
Soviet-era science, translated into English

ON INVERSE
APPROXIMATION
THEOREMS ON
CLOSED SETS OF THE
COMPLEX PLANE
MATHEMATICS

1968

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196801.42714

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196801.42714


Abstract
Full Text
UDC 517.537

MATHEMATICS

N. A. LEBEDEV, P. M. TAMRAZOV

ON INVERSE APPROXIMATION THEO-
REMS ON CLOSED SETS OF THE COMPLEX
PLANE
(Presented by Academician V. I. Smirnov on 1 VI 1967)

In the work (1) V. K. Dzyadyk obtained inverse theorems on the approxima-
tion of functions by polynomials on continua with connected complement, the
boundary of which consists of a finite number of arcs with continuous curva-
ture (under certain additional restrictions, some of which have been removed
in recent works of L. I. Kolesnik (2) and N. N. Vorob’eva (3)). N. A. Lebedev
(4,5) obtained inverse approximation theorems by rational functions on sets of
a more general nature. The present note is devoted to certain generalizations
of his results.

We introduce the notation needed below. Let 𝐵 be a bounded closed set whose
complement in the extended plane consists of 𝑠 domains 𝐵𝑗, 𝑗 = 1, … , 𝑠, pairwise
having no common points; 𝐿 be the boundary of 𝐵; 𝐵𝑗, 𝑗 = 𝑠 + 1, 𝑠 + 2, …, be
supplementary domains for 𝐿 belonging to 𝐵 (there are at most a countable
number of them); 𝑎𝑗 be a fixed point of 𝐵𝑗, 𝑗 = 1, … , 𝑠. By 𝑅𝑛(𝑧) we shall
denote rational functions (r.f.) of the form

𝑅𝑛(𝑧) =
𝑠

∑
𝑗=1

𝑛
∑
𝜈=1

𝐴𝑗,𝜈
(𝑧 − 𝑎𝑗)𝜈 + 𝐴 (1)

(if 𝑎𝑗0
= ∞, then (𝑧 − 𝑎𝑗0

)−𝜈 in (1) must be replaced by 𝑧𝜈).

Let 𝜑(𝑧), 𝑧 ∈ 𝜕𝐵𝑗, 𝑗 = 1, 2, …, be a continuous real function; 𝐻𝑗(𝜁, 𝜑(𝑧))
be the solution of the Dirichlet problem for 𝐵𝑗 and 𝜑(𝑧) (see, for example,
(6)); 𝑔𝑗(𝜁; 𝑎𝑗) = 𝐻𝑗(𝜁, ln |𝑧 − 𝑎𝑗|) − ln |𝜁 − 𝑎𝑗|, 𝑗 = 1, … , 𝑠 (if 𝑎𝑗0

= ∞, then
𝑔𝑗0

(𝜁, 𝑎𝑗0
) = 𝐻𝑗0

(𝜁, ln 1/|𝑧|) − ln 1/|𝜁|); 𝐿𝑗
𝜌 = {𝑧 ∶ 𝑔𝑗(𝑧, 𝑎𝑗) = ln 𝜌}, 𝜌 > 1;

𝐿𝜌 = ⋃𝑠
𝑗=1 𝐿𝑗

𝜌; 𝑑(𝑧, 𝑢), 𝑢 > 0, be the distance from the point 𝑧 to 𝐿1+𝑢. We
further assume that the set 𝐵 has the property that for every 𝑧 ∈ 𝐿, 𝑑(𝑧, 𝑢) → 0
as 𝑢 → 0.
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Every continuous nondecreasing positive function 𝜔(𝑥), 𝑥 > 0, 𝜔(+0) = 0, will
be called a modulus of continuity (m.c.). Put 𝐺𝜔(𝜁, 𝑢) = 𝐻𝑗(𝜁, ln 𝜔(𝑑(𝑧, 𝑢)))
for 𝜁 ∈ 𝐵𝑗, 𝑗 = 1, 2, …, and 𝐺𝜔(𝜁, 𝑢) = ln 𝜔(𝑑(𝜁, 𝑢)) for 𝜁 ∈ 𝐿. If there exists
𝑀 > 1 such that for all 𝑧0 ∈ 𝐿, 𝑢 > 0, and 𝜁0, related by the condition
|𝜁0 − 𝑧0| = 𝑑(𝑧0, 𝑢), the inequality 𝐼 ≡ 𝐺𝜔(𝜁0, 𝑢) − 𝐺𝜔(𝑧0, 𝑢) ≤ ln 𝑀 holds, then
we write 𝜔(𝑥) ∈ {𝐵, 𝑀}.

Next we consider m.c. 𝜔(𝑥) for which there exists a constant 𝐾 such that for
all 𝑥 > 0

𝐾 ∫
𝑥

𝑒−1𝑥
𝜔(𝑡)𝑡−2 𝑑𝑡 ≥ 𝜔(𝑥)𝑥−1, (2)

and we denote

𝐾(𝑝)
𝜔 = inf

𝑥>0
(∫

1

𝑒−1

𝜔(𝜏𝑥)
𝜔(𝑥) 𝜏𝑝−1 𝑑𝜏)

−1

, 𝑝 ≥ −1.

(In this definition, instead of 𝑒−1 one may put any 𝑎, 0 < 𝑎 < 1.)

Changing the proof of the theorem from (5) only slightly, we obtain the following
generalization of it.

Theorem. Let: 𝑓(𝑧) be a function given on the boundary 𝐿 of the set 𝐵; 𝜆,
𝜆 > 0, be a fixed number; 𝑟 be a nonnegative integer; 𝜔(𝑥) be a m.c. satisfying
condition (2), and 𝑥𝑟𝜔(𝑥) ∈ {𝐵, 𝑀}; 𝑅𝑚(𝑧), 𝑅𝑚+1(𝑧), … be a sequence of r.f.
of the form (1) such that

|𝑓(𝑧) − 𝑅𝑛(𝑧)| ≤ 𝑑(𝑧, 𝜆/𝑛)𝑟𝜔(𝑑(𝑧, 𝜆/𝑛)), 𝑧 ∈ 𝐿. (3)

Denote by 𝜔(𝑥, 𝜑) the modulus of continuity of the function 𝜑(𝑧), 𝑧 ∈ 𝐿. Then:

1) if 𝑟 = 0 and 0 < 𝑥 < 𝑒−1 inf𝑧∈𝐿 𝑑(𝑧, 𝜆/𝑚) ≡ 𝑥0, we have

𝜔(𝑥, 𝑓) ≤ 𝜔(𝑥, 𝑅𝑚) + 𝐶0𝑀𝑥 ∫
𝑙𝑚

𝑥
𝜔(𝑡)𝑡−2 𝑑𝑡,

where 𝑙𝑚 = sup𝑧∈𝐿 𝑑(𝑧, 𝜆/𝑚) and 𝐶0 is a constant

(0 < 𝐶0 < 4, 2𝑒𝜆0𝐾(−1)
𝜔 ) ,

𝜆0 = max {𝑚 + 1
𝑚 𝜆, 𝜆 + 2} ;

2) if 𝑟 > 0, 𝜈 = 1, 2, … , 𝑟,
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|𝑓 (𝜈)(𝑧) − 𝑅(𝜈)
𝑛 (𝑧)| ≤ 𝐶(𝜈)

𝑟 𝑀Ω𝑟−𝜈(𝑑(𝑧, 𝜆/𝑛)), 𝑧 ∈ 𝐿, 𝑛 = 𝑚, 𝑚 + 1, … ,

Ω𝑝(𝑥) = ∫
𝑥

0
𝜔(𝑡)𝑡𝑝−1 𝑑𝑡 (0 < 𝐶(𝜈)

𝑟 < 4, 2𝜈!𝑒𝜆0𝐾(𝜈−𝑟)
𝜔 )

(for 𝜈 = 𝑟 in the case where Ω0(𝑥) < ∞).

Remark 1. In the statement of the theorem one may take 𝑀 equal to the
exact lower bound of the numbers 𝑀 ′ such that 𝑥𝑟𝜔(𝑥) ∈ {𝐵, 𝑀 ′}.

Remark 2. One can obtain an analogous theorem with local m.c., for example,
by adding to the right-hand side of inequality (3) a positive factor 𝜌(𝑧).
Remark 3. By making the proof somewhat more complicated, one can obtain a
theorem for sets 𝐵 whose complement consists of an infinite number of domains
(under certain additional restrictions on 𝐵).

Remark 4. The theorem can be extended to unbounded sets. For this it is
necessary to pass to the metric defined by the fact that the distance between any
two points in the plane is understood as the distance between the corresponding
points on the Riemann sphere (this is natural in the study of approximation by
r.f.).

The question arises: for every m.c. 𝜔(𝑥) satisfying condition (2), with fixed
𝐵 and 𝑎𝑗, 𝑗 = 1, … , 𝑠, does there exist 𝑀 > 1 such that 𝜔(𝑥) ∈ {𝐵, 𝑀}? At
the International Congress of Mathematicians in 1966 N. A. Lebedev, in his
communication, expressed the conjecture that for the m.c. 𝜔(𝑥) considered in
(5), the answer to this question is affirmative. There, at the congress, this
conjecture was proved by P. M. Tamrazov. Below, by the same method, a more
general assertion is proved.

Let the diameters of the continua composing the set 𝐵 be bounded below by
some number 𝛽 > 0. We shall call such a set a set of type 𝔐𝛽

𝑠 .

Lemma 1. Let 𝐵 be a set of type 𝔐𝛽
𝑠 , and let 𝑎𝑗, 𝑎𝑗 ∈ 𝐵𝑗, 𝑗 = 1, … , 𝑠, be fixed

points. There exists a constant 𝑁 > 0 such that, for every m.c. 𝜔(𝑥) satisfying,
for some 𝜎 ≥ 1 and 𝛾 > 0, the condition 𝜔(𝜆𝑥) ≤ 𝜎𝜆𝛾𝜔(𝑥) (for all 𝜆 ≥ 1 and
𝑥 > 0), the inclusion 𝜔(𝑥) ∈ {𝐵, 𝜎𝑁𝛾} holds. Moreover, if Ω0(𝑥) < ∞, then
Ω0(𝑥) ∈ {𝐵, 𝜎𝑁𝛾}.

In the proof of this lemma the following will be used.

Lemma 2. Let 𝐷 be a simply connected domain of the extended plane; 𝜉0 a
finite point of 𝐷; ℎ the distance from 𝜉0 to 𝜕𝐷. If the diameter of the set-

of the set 𝜕𝐷 is not less than 𝛿 > 0, then on the circle |𝜁 − 𝜁0| = ℎ

𝑔𝐷(𝜁, 𝜁0) ≤ ln [3 + 8ℎ/𝛿 + 2√2(1 + 4ℎ/𝛿)(1 + 2ℎ/𝛿)] ≡ 𝑔(ℎ/𝛿),

sovietrxiv.org/items/ru-196801.42714 Machine Translation

https://sovietrxiv.org/items/ru-196801.42714


where 𝑔𝐷(𝜁, 𝜁0) is the generalized Green function of the domain 𝐷.

Proof of Lemma 2. On 𝜕𝐷 there exist points 𝜁1 and 𝜁2 such that |𝜁1 −𝜁0| = ℎ
and |𝜁1 − 𝜁2| = 1

2 𝛿. Under the transformation

𝑤 = 𝑤(𝜁) = (𝜁1 − 𝜁2)(𝜁 − 𝜁0)[4(𝜁1 − 𝜁0)(𝜁 − 𝜁2)]−1

the domain 𝐷 is mapped onto a finite domain 𝐷𝑤 containing the point 𝑤 = 0
and not containing the point 𝑤 = 1

4 . Let 𝑡 = 𝑡(𝑤), 𝑡(0) = 0, be the one-sheeted
conformal mapping of the domain 𝐷𝑤 onto the unit disk. From the well-known
Bieberbach estimates it follows that |𝑡(𝑤)| ≥ 4|𝑤|(1 + √1 + 4|𝑤|)−2. Since on
the circle |𝜁 − 𝜁0| = ℎ we have |𝑤(𝜁)| ≥ [4(1 + 4ℎ/𝛿)]−1, on the same circle
𝑔𝐷(𝜁, 𝜁0) = − ln |𝑡(𝑤(𝜁))| ≤ 𝑔(ℎ/𝛿), and Lemma 2 is proved.

Proof of Lemma 1. Let 𝑧0 ∈ 𝐿, 𝑢 > 0, and let the point 𝜁0 be determined
by the condition |𝜁0 − 𝑧0| = 𝑑(𝑧0, 𝑢). If 𝜁0 ∈ 𝐿, then 𝑑(𝜁0, 𝑢) ≤ 2𝑑(𝑧0, 𝑢), and
therefore

𝐼 = ln[𝜔(𝑑(𝜁0, 𝑢))/𝜔(𝑑(𝑧0, 𝑢))] ≤ ln[𝜎 ⋅ 2𝛾]. (4)

Next, let 𝜁0 ∉ 𝐿. Denote by 𝑑 the diameter of the set 𝐿, and by 𝑑(𝑢) the
distance from 𝐿 to 𝐿1+𝑢. It is clear that 𝑑(𝑢), 𝑢 > 0, is an increasing function
and 𝑑(𝑢) ≤ 𝑑(𝑧0, 𝑢) ≤ 𝑑 + 𝑑(𝑢), and therefore

𝐼 ≤ ln[𝜔(𝑑 + 𝑑(𝑢))/𝜔(𝑑(𝑢))] ≤ ln[𝜎(1 + 𝑑/𝑑(𝑢))𝛾]. (5)

Choose 𝑢0 > 0 so that sup 𝑑(𝑧, 𝑢0) ≤ 1
4 𝛽. Further suppose that 0 < 𝑢 < 𝑢0. Let

𝜁0 ∈ 𝐵𝑗. We note that for 𝑧 ∈ 𝜕𝐵𝑗, |𝑧 − 𝜁0| ≥ 𝑑(𝑧0, 𝑢), we have

𝜔(𝑑(𝑧, 𝑢)) ≤ 𝜔(3|𝑧 − 𝜁0|) ≤ 𝜎(3|𝑧 − 𝜁0|/|𝑧0 − 𝜁0|)𝛾𝜔(𝑑(𝑧0, 𝑢)),

and for 𝑧 ∈ 𝜕𝐵𝑗, |𝑧 − 𝜁0| ≤ 𝑑(𝑧0, 𝑢), we have 𝜔(𝑑(𝑧, 𝑢)) ≤ 𝜔(3|𝑧0 − 𝜁0|) ≤
𝜎 ⋅ 3𝛾𝜔(𝑑(𝑧0, 𝑢)). Introduce the function 𝜑(𝑧) = |𝑧 − 𝜁0| for 𝑧 ∈ 𝜕𝐵𝑗, |𝑧 − 𝜁0| ≥
𝑑(𝑧0, 𝑢), and 𝜑(𝑧) = |𝑧0 − 𝜁0| for 𝑧 ∈ 𝜕𝐵𝑗, |𝑧 − 𝜁0| ≤ |𝑧0 − 𝜁0|. Then

𝐻𝑗(𝜁, ln 𝜔(𝑑(𝑧, 𝑢))) ≤ 𝐻𝑗 (𝜁, ln[𝜎(3/|𝑧0 − 𝜁0|)𝛾𝜑(𝑧)𝛾𝜔(𝑑(𝑧0, 𝑢))])
= ln[𝜎 ⋅ 3𝛾] + 𝛾[𝐻𝑗(𝜁, ln 𝜑(𝑧)) − ln |𝜁0 − 𝑧0|] + ln 𝜔(𝑑(𝑧0, 𝑢)),

and hence

𝐼 ≤ ln[𝜎 ⋅ 3𝛾] + 𝛾[𝐻𝑗(𝜁0, ln 𝜑(𝑧)) − ln |𝜁0 − 𝑧0|]. (6)

Denote by 𝒦 the disk |𝜁 − 𝜁0| < |𝑧0 − 𝜁0|. It is easy to see that
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𝐻𝑗(𝜁, ln 𝜑(𝑧)) ≤ 𝑔𝐵𝑗∪𝒦(𝜁, 𝜁0) + ln |𝜁 − 𝜁0|, 𝜁 ∈ 𝐵𝑗,

where 𝑔𝐵𝑗∪𝒦(𝜁, 𝜁0) is the generalized Green function of the domain 𝐵𝑗 ∪ 𝒦.
Since the right-hand side of the last inequality is harmonic in 𝒦, it follows that

𝐻𝑗(𝜁0, ln 𝜑(𝑧)) ≤ sup
𝜁∈𝜕𝒦

𝑔𝐵𝑗∪𝒦(𝜁, 𝜁0) + ln |𝑧0 − 𝜁0|.

Hence, from (6) we have

𝐼 ≤ ln[𝜎 ⋅ 3𝛾] + 𝛾 sup
𝜁∈𝜕𝒦

𝑔𝐵𝑗∪𝒦(𝜁, 𝜁0). (7)

From the preceding it is clear that there exists a continuum 𝐿∗ ∈ 𝐿, separated
from the point 𝜁0 by the distance |𝑧0 −𝜁0| and having diameter not less than the
number |𝑧0−𝜁0|. If by 𝐷 we denote that one of the domains complementary to 𝐿∗

which contains 𝐵𝑗 ∪ 𝒦, then 𝑔𝐵𝑗∪𝒦(𝜁, 𝜁0) ≤ 𝑔𝐷(𝜁, 𝜁0), and on 𝜕𝒦, by Lemma 2
(ℎ/𝛿 ≤ 1), we have 𝑔𝐷(𝜁, 𝜁0) ≤ ln 22. Thus (see (7)), 𝐼 ≤ ln[𝜎⋅66𝛾]. Hence, from
(4) and (5) we conclude that 𝜔(𝑥) ∈ {𝐵, 𝜎𝑁𝛾}, where 𝑁 = max{1+𝑑/𝑑(𝑢0), 66},
and Lemma 1 is proved.

Remark 5. Denote by 𝑁∗ the exact lower bound of the numbers 𝑁 such
that, for any m.c. 𝜔(𝑥) satisfying the conditions of Lemma 1, the inclusion
𝜔(𝑥) ∈ {𝐵, 𝜎𝑁𝛾} holds. Obviously, 𝑁 ∗ depends only on 𝐵 and the points 𝑎𝑗,
𝑗 = 1, … , 5. If in the formulation of the theorem 𝐵 is a set of type 𝔐𝑠

𝛽, 𝜔(𝑥)
satisfies the conditions of Lemma 1, then for 𝑀 the estimate 𝑀 ≤ 𝜎𝑁𝑟+𝛾

∗ holds.
The constants 𝐾(𝑝)

𝜔 , 𝑝 ≥ −1, are easily estimated from above:

𝐾(𝑝)
𝜔 ≤ 𝜎 (∫

1

𝑒−1
𝜏𝑝+𝛾−1 𝑑𝜏)

−1

.

At the same time, by Lemma 1, in the formulation of the theorem the condition
𝑥𝑟𝜔(𝑥) ∈ {𝐵, 𝑀} becomes superfluous.

Received
30 V 1967
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