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MATHEMATICS

Yu. V. EGOROV

ON A CLASS OF PSEUDODIFFERENTIAL
OPERATORS
(Presented by Academician I. G. Petrovskii, February 28, 1968)

1. In this paper we continue the study of pseudodifferential operators of princi-
pal type, begun in (1−3). As L. Hörmander showed (see (1)), the estimate

|𝑢|𝑠 ≤ 𝐶(𝐾)(|𝑃𝑢|𝑠−𝑚+𝛿 + |𝑢|𝑠−1), 𝑢 ∈ 𝐶∞
0 (𝐾) (1)

(𝑚 is the order of the operator 𝑃 , 𝐾 is a compact set in Ω ⊂ R𝑛) holds for
0 ≤ 𝛿 < 1/2 only for elliptic operators, but for 𝛿 = 1/2 this estimate defines a
new class of“subelliptic”operators, broader than the class of elliptic operators.
In our paper (3) it was shown that for 1/2 ≤ 𝛿 < 2/3 estimate (1) holds only
for subelliptic operators. In the same paper examples were given of operators
for which estimate (1) holds for 𝛿 = 𝑘/(𝑘 + 1) (and does not hold for smaller
values of 𝛿), and a hypothesis was stated concerning the absence of operators
corresponding to intermediate values of 𝛿.

In the present paper this hypothesis is proved for the interval 2/3 < 𝛿 < 3/4.
Here we make essential use of the exact conditions of an algebraic nature ob-
tained by us, which determine the class of operators for which estimate (1) holds
with 𝛿 = 2/3. These conditions are also of independent interest.

Unlike subelliptic operators, whose characteristic points always form a manifold
of dimension 2𝑛 − 2 in the space of variables (𝑥1, … , 𝑥𝑛, 𝜉1, … , 𝜉𝑛), operators of
the indicated class may have a characteristic manifold of any dimension from 1
to 2𝑛 − 2. For example, this class includes operators with symbol

𝑝(𝑥, 𝜉) = 𝑖𝜉1 + (𝑥2
1 + ⋯ + 𝑥2

𝑘)|𝜉| + (𝜉2
1 + ⋯ + 𝜉2

𝑙 )|𝜉|−1

(1 ≤ 𝑘 ≤ 𝑛, 1 ≤ 𝑙 ≤ 𝑛 − 1),

for which the dimension of the characteristic manifold is equal to 2𝑛 − 𝑘 − 𝑙.
In addition, the class of operators under consideration contains some scalar
differential operators, for example the operator
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𝑃 = 𝑥1Δ + 𝑖𝑎 𝜕2/𝜕𝑥2
1 (𝑎 ≠ 0).

2. Theorem 1 below gives exact conditions characterizing the operators for
which

|𝑢|𝑠 ≤ 𝐶(𝐾)(|𝑃𝑢|𝑠−𝑚+2/3 + |𝑢|𝑠−1), 𝑢 ∈ 𝐶∞
0 (𝐾). (2)

Let us note the following simple assertion:

Lemma 1. If for an operator 𝑃 estimate (1) holds with some 𝛿 < 1, then at
a characteristic point (𝑥0, 𝜉0) all first-order partial derivatives 𝜕𝑝0(𝑥0, 𝜉0)/𝜕𝑥𝑘,
𝜕𝑝0(𝑥0, 𝜉0)/𝜕𝜉𝑗 cannot vanish simultaneously.

We now give the main result of the present paper.

Theorem 1. In order that the estimate (2) hold for the operator 𝑃 , it is
necessary and sufficient that:

1) at the characteristic points

{(𝑥0, 𝜉0), 𝑝0(𝑥0, 𝜉0) = 0, |𝜉0| = 1}
the condition

Im 𝑝0
𝑥(𝑥0, 𝜉0)𝑝0

𝜉(𝑥0, 𝜉0) = Im
𝑛

∑
1

𝜕𝑝0(𝑥0, 𝜉0)
𝜕𝑥𝑘

𝜕𝑝0(𝑥0, 𝜉0)
𝜕𝜉𝑘

≥ 0

be satisfied;

2) if at a characteristic point (𝑥0, 𝜉0)
Im 𝑝0

𝑥(𝑥0, 𝜉0)𝑝0
𝜉(𝑥0, 𝜉0) = 0,

then
𝜕𝑝0(𝑥0, 𝜉0)/𝜕𝑥𝑗 = 𝜅𝛼𝑗, 𝜕𝑝0(𝑥0, 𝜉0)/𝜕𝜉𝑗 = 𝜅𝛽𝑗,

where 𝛼𝑗, 𝛽𝑗 are real numbers, 𝑗 = 1, … , 𝑛;

3) if at a characteristic point (𝑥0, 𝜉0)
Im 𝑝0

𝑥(𝑥0, 𝜉0)𝑝0
𝜉(𝑥0, 𝜉0) = 0,

then

𝐼1 = Im ̄𝜅[(𝐴𝑝′
𝜉(𝑥0, 𝜉0), 𝑝′

𝜉(𝑥0, 𝜉0)) − 2(𝐵𝑝0
𝑥(𝑥0, 𝜉0), 𝑝0

𝜉(𝑥0, 𝜉0))+

+(𝐶𝑝0
𝑥(𝑥0, 𝜉0), 𝑝0𝑥(𝑥0, 𝜉0))] ≠ 0,

where

𝐴 = (𝜕2𝑝0(𝑥0, 𝜉0)/(𝜕𝑥𝑖𝜕𝑥𝑗)), 𝐵 = (𝜕2𝑝0(𝑥0, 𝜉0)/𝜕𝑥𝑖𝜕𝜉𝑗),

𝐶 = (𝜕2𝑝0(𝑥0, 𝜉0)/𝜕𝜉𝑖𝜕𝜉𝑗).
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Moreover,
𝐼1 Im 𝜅[(𝐴𝑥, 𝑥) + 2(𝐵𝜉, 𝑥) + (𝐶𝜉, 𝜉)] ≥ 0

for all real 𝑥 and 𝜉 such that

(𝑝0
𝑥(𝑥0, 𝜉0), 𝑥) + (𝑝0

𝜉(𝑥0, 𝜉0), 𝜉) = 0.

For the proof of Theorem 1 we use Theorem 1 from our paper (3) and the
following lemmas.

Lemma 2. For no complex 𝑎𝑖𝑗 can one specify such a constant 𝐶 that for every
𝜓 ∈ 𝐶∞

0 (R𝑛) the inequality

∫ |𝜓(𝑦)|2 𝑑𝑦 ≤ 𝐶 ∫ ∣ 𝜕𝜓
𝜕𝑦1

+ 𝑖 𝜕𝜓
𝜕𝑦2

+
𝑛

∑
1

𝑎𝑘𝑗𝑦𝑘𝑦𝑗𝜓∣
2

𝑑𝑦

holds.

Lemma 3. There does not exist a constant 𝐶, independent of the parameter
𝜆, for which the inequality

∫
∞

−∞
|𝑓(𝑡)|2 𝑑𝑡 ≤ 𝐶 ∫

∞

−∞
|𝑓 ′(𝑡) + (𝑡2 − 𝜆2)𝑓(𝑡)|2 𝑑𝑡, 𝑓 ∈ 𝐶∞

0 (R1),

would hold.

Lemma 4. In order that the estimate

∫ |𝜓(𝑦)|2 𝑑𝑦 ≤ 𝐶1 ∫ ∣ 𝜕𝜓
𝜕𝑦1

+ ∑ 𝑎𝑗𝑘𝑦𝑗𝑦𝑘𝜓 + 2𝜆−1/2 ∑ 𝑏𝑗𝑘𝑦𝑗𝐷𝑘𝜓(𝑦)+

+𝜆−1/3 ∑ 𝑐𝑗𝑘𝐷𝑗𝐷𝑘𝜓(𝑦)∣2 𝑑𝑦 + 𝐶2𝜆−𝜀 ∫
|𝛼+𝛽|≤𝑁

∑ |𝑦𝛽𝐷𝛼𝜓(𝑦)|2𝜆−2|𝛼|/3 𝑑𝑦,

𝜀 > 0, 𝜓 ∈ 𝐶∞
0 (R𝑛),

where 𝐶1 and 𝐶2 do not depend on 𝜆, and 𝑁 is any number ≥ 3, it is necessary
and sufficient that

Re 𝑎11 ≠ 0; Re 𝑎11 ⋅ Re
⎛⎜⎜
⎝

𝑛
∑

1
𝑎𝑗𝑘𝛼𝑗𝛼𝑘 + 2

𝑛
∑
𝑗=1
𝑘=2

𝑏𝑗𝑘𝛼𝑗𝛽𝑘 +
𝑛

∑
2

𝑐𝑗𝑘𝛽𝑗𝛽𝑘
⎞⎟⎟
⎠

≥ 0

for all real 𝛼1, … , 𝛼𝑛, 𝛽2, … , 𝛽𝑛.

3. Theorem 2. If for the operator 𝑃 the estimate

|𝑢|𝑠 ≤ 𝐶(𝐾)(|𝑃𝑢|𝑠−𝑚+𝛿 + |𝑢|𝑠−1), 𝑢 ∈ 𝐶∞
0 (𝐾),
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holds, and 2/3 ≤ 𝛿 < 3/4, then there exists a constant 𝐶1(𝐾), depending on 𝐾
but not depending on the function 𝑢, such that

|𝑢|𝑠 ≤ 𝐶1(𝐾)(|𝑃𝑢|𝑠−𝑚+2/3 + |𝑢|𝑠−1), 𝑢 ∈ 𝐶∞
0 (𝐾).

For the proof of Theorem 2 one uses not only the result formulated in Theorem
1, but also its proof. In particular, Lemmas 2–4 are used essentially.

4. Analogous theorems are valid for broader classes of operators 𝐿0
𝜌,𝛿 with

𝜌 > 𝛿, introduced by L. Hörmander in [4].

As examples of pseudodifferential operators satisfying the conditions of Theorem
1, we mention, in addition to those indicated in item 1, the following:

1) the operator with symbol

𝑝0(𝑥, 𝜉) = (𝑎𝑥2
1 + 𝑏𝑥2

2)|𝜉| − 𝑖𝑐𝜉1, 𝑎𝑐 ≠ 0, 𝑎𝑏 ≥ 0,

arising in the solution of the problem with oblique derivative

𝜕2𝑢/𝜕𝑥2
1 + 𝜕2𝑢/𝜕𝑥2

2 + 𝜕2𝑢/𝜕𝑥2
3 = 0, 𝑥3 > 0,

(𝑎𝑥2
1 + 𝑏𝑥2

2)𝜕𝑢/𝜕𝑥3 + 𝑐 𝜕𝑢/𝜕𝑥1 = 𝑓(𝑥1, 𝑥2), 𝑥3 = 0;
2) the operator with symbol

𝑝0(𝑥, 𝜉) = 𝑖𝑥1|𝜉|2 + 𝑎𝜉2
1 + 𝑏𝜉2

2 , 𝑎 > 0, 𝑏 ≥ 0,

arising in the solution of the problem:

𝜕2𝑢/𝜕𝑥2
1 + 𝜕2𝑢/𝜕𝑥2

2 + 𝜕2𝑢/𝜕𝑥2
3 + 𝜕2𝑢/𝜕𝑥2

4 = 0, 𝑥4 > 0,

𝑖𝑥1𝜕2𝑢/𝜕𝑥2
4 − 𝑎 𝜕2𝑢/𝜕𝑥2

1 − 𝑏 𝜕2𝑢/𝜕𝑥2
2 = 𝑓(𝑥1, 𝑥2, 𝑥3), 𝑥4 = 0.
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