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TEMS

(Presented by Academician V. I. Smirnov on 3 IV 1967)

As one of the topical problems awaiting solution, E. Jury in his report at the
Third All-Union Conference on Automatic Control (}) singled out the study of
the dynamics of systems with pulse-width and frequency-pulse modulation (2).
Below, sufficient frequency conditions for stability and dissipativity of systems
of this kind are formulated.

1. Consider a nonlinear impulse system whose mathematical description has
been reduced to the equations

l t
o) = £+ 10— / gt — X) + il (A) dA: 1)
j=1+0
0, if |0y | <A, b, <t <t
?71(15)2 . | y ‘ s 5 +1 (2)
Si,n( )Slgn Uz n’ if |Ui,n‘ > Aiv tz’,n <t< ti,n+1;

tin =tin—1+TT;ns t;0=0, n=12.. (3)

Here the constants fP and the functions f;(¢) represent the natural oscillations
of the linear part of the system; o, (t) is the signal at the input of the i-th impulse
element (IE;), and n,(t) is the signal at its output.

The function s, ,,(t) describes the shape of the pulse produced by IE; at the
instant ¢, ,,, and is assumed to be piecewise continuous, nonnegative for ¢, ,

t <t i1, and equal to zero for ¢ < ¢, ., t > ¢, ,.,. The nonnegative constant
A, characterizes the size of the dead zone of IE The quantity T, may be
either a nonlinear function of |o; ,,| or a functional of o, (t) (%); moreover, in the
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latter case the value of T} ,, depends on the behavior of the function o,(t) only
for t <, ,. It is assumed that there exist positive constants v,,v* such that

Vv, <1T,, <v* (i=1,...,; n=1,2,..), (4)

i.e., the pulse frequency is bounded from below and from above. Formulas (2),
(3) encompass all types of modulation with finite pulse duration described in
(?): amplitude, width, and time (first- and second-order frequency and phase)
modulation.

Let us define some characteristics of the impulse elements. Let 7, ,, be the pulse
duration (the measure of the set of values t € (¢, ,,;t; ,,,1] for which s, . (t) > 0),

1 ti,n+1 1 ti,n+1
_ _ 2
m; n = - Si,n(t) dt, Qo = - m / Si,n(t) dt,
R ti,n i,n''in ti,n
2 timi1
%i,n = m. T |U» | / (t - ti,n)‘si,n(t) dt’ m; = | lrgA mi,na
wnlinlPanl e, Tin i

M, = sup { max |Si,n(t)|}7 ni = Sup ¥,

o nl>A; | P€ltinitinal
Q; = sup .
[0 nl>A
If IE; produces rectangular pulses of height a;, then, evidently, m, , = «, ,, =

M, = m; = a; = a;, while the characteristic %, coincides with the “steepness”
characteristic of the impulse element introduced in (2).

It is assumed that the estimates
M; < o0, m; >0 (t=1,..,10), (5)

hold, that the functions f;(t) are absolutely continuous for ¢ > 0, and that the
relations

fit) € Ly[0,00),  lim fi() =0 (i=1,...,0); (6)

Pij = const, ’Yij(t> € Ll[ou o0) N LQ[Oa 00) (i, =1,...,0); (7)
pij +7i5(t) = g45(t) + Z Cg,j) 1(t — )\E,j))v (8)
k=1

are satisfied, where the functions g;;(¢) are absolutely continuous for ¢ > 0, and

00

. k

gz](t) € L1[07 00)7 Z ‘CEJ')' < o0, (9)
k=1
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)\EI? = const > 0, 1(t) =0 for ¢t < 0, 1(t) =1 for t > 0.

The last requirement is due to the circumstance that the functions -;;(¢) may
be discontinuous if the linear part of the control system contains elements with
distributed parameters.

We shall assume that the functions
)= [ O e(-pdr
0

are analytic for Rep > 0, and introduce the notation
!

) S r; A6,
= (Qw (+0) |+/ |gi7j(t)|dt+2|c£’j)|) My, k= =
k=1

J=1

K and D are diagonal matrices with elements kq, ..., k; and dy, ..., d;, respec-
tively™; I'(p) is the square matrix with elements x;;(p); R is the square matrix
with elements p;;.

Theorem 1. Let the following conditions be satisfied:
1) relations (4)—(9) hold;

2) there exist positive constants ¢; such that

n, <2/r; —96; (i=1,..,0);

3) if A; >0, then
inf > 0;
‘Ui,lnr‘l>Ai Tz,n

if A; =0, then the dependence of T, ,, on o,

in 8 such that

lim o;, =0;
-0

Ti,n

4) there exist positive constants dy, ..., d; such that the matrix DR is symmet-
ric and nonnegative and, for all real w, the matriz

Q(w) = DK +0.5(DI(iw) + T*(iw)D) (i = V—1);

18 nonnegative;

5) either det R # 0, or the constants f{ are such that the system of equations

!
:Zpijuj (i=1,..,1)
=1

is solvable with respect to uq, ..., u;.
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* The numbers ¢, and d; will be described below.
Then the solution of system (1) has the following properties:
1)

lim [max (sup |Ji(t)|>} —0,

ro—0 7 t>0

where

l 0
=3 (suplfol+ 120+ s ol + [ laolae)s (o
=1 \t> t> 0

2) hmnﬁoo Oimn = 07 if Az = 07
3) if A; > 0, then there exists a T, > 0 such that |o,(t,,, —0)| < A, for all

Condition 2) of Theorem 1 cannot be substantially weakened, since there exists
an example for which x; = 2/r; and all the remaining conditions of Theorem 1
are satisfied, but its conclusions do not hold.

Theorem 1 covers the critical cases when the characteristic equation of the linear
part of the system has no more than [ zero roots. Let us now consider the
noncritical case. In this case, in equations (1) f{ = p;; =0 (i,j =1,...,1), and
the following assertion holds.

Theorem 2. Suppose that in equations (1) and expressions (8), (10) f° =
pi; =0 (i,7 = 1,...,1), conditions 1) and 2) of Theorem 1 are satisfied, and
there exist positive constants dy, ...,d; such that the matriz Q(w) is nonnegative
for all real w.

Then lim, ,  o;(t):=0(i=1,...,1) and

lim [max (sup |al(t)|)} = 0.
ro—0 i t>0

2. Let us now consider the system of equations

00 = 0+ 82— [ t= N+ oM drt v ()
0

1o(t) = S Andlt — 1, (12)
n=1
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(13)

Here o0,(t), fi(t), f{ = const, ;;(t), p;; = const, t,, have the same meaning
as in equations (1); ¢,(t) are constantly acting disturbances; 6(¢) is the Dirac
delta function (4), and the instants ¢, ,, are determined by formula (3), with
T, >1/v".

Each function ,(t) is piecewise continuous and is the value, at o,(t), of some
nonlinear operator A,. The operators A, are defined on piecewise-continuous
functions and satisfy the following conditions:

1) ¢,;(t—0) depends on the values of the function o;(7) only for 0 < 7 < t—0;

2) ¢;(t —0)o,;(t —0) > 0 for those instants ¢ at which o,;(t —0) ¢ [-A7, AZ],
where A7, Al are nonnegative constants.

Equations (11)—(13) describe a nonlinear impulsive system with [ impulsive
elements performing frequency modulation by instantaneous impulses (5).

It is assumed that the functions ;;(¢) are continuous for ¢ > 0, belong to
L,[0,00), and their Laplace transforms x;;(p) are analytic for Rep > 0. With
respect to the functions f;(¢) and 1, (¢t) we shall assume that they are continuous
for t > 0 and that, whatever the sequence t,t,,... satisfying the condition
tpe1 —t, > 1/v%, the corres-

relations

L - IR )
ILm 7Z|fz(tk)| =0, hmneoofzw)i(tkﬂ <oo (i=1,..,1).
nee 3 "=

From equations (11) it is seen that at the instant ¢; , the functions o, (¢) undergo
a jump of magnitude —(v;;(+0) + p;;)A; 1, which, generally speaking, does not
tend to zero as k — oo, even if AY = Al =4,(t) =0 (i = 1,...,1). Therefore,
instead of the problem of stability in the large, we shall study the dissipativity
of system (11)—(13).

Theorem 3. Suppose that system (11)—(13) satisfies the assumptions made in
this section and that conditions 4) (for K =0) and 5) of Theorem 1 are fulfilled.
Then, for a solution of system (11)—(13), the estimate

limg ooy < 28+ +limg o[, (14)

is valid, where
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l l l
A=Y dimax(AL A7), y=1Ydiy ([ (+0) + |oy),
i=1 =1

% Jj=1

1
lolr = dez Z lo;(t; 1, — 0)], N = Jmax k,

i=1  0<t; ,<T

1lr = < Zd Y il

0<t; ,<T

There exists an example satisfying the conditions of Theorem 3 for which equal-
ity is realized in (14).

Suppose that the nonlinear operators A; satisfy the additional condition*:
©;(t) = 0 for those t for which o;(t) € [-A7,Aj]. Then in the right-hand side
of inequality (14), A may be put in place of 2A.

The proof of the theorems formulated above is based on the method of a priori
integral estimates, which is applied to estimating a functional quadratic with
respect to oq,...,0,,1M,...,7;. In the proof of Theorem 3, moreover, the delta-
function is first replaced by a delta-like sequence, and at the end of the exposition
a passage to the limit is carried out.

It is interesting to note that the results of this work are applicable in the inves-
tigation of the dynamics of mathematical models of neural networks.
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* This case occurs in the presence of insensitivity in pulse elements.

Note: Figure translations are in progress. See original paper for figures.
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