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1°. Let C be the space of all continuous 27-periodic functions f(z) with norm

Ifle= max |f(z)].

0<z<27m

Denote by II,, the set of all trigonometric polynomials of order < n. Let U,
be a linear operation on C' into c having the properties: 1) for every f € C’Z'V,
U,(f) e I,; 2) if f € T, then U, (f) = f. Denote the set of all such U,
by €, . Obviously, the partial sum S, (f) of the Fourier series of order n of
the function f belongs to €, ,. The trigonometric interpolation polynomial of
Lagrange L, (f) of order n, constructed for an arbitrary system of interpolation

nodes, also belongs to Q,, .. It is known (') that
1 2 -
% (Un(ft>>—t dt = Sn(f)’ f € C? Un € Qn,nv (1)
0
where f, is the shifted function, which is defined according to the equality
filz) = fz+1), —00 < t < 00.

(f), are indicated in (23).

Denote by A the set of all functions f(z), continuous in the disk K, |z| < 1,
and analytic at each of its interior points. We define the notion of a shift of a
function f € A by a real number ¢, —oo < t < 00, by means of the equality

fiz) = f(ze®). (2)

Special cases of formula (1), when U, (f) = L

n

Put )
1 us ) ) n
¢, = —/ f(e?)e 0 dg, S, (f,z) = chzk, feA (3)
k=0

27

By €, ,,(K) we denote the set of all linear operations U,, from A into A having
the properties: 1) for any f € A, U,,(f) is a polynomial of degree < n; 2) if f
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is a polynomial of degree < n, then U, (f) = f. In (%) it is proved that for the
disk K there is an analogue of formula (1), namely

1
2T

27
/O (U (1)) dt = 5, (). (4)

where S, (f) is defined according to equality (3), and f, according to equality
(2).

2°. Let D be an arbitrary finite domain with simply connected complement
D, and rectifiable boundary T'. By w = ®(z) we denote the function mapping
D, conformally onto the domain |w| > 1 of the w-plane under the condition
®(00) = oo. Let z = U(w) be the inverse function. By A(D) we denote the set
of all functions f(z), continuous in the closed domain D and analytic at each
interior point of D. Put ||f| =

= max | f(z)].
zeD
Define the translate f, of a function f € A(D) by a real number ¢, —co < t < 00,
by means of the equality

fi(z) =

L [ 5

E—z

It is not hard to see that if the domain D is a disk K, then the translate defined
by formula (5) coincides with the translate defined according to (2). Denote
by F}(z) the Faber polynomial of degree k generated by the domain D (°~7).
It is curious that the polynomials F} are transformed very simply under the
translate (5). Namely, it is easy to prove that

(Fy)e = erikt- (6)

This equality is a special case of an identity of V. K. Dzyadyk ().

Let U,, be a linear operation from A(D) into A(D) possessing the properties: 1)
for any f € A, U,(f) is a polynomial of degree < n; 2) if f is a polynomial of
degree < n, then U, (f) = f. The set of all such U,, will be denoted by €2, (D).
The most important example of an operation of type U,, is furnished by the
partial sum

Sn(f)=8,(f,2) = Za}ch(Z)v g = %/ fle(et)e*at,  (7)
k=0 —

of the expansion of a function f € A(D) in Faber polynomials.
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It turns out that there is a very simple relation between an arbitrary operation
U, € Q,,(D) and the operation (7).

Theorem 1. For any f € A(D) and any U, € ,, ,,(D), the equality

1 27

21 Jo

holds, where S,,(f) is defined according to (7) and f, according to (5).
Proof. Put

~ 1

2m
Tlh) =5z | Wals)-cit (¥

Then it is necessary to prove that

Un(f) = S,.(f)- 9)

Since the Faber polynomials form a basis in A(D), it is enough to prove that (9)
holds when f is a Faber polynomial. Suppose first that f = Fj,, where k < n.
Then, by virtue of (6) and the definition of U,,, we have

U ((Fp)e))y = erikteﬂ'kt = I,

~

Consequently, U, (F},) = Fj. On the other hand, S, (F)) = Fj. Therefore

~

U, (F,) =S,(F,). Let now f = F},, where k > n. By virtue of (6),

U ((Fy)y) = MU, (Fy). (10)

Since U,, € Q,,,(D), we have U, (F}) = Z;.L:O a;F;, where {a;} are certain
numbers. Therefore, according to (6) and (10),

U, (F)o)]-y = e* " a;Fyet. (11)
3=0

It follows from (11) that U, (F},) = 0 for k > n. Since S, (F},) = 0, k > n, (9)
again holds. Thus the theorem is proved.

Obviously, equality (4) is a particular case of Theorem 1, when the domain D
is a disk.

sovietrxiv.org/items/ru-196801.42932 Machine Translation


https://sovietrxiv.org/items/ru-196801.42932

Corollary. Let {Z,(Cn+1> Zill be points from D, with z,(an) + zl(nH), k # 1. De-
note by L, (f, z) the Lagrange interpolation polynomial of degree n, constructed
for f € A(D) at the nodes {z\"""}™!. Then the identity holds

1

5w | ld) -t =5,(6)

where S,,(f) is defined according to equality (7).

Introduce the operator

o) =ouF2) = o [ @K@, (12)

where K € II,, and f_, is defined according to (5). Operators of this kind were
considered in (8).

Theorem 2. Let U, be a linear operation from A(D) into A(D) having the
following properties: 1) for every f € A(D), U,(f) is a polynomial of degree

< mn; 2) if f is a polynomial of degree < n, then U, (f) = o,,(f), where o,(f) is
defined according to (12). Then

2

L W) dt = 0,():

27 J

Obviously, Theorem 1 is a particular case of Theorem 2.

3°. We shall say that an operator C commutes with the shift if C(f,) =
(C(f));, —o0 < t < oo, where the shift is defined according to (5). It is not
difficult to verify that the operator (12) commutes with the shift. It turns out
that among all operators satisfying the conditions of Theorem 2 and commuting
with the shift, it is the only one, for the following holds:

Theorem 3. Let U, satisfy the conditions of Theorem 2 and commute with
the shift; then for every f € A(D),

Un(f) = o, (f)-

This theorem follows from Theorem 2 and the equality (f,)_, = f.

Denote by €,,(D) the set of all linear operations from A(D) into A(D) having
the property that, for every f € A(D), U,(f) is a polynomial of degree < n.
Obviously, ,, ,,(D) C ©,, (D). For operators from ,,(D) the following theorem
is valid:

Theorem 4. Let U, € Q,,(D). Then for every f € A(D) the equality holds

U,(f) =T, (S, (1)), (13)
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where U, is defined according to (8), and S, (f) is the partial sum of the expan-
sion of the function f in Faber polynomials.

Proof. Since the Faber polynomials form a basis in A(D), it is sufficient to
prove identity (13) ounly for Faber polynomials. Let f = Fj,, k < n. Then
S, (F,) = F,. Therefore U, (S, (F,)) = U,(F,). Thus (13) holds. Now let

~

f = F},, where k > n. Then S, (F)) = 0. Consequently, U, (S, (F})) = 0. On
the other hand, according to equality (11), which is also valid for operators of
the class (D), we have U, (F},) = 0. Thus, for k > n, (13) also holds.

Let Uff) € Q,(D), i =1,2. Suppose that for every polynomial f of degree < n,
Uy(f)( f) = 7<L2>( f). Tt does not at all follow from this equality that for every
feAD), Ufll)(f) = U,(LQ)(f). However, the following is valid:

Theorem 5. If the operators UY and U from the class Q,,(D) coincide on
the set of all polynomials of degree < n, then, for any f € A(D),

U,(f) = Uy(f)-

Proof. Since S, (f) is a polynomial of degree < n, by the hypothesis of the
theorem,

Un (S,(£)) = U (S(1)).
Therefore, by Theorem 4,
T (1) = T2 ()
for every f € A(D).
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