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Abstract
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MATHEMATICS

A. A. ZAKHAROV

ON THE ASYMPTOTIC BEHAVIOR OF AN
INTEGRAL OF TRIGONOMETRIC POLYNO-
MIALS
(Presented by Academician I. M. Vinogradov on 20 XI 1967)

Let

𝑇𝑛(𝑥) = 𝑎0
2 +

𝑛−1
∑
𝑘=1

(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥) (𝑛 = 1, 2, …) (1)

be a given sequence of trigonometric polynomials, and let {𝜌𝑛(𝑡)} (𝑛 = 1, 2, …)
be a sequence of functions of bounded variation, given on the interval [−𝜋, 𝜋]
and satisfying on it the conditions

1)
𝜋

⋁
−𝜋

𝜌𝑛(𝑡) = 1 (𝑛 = 1, 2, …);

2)
−𝛼𝑛+𝜀𝑛

⋁
−𝛼𝑛−𝜀𝑛

𝜌𝑛(𝑡)+
𝛼𝑛+𝜀𝑛

⋁
𝛼𝑛−𝜀𝑛

𝜌𝑛(𝑡) ≥ 1− 𝑐1
𝑛 , (0 ≤ 𝜀𝑛 ≤ 𝑐2

𝑛 ; 0 ≤ 𝛼𝑛 ≤ 𝜋
2 ) , (2)

where 𝑐1 and 𝑐2 are nonnegative constants independent of 𝑛.

In the present note we establish the asymptotic behavior of the integrals

ℒ𝑛(𝑇 , 𝜌) = ∫
𝜋

−𝜋
∣∫

𝜋

−𝜋
{𝑎0

2 +
𝑛−1
∑
𝑘=1

[𝑎𝑘 cos 𝑘(𝑡 + 𝑥) + 𝑏𝑘 sin 𝑘(𝑡 + 𝑥)]} 𝑑𝜌𝑛(𝑡)∣ 𝑑𝑥

(3)

with a remainder term of the form

|𝑎0| +
𝑛−1
∑
𝑘=1

𝑘(𝑛 − 𝑘)
𝑛 (|Δ2𝑎𝑘−1| + |Δ2𝑏𝑘−1|),
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where

𝑏0 = 𝑎𝑛 = 𝑏𝑛 = 0.

The integrals (3) are a generalization of the norms of trigonometric polynomials
in the metric 𝐿. Such a generalization for even polynomials with convex or
concave coefficients and one point of concentration of variation of the functions
𝜌𝑛(𝑡) was proposed by V. F. Vlasov and A. F. Timan (1). The presence of
two points of concentration of variation completely includes in (3) the Lebesgue
constants of the Bernstein–Rogozinskii summation method.

Theorem 1. If the sequence of functions {𝜌𝑛(𝑡)} satisfies conditions (2), then,
uniformly in 𝑛, 𝛼𝑛, and 𝑇𝑛(𝑥), the following asymptotic equality holds:

ℒ𝑛(𝑇 , 𝜌) = 4
𝜋

[ 𝑛
1+𝑛𝛼𝑛 ]

∑
𝑘=1

1
𝑘 𝜉(𝑏𝑘 ∫

𝜋

−𝜋
𝑑𝜌𝑛(𝑡), ∣∫

𝜋

−𝜋
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣ √𝑎2

𝑛−𝑘 + 𝑏2
𝑛−𝑘) +

+ 4
𝜋

𝑛
∑

𝑘=[ 𝑛
1+𝑛𝛼𝑛 ]+1

1
𝑘 𝜉(𝑏𝑘 ∫

0

−𝜋
𝑑𝜌𝑛(𝑡), ∣∫

0

−𝜋
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣ √𝑎2

𝑛−𝑘 + 𝑏2
𝑛−𝑘) +

+ 4
𝜋

𝑛
∑

𝑘=[ 𝑛
1+𝑛𝛼𝑛 ]+1

1
𝑘 𝜉(𝑏𝑘 ∫

𝜋

0
𝑑𝜌𝑛(𝑡), ∣∫

𝜋

0
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣ √𝑎2

𝑛−𝑘 + 𝑏2
𝑛−𝑘) +

+𝑂 [|𝑎0| +
𝑛−1
∑
𝑘=1

𝑘(𝑛 − 𝑘)
𝑛 (|Δ2𝑎𝑘−1| + |Δ2𝑏𝑘−1|)] , (4)

where

𝜉(𝑢, 𝑣) = 1
4 ∫

𝜋

−𝜋
|𝑢 + 𝑣 sin 𝑡| 𝑑𝑡.

Theorem 1 is formulated for the case of a symmetric arrangement of the points
of concentration of variation and 0 ≤ 𝛼𝑛 ≤ 𝜋/2. However, it is not difficult to
show that the case of an arbitrary arrangement on [−𝜋, 𝜋] of two points of
concentration of variation reduces to the one studied, with accuracy up to the
remainder term of formula (4).

With the aid of Theorem 1, under various particular assumptions concerning
the sequences of polynomials {𝑇𝑛(𝑥)}, functions {𝜌𝑛(𝑡)}, and numbers {𝛼𝑛},
one obtains theorems on the uniform summability of Fourier series in 𝐶 of S. M.
Nikol’skii (3), A. F. Timan (7), A. V. Efimov (2) by the method of a triangular
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Λ-matrix, and theorems of A. F. Timan and I. M. Ganzburg (8) and G. A. Fomin
(9) (see Theorem 5), relating to summability methods similar to the Bernstein–
Rogozinskii method. Theorem 1 also gives asymptotic formulas for the Lebesgue
constants and an estimate of the norms of trigonometric polynomials in the
metric 𝐿. Thus, from (4) one can obtain results related to this topic of S. B.
Stechkin (4), A. F. Timan (7), and S. A. Telyakovskii (5,6).
We now note a number of corollaries.

Let 𝑏𝑘 = 0 (𝑘 = 1, 2, … , 𝑛 − 1); then from Theorem 1 we obtain

Corollary 1. If the sequence of functions {𝜌𝑛(𝑡)} satisfies conditions (2), then
for any sequence of numbers 𝑎0, 𝑎1, … , 𝑎𝑛−1, 𝑎𝑛 = 0, uniformly in 𝑛 and 𝛼𝑛, the
following asymptotic equality holds

∫
𝜋

−𝜋
∣∫

𝜋

−𝜋
{𝑎0

2 +
𝑛−1
∑
𝑘=1

𝑎𝑘 cos 𝑘(𝑡 + 𝑥)} 𝑑𝜌𝑛(𝑡)∣ 𝑑𝑥

= 4
𝜋 ∣∫

𝜋

−𝜋
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣

[ 𝑛
1+𝑛𝛼𝑛 ]

∑
𝑘=1

|𝑎𝑛−𝑘|
𝑘 + 4

𝜋 {∣∫
0

−𝜋
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣ + ∣∫

𝜋

0
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣}

×
𝑛

∑
𝑘=[ 𝑛

1+𝑛𝛼𝑛 ]+1

|𝑎𝑛−𝑘|
𝑘 + 𝑂 (|𝑎0| +

𝑛−1
∑
𝑘=1

𝑘(𝑛 − 𝑘)
𝑛 |Δ2𝑎𝑘−1|) . (5)

If

𝜌𝑛(𝑡) =
⎧{
⎨{⎩

0, for − 𝜋 ≤ 𝑡 ≤ −𝛼𝑛,
1
2 , for − 𝛼𝑛 < 𝑡 ≤ 𝛼𝑛,
1, for 𝛼𝑛 < 𝑡 ≤ 𝜋,

(6)

then from Corollary 1 we obtain

Corollary 2*. For any sequence of numbers 𝑎0, 𝑎1, … , 𝑎𝑛−1, 𝑎𝑛 = 0, uniformly
in 𝑛 and 𝛼𝑛 (0 ≤ 𝛼𝑛 ≤ 𝜋/2), the following asymptotic equality holds

∫
𝜋

−𝜋
∣𝑎0

2 +
𝑛−1
∑
𝑘=1

𝑎𝑘 cos 𝑘𝛼𝑛 cos 𝑘𝑥∣ 𝑑𝑥 = 4
𝜋 | cos 𝑛𝛼𝑛|

[ 𝑛
1+𝑛𝛼𝑛 ]

∑
𝑘=1

|𝑎𝑛−𝑘|
𝑘 +

Corollary 2 with proof was published in the author’s paper (10).

+ 4
𝜋

𝑛
∑

𝑘=[ 𝑛
1+𝑛𝛼𝑛 ]+1

|𝑎𝑛−𝑘|
𝑘 + 𝑂 (|𝑎0| +

𝑛−1
∑
𝑘=1

𝑘(𝑛 − 𝑘)
𝑛 |Δ2𝑎𝑘−1|) . (7)

sovietrxiv.org/items/ru-196801.42981 Machine Translation

https://sovietrxiv.org/items/ru-196801.42981


Let 𝑎𝑘 = 0 (𝑘 = 0, 1, … , 𝑛 − 1), 𝑏𝑘 = 1 (𝑘 = 1, 2, … , 𝑛 − 1; 𝑏𝑛 = 0), and let 𝜌𝑛(𝑡)
be defined by (6); then from Theorem 1 we obtain

Corollary 3. Uniformly in 𝑛 and 𝛼𝑛 (0 ≤ 𝛼𝑛 ≤ 𝜋/2) the asymptotic equality
holds

∫
𝜋

−𝜋
∣
𝑛−1
∑
𝑘=1

cos 𝑘𝛼𝑛 sin 𝑘𝑥∣ 𝑑𝑥 = 2 ln 𝑛 + 𝑂(1). (8)

Theorem 2. If the sequence of functions {𝜌𝑛(𝑡)} satisfies conditions (2), then,
for any sequence of numbers 𝑎0, 𝑎1, … , 𝑎𝑛−1, 𝑎𝑛 = 0, uniformly in 𝑛 and 𝛼𝑛 the
asymptotic equality holds

∫
𝜋

−𝜋
∣∫

𝜋

−𝜋
{𝑎0

2 +
𝑛−1
∑
𝑘=1

𝑎𝑘 cos 𝑘(𝑡 + 𝑥)} 𝑑𝜌𝑛(𝑡)∣ 𝑑𝑥 =

= 2 {∣∫
0

−𝜋
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣ + ∣∫

𝜋

0
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣} ∫

𝛼𝑛

0
∣𝑎0

2 +
𝑛−1
∑
𝑘=1

𝑎𝑘 cos 𝑘𝑥∣ 𝑑𝑥

+ 2 ∣∫
𝜋

−𝜋
𝑒𝑖𝑛𝑡 𝑑𝜌𝑛(𝑡)∣ ∫

𝜋

𝛼𝑛

∣𝑎0
2 +

𝑛−1
∑
𝑘=1

𝑎𝑘 cos 𝑘𝑥∣ 𝑑𝑥

+ 𝑂 (|𝑎0| +
𝑛−1
∑
𝑘=1

𝑘(𝑛 − 𝑘)
𝑛 |Δ2𝑎𝑘−1|) . (9)

Theorem 2 follows immediately from Corollary 1 and Theorem 2 of the work
of S. A. Telyakovskii (6). In the case when the sequence of numbers {𝑎𝑘}
(𝑘 = 0, 1, … , 𝑛 − 1; 𝑎𝑛 = 0) is convex or concave and 𝛼𝑛 = 0, formula (9)
coincides with the result of V. F. Vlasov and A. F. Timan (1).
The author expresses deep gratitude to S. A. Telyakovskii for supervising the
work.
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