if we use the following integral
inequality.

Lemma. Let A(x) = A(zq,...,2,) be a negative definite quadratic form, and
let D be an n-dimensional parallelepiped in the space (zq,...,z, ), defined by
the inequalities (13); let D(ii) be the result of a parallel translation of the
parallelepiped D by the vector i = (uq, ..., i, ). Denote

Then the matrix

0 .
Ha 3 log p(1i)

]
is the matrix of a negative definite quadratic form.

In the case n = 2, this proposition was proved by the author and V. A. Zalgaller
(?). In the general case it was proved geometrically by V. A. Zalgaller.

The results of the study can be generalized to the case of partial grouping of
samples (see (1)). In addition to the example of the maximum-likelihood esti-
mate [ under the normal distribution, one may consider problems of estimating
the parameters of other specific multivariate distributions.

I express my gratitude to Yu. V. Linnik for his attention to this work.
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