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MATHEMATICS

Yu. N. CHEREMNYKH

ON AN ESTIMATE OF THE SOLUTION OF
THE FIRST BOUNDARY-VALUE PROBLEM
FOR A PARABOLIC EQUATION OF SECOND
ORDER
(Presented by Academician I. G. Petrovskii, 14 VI 1967)

In this paper an upper estimate is obtained for the modulus of the classical
solution 𝑢(𝑥, 𝑡) of the first boundary-value problem with zero conditions on the
lateral boundary for the linear parabolic equation

ℒ𝑢 ≡
𝑛

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑗

+ 𝑎𝑖(𝑥, 𝑡)𝑢) − 𝜕𝑢
𝜕𝑡 = 0, (1)

considered in an expanding domain 𝐺 of the (𝑛 + 1)-dimensional space of vari-
ables (𝑥, 𝑡) = (𝑥1, … , 𝑥𝑛, 𝑡). The estimate involves the measure of the domain 𝐺
and a constant depending only on the dimension of the space and on the elliptic-
ity constant of equation (1). Therefore the result is automatically carried over
to quasilinear parabolic equations of second order of the corresponding form. A
natural restriction on the coefficients of the lower-order terms of equation (1) is
given below (condition (A2)).

1. Notation, assumptions. Let 𝐸𝑛 be the 𝑛-dimensional Euclidean space of
the variables 𝑥 = (𝑥1, … , 𝑥𝑛). Put

Π𝑇 = {(𝑥, 𝑡) ∣ 𝑥 ∈ 𝐸𝑛, 0 < 𝑡 < 𝑇 }.

Let 𝐺𝑇 be a domain lying in the layer Π𝑇 (𝑇 > 0), and let 𝜎 = 𝜇𝑛+1𝐺𝑇 be the
(𝑛+1)-dimensional Lebesgue measure of the domain 𝐺𝑇 . We denote the lateral
boundary of the domain 𝐺𝑇 by the symbol ̇𝐺𝑇 . Put

𝐷𝜏 = 𝐺𝑇 ∩ {𝑡 = 𝜏}.

It is assumed that for all 𝜏 ∈ [0, 𝑇 ] the set 𝐷𝜏 ≠ ∅ and that its diameter is
bounded by a constant depending only on 𝜏 .
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In the domain 𝐺𝑇 , together with equation (1), we consider the following bound-
ary conditions

𝑢(𝑥, 0) = 𝑓(𝑥), (𝑥, 0) ∈ 𝐷0; (2)

𝑢(𝑥, 𝑡) = 𝑓1(𝑥, 𝑡), (𝑥, 𝑡) ∈ ̇𝐺𝑇 . (3)

A classical solution 𝑢(𝑥, 𝑡) of problem (1)—(3) is assumed a priori to exist;
therefore below we state only those conditions which are directly used in deriving
the estimate. The solution of problem (1)—(3) has in 𝐺𝑇 continuous partial
derivatives with respect to the variables 𝑥 up to order 𝑛 inclusive. We shall
indicate how to weaken this strong restriction on the smoothness of the solution
𝑢(𝑥, 𝑡). For brevity put

𝑤 = max
(𝑥,𝑇 )∈𝐷𝑇

|𝑢(𝑥, 𝑇 )|, 𝑊 = max
(𝑥,0)∈𝐷0

|𝑢(𝑥, 0)|.

The coefficients of equation (1) have the necessary smoothness and satisfy in
𝐺𝑇 the conditions

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝜂𝑖𝜂𝑗 ≥ 𝜈1
𝑛

∑
𝑖=1

𝜂2
𝑖 , (A1)

* Existence theorems for classical and generalized solutions of linear parabolic
equations of second order can be found, for example, in (6,10,11).
where 𝜈1 > 0 is a certain constant,

𝑛
∑
𝑖=1

𝜕𝑎𝑖(𝑥, 𝑡)
𝜕𝑥𝑖

⩽ 0. (A2)

The symbols 𝑐, 𝑐1, 𝑐2, … denote constants depending only on 𝑛 and 𝜈1.

2. Main result. The following theorem holds.

Theorem. Suppose that conditions (A1) and (A2) are satisfied; suppose

𝜎 < 𝑇 𝑛/2+1/𝑀, (4)

where 𝑀 = 𝑀(𝑛, 𝜈1) > 0 is a certain constant; and suppose that 𝑢(𝑥, 𝑡) is a
solution of problem (1)—(3) with 𝑓1(𝑥, 𝑡) ≡ 0. Then there exists a constant
𝑀1 > 0, depending only on 𝑀 , such that
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𝑤 < 2−𝑇 2/𝑛+1/𝑀1𝜎2/𝑛𝑊. (5)

First of all let us note that estimate (5) is sufficiently sharp in the sense that
the function

𝑣(𝑥, 𝑡) = sin 𝜋𝑥1
𝜀 ⋯ sin 𝜋𝑥𝑛

𝜀 ⋅ 2−𝑡2/𝑛+1/𝐾𝜎2/𝑛

is a solution of the first boundary-value problem for the heat equation

𝜈1
𝑛

∑
𝑖=1

𝜕2𝑣
𝜕𝑥2

𝑖
− 𝜕𝑣

𝜕𝑡 = 0

in the domain 𝐺∗ = {(𝑥, 𝑡) ∣ 𝑡 > 0, 0 < 𝑥𝑖 < 𝜀, 𝑖 = 1, … , 𝑛}. Here 𝜎 = 𝜀𝑛𝑡 is
the (𝑛 + 1)-dimensional measure of the domain 𝐺∗

𝑡 , and 𝐾 = (𝜈1𝑛𝜋2 log2 𝑒)−1.

Estimate (5), valid for expanding domains 𝐺𝑇 (the rate of expansion is lim-
ited by condition (4)), has been obtained under the restriction (A2) on the
coefficients of the lower-order terms. In his dissertation (8) and in (9), F. O.
Porper proved a theorem on stabilization to zero as 𝑡 → +∞ of the solution of
the Cauchy problem for equation (1), under a condition of the type (A2) and
certain additional assumptions on the coefficients 𝑎𝑖(𝑥, 𝑡).
Estimate (5) was first obtained in (4) for a classical solution of the first boundary-
value problem with zero conditions on the lateral boundary for a linear non-self-
adjoint parabolic equation of second order. The constant 𝑀1 in that estimate
depended on 𝑛, the ellipticity constant, and the constant bounding the coeffi-
cients of the non-self-adjoint equation and their derivatives.

3. Proof of the theorem is analogous to the proof of Theorem 2.3.1 of (5)
and relies essentially on the following lemma:

Lemma. Suppose that conditions (A1) and (A2) are satisfied; suppose

𝜎 < 𝑇 𝑛/2+1/𝑀0, (6)

where 𝑀0 = 𝑀0(𝑛, 𝜈1) > 0 is a certain constant; and suppose that 𝑢(𝑥, 𝑡) is a
sign-preserving solution of problem (1)—(3) with 𝑓1(𝑥, 𝑡) ≡ 0. Then

2𝑤 < 𝑊. (7)

We shall not write out the explicit expression of the constant 𝑀0 in terms of 𝑛
and 𝜈1; the constants 𝑀 and 𝑀1 are expressed through 𝑀0 as follows:

𝑀 = 4𝑛/2+1𝑀0, 𝑀1 = 42/𝑛+1𝑀.
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In the proof of the lemma a number of results contained in the dissertation
of E. M. Landis (2) are used. The proof of the lemma of the present note is
simpler than the proof of the analogous lemma for a self-adjoint elliptic equation
of second order (7, §§ 7, 8), since it makes it possible to avoid the use of the
“macaroni”lemma of M. L. Gerver and E. M. Landis (7, § 8).
We give a brief exposition of the proof of the lemma. Introduce the following
notation:

Π𝜉1𝜉2
= Π𝑇 ∩ {𝜉1 < 𝑡 < 𝜉2}, 0 < 𝜉1 ≤ 𝑇 /8, 7𝑇 /8 ≤ 𝜉2 < 𝑇 ,

𝑙𝜌 = {(𝑥, 𝑡) ∣ (𝑥, 𝑡) ∈ 𝐺𝑇 , 𝑢(𝑥, 𝑡) = 𝜌},

𝐺𝜌 = {(𝑥, 𝑡) ∣ (𝑥, 𝑡) ∈ 𝐺𝑇 , 𝑢(𝑥, 𝑡) > 𝜌}, 𝜌 ∈ [𝑤/2, 𝑤],

𝐺𝜌
𝜉1𝜉2

= 𝐺𝜌∩Π𝜉1𝜉2
, 𝑙𝜌𝜉1𝜉2

= 𝑙𝜌∩Π𝜉1𝜉2
, 𝐷𝜌

𝜏 = 𝐺𝜌∩{𝑡 = 𝜏}, 𝑙𝜌𝜏 = 𝑙𝜌∩{𝑡 = 𝜏},

|∇𝑥𝑢| = (
𝑛

∑
𝑖=1

( 𝜕𝑢
𝜕𝑥𝑖

)
2
)

1/2

, 𝜇𝑛−1𝑙𝜌𝑡 = 𝜑(𝑡, 𝜌), 𝜇𝑛𝐷𝑡 = 𝜓(𝑡),

𝜇𝑛−1𝑙𝜌𝑡

denotes the (𝑛 − 1)-dimensional Hausdorff measure of the set 𝑙𝜌𝑡 , and 𝜇𝑛𝐷𝑡 the
𝑛-dimensional Lebesgue measure of the set 𝐷𝑡.

By the maximum principle, for all 0 ≤ 𝜌 ≤ 𝑤/2 and all 0 ≤ 𝜏 ≤ 𝑇 , 𝑙𝜌𝜏 is a
nonempty closed set.

By the theorem of A. S. Kronrod and E. M. Landis (1), the image of the set

𝑄𝑡 = {(𝑥, 𝑡) ∣ (𝑥, 𝑡) ∈ 𝐷𝑡, |∇𝑥𝑢| = 0}

under the mapping 𝑢(𝑥, 𝑡) has linear measure zero, i.e. 𝜇1𝑢(𝑄𝑡, 𝑡) = 0. Conse-
quently, for almost all 𝜌 ∈ [𝑤/2, 𝑤], 𝑙𝜌𝑡 contains no points at which ∇𝑥𝑢 = 0.
Denote this set of full measure by 𝐸𝑡, so that 𝐸𝑡 ⊂ [𝑤/2, 𝑤] and 𝜇1𝐸𝑡 = 𝑤/2.
There exists a subset 𝐴𝑡 ⊂ 𝐸𝑡 such that for all 𝜌 ∈ 𝐴𝑡

∫
𝑙𝜌𝑡

|∇𝑥𝑢| 𝑑𝜃 > 𝑐1𝜑(𝑡, 𝜌)
(𝜓(𝑡))1/𝑛 𝑤. (8)
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The proof of formula (8) is based essentially on the above-mentioned theorem
of A. S. Kronrod and E. M. Landis.

If 𝐵𝜌 = {𝑡 ∣ 𝑡 ∈ [0, 𝑇 ], 𝜌 ∈ 𝐴𝑡}, then there exists a 𝜌0 such that 𝜇1𝐵𝜌0 is
sufficiently large. Put 𝐵𝜌0 = 𝐵 and 𝐵 ∩ Π𝜉1𝜉2

= 𝐵(𝜉1, 𝜉2). Using (8), we obtain

∫
𝑙𝜌0
𝜉1𝜉2

|∇𝑥𝑢| 𝑑𝑠 =

= ∫
𝜉2

𝜉1

(∫
𝑙𝜌0 𝑡

|∇𝑥𝑢| 𝑑𝜃) 𝑑𝑡 > ∫
𝐵(𝜉1,𝜉2)

(∫
𝑙𝜌0 𝑡

|∇𝑥𝑢| 𝑑𝜃) 𝑑𝑡 > 𝑤𝑐2𝑇 1/𝑛

𝜎1/𝑛 ∫
𝐵(𝜉1,𝜉2)

𝜑(𝜌0, 𝑡) 𝑑𝑡.

(9)

Apply to equation (1) the (𝑛 + 1)-dimensional Ostrogradsky formula:

0 = ∫
𝐺𝜌0

𝜉1𝜉2

(𝜕𝑢
𝜕𝑡 −

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑗

+ 𝑎𝑖(𝑥, 𝑡)𝑢)) 𝑑𝑡 𝑑𝑥 ≥

≥ 𝜈1 ∫
𝑙𝜌0
𝜉1𝜉2

|∇𝑥𝑢| 𝑑𝑠 − 𝑛𝜌0 ∫
𝐺𝜌0

𝜉1𝜉2

𝑛
∑
𝑖=1

𝜕𝑎𝑖(𝑥, 𝑡)
𝜕𝑥𝑖

𝑑𝑡 𝑑𝑥 − ∫
𝐷𝜌0

𝜉1

(𝑢 − 𝜌0) 𝑑𝑥 ≥

≥ 𝜈1 ∫
𝑙𝜌0
𝜉1𝜉2

|∇𝑥𝑢| 𝑑𝑠 − ∫
𝐷𝜌0

𝜉1

(𝑢 − 𝜌0) 𝑑𝑥. (10)

If, for 𝜉1 = 𝑇 /8, 𝜉2 = 7𝑇 /8,

∫
𝐵(𝜉1,𝜉2)

𝜑(𝜌0, 𝑡) 𝑑𝑡 ≥ 𝑇 (𝑛+1)/2

𝑐3
, (11)

then, combining formulas (9) and (10) and applying formula (6), after elemen-
tary transformations we obtain

0 > 𝑐4𝑇 1/𝑛+𝑛/2+3/2

𝜎1/𝑛+1 𝑤 − 𝑐5𝑊 > 𝑐4𝑇 1/𝑛+𝑛/2+3/2

(𝑇 𝑛/2+1

𝑀0
)

1/𝑛+1 𝑤 − 𝑐5𝑊,

whence

𝑊 > 𝑤𝑐6𝑀 (𝑛+1)/𝑛
0 ≥ 2𝑤,
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where 𝑀0 ≥ (2𝑐−1
6 )𝑛/(𝑛+1).

If in formula (11) the inequality sign is reversed, then there exist 𝜉′
1 > 𝑇 /8, 𝜉′

2 <
7𝑇 /8, 𝜉′

1 ∈ 𝐵, 𝜉′
2 ∈ 𝐵 such that

∫
𝐵(𝜉′

1, 𝜉′
2)

𝜑(𝜌0, 𝑡) 𝑑𝑡 > 𝑐7𝑇 1/2 (𝜇𝑛𝐷𝜌0
𝜉′

1
+ 𝜇𝑛𝐷𝜌0

𝜉′
2
) . (12)

Combining (10) and (12), we obtain

0 ≥ 𝑤𝑐2𝑇 1/𝑛

𝜎1/𝑛 ∫
𝐵(𝜉′

1, 𝜉′
2)

𝜑(𝜌0, 𝑡) 𝑑𝑡 − ∫
𝐷𝜌0

𝜉′

𝑢 𝑑𝑥 >

> (𝑐8
𝑇 1/2+1/𝑛𝑤

𝜎1/𝑛 − 𝑊) (𝜇𝑛𝐷𝜌0
𝜉′

1
+ 𝜇𝑛𝐷𝜌0

𝜉′
2
) ,

whence, after cancellation by 𝜇𝑛𝐷𝜌0
𝜉′

1
+ 𝜇𝑛𝐷𝜌0

𝜉′
2
, we shall have

𝑊 > 𝑤𝑐8𝑇 1/2+1/𝑛

𝜎1/𝑛 > 𝑤 𝑐8𝑇 1/2+1/𝑛

(𝑇 𝑛/2+1

𝑀0
)

1/𝑛 = 𝑤𝑐8𝑀1/𝑛
0 ≥ 2𝑤,

where 𝑀0 ≥ (2𝑐−1
8 )𝑛. It remains to put

𝑀0 = max [(2𝑐−1
8 )𝑛; (2𝑐−1

6 )𝑛/(𝑛+1)] .

The lemma is proved.

4. Remark 1. We relied on the fact of the existence of continuous derivatives
with respect to 𝑥 up to order 𝑛 inclusive only in one place—in the proof of formula
(8). The lemma and, consequently, the theorem can be proved under the usual
smoothness requirements if one uses Theorem 8 of paper (3). In this case the
proof differs little in idea from the one given, but is technically considerably
more complicated.

Remark 2. The lemma and, consequently, the theorem are valid for general-
ized solutions 𝑢(𝑥, 𝑡) satisfying equation (1) in the sense of an integral identity,
if the coefficients 𝑎𝑖𝑗(𝑥, 𝑡) and 𝑎𝑖(𝑥, 𝑡) are measurable and uniformly bounded
in modulus by a positive constant 𝜈2, and the functions 𝑎𝑖(𝑥, 𝑡) can be approxi-
mated by their averages in such a way that condition (A2) is satisfied each time
for these averages. The scheme of proof of the lemma in this case is the same
as in § 7 of paper (7).

Moscow State University
named after M. V. Lomonosov
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