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FOR SPECIAL HEAT POTENTIALS

(Presented by Academician S. L. Sobolev on 24 V 1967)

In paper (1) (see also (2, 3)) a theory was constructed for the smoothness of
heat potentials of a simple and a double layer with densities distributed on
noncylindrical surfaces, entirely analogous to the classical Lyapunov-Giinter
theory (see (%)) for harmonic potentials. In (%) (see also (°)) the construction of
a similar theory was begun for the special heat potentials P and @ (introduced
by M. Pani in (7)), which play an important role in the theory of boundary-value
problems with an oblique derivative for a parabolic equation of the second order.
The present note, consisting of two sections, contains a complete and systematic
investigation in Holder smoothness spaces of the special heat potential of a
simple layer P[p] and the heat potential @Q[p], which is the derivative of the
potential P[p] in an oblique direction. In § 1 the improving properties of the
direct values @[] on noncylindrical surfaces of various smoothness are studied,
while in § 2 the smoothness of the heat potential P[] in the closed domain Dy,
having I' as its lateral boundary, is studied. The notation and definitions of the
author’ s papers (1, ) are used in the note.

Let Dy be a bounded domain of the (n + 1)-dimensional Euclidean space
(z,t) = (21,29, ..., x,;t), situated between two hyperplanest = 0and ¢t =T >0

and having an n-dimensional noncylindrical surface I' as its lateral boundary.
Consider the heat potentials

P(z,t) = Plyp] = /0 dT//F P(z,ty,7)e(y, ) do,(T), (z,t) € Dp,

Qz,t) = Q] = 0P (2, 1) /Ov(x,t),  (x,t) €Ty;

I'_ is the section of the surface I' by the hyperplane ¢ = 7, on which a field of
directions is given with unit vector

v(z,t) = {vy(x,t),...,v,(x,t;0)}, lying in the section 2, = Dy N {t = ¢} and
making an acute angle not exceeding 7/2 —d; (d, > 0) with the normal N(z,?)
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interior with respect to €2, at the point (z,t) € I',. P(Z,t;y,7) is the special
fundamental solution, introduced by M. Pani in (7), of the n-dimensional heat-
conduction equation corresponding to the field of oblique directions v(z,t).

§ 1. Improving properties of the direct values of the heat potential
Qlp]. The notation o', o, o, B’ from (°) will be used.

Theorem 1. Suppose that for I, v, and ¢ the following conditions are satisfied:
I is of type

m+1l,a,a/2
11, (15a) 2 0<a<l,

vy € Hyn b SOD), 0<a<p<l,

cos(v(z,t), N(z,t)) >d >0, (x,t) €Ty, d=const, 0<t<T, (1)

cH™™ a/2 (F)

2m—1,1, (1+a)/2

where

0¥y, 7)/07¥| < |07 O] T ko2,
(y,7) €T, k=0,1,2,....m

Then for m = 1,2,... (for m = 0 see Lemma 4 (5)) for Q(x,t) one has

m,1,(1+a*)/2
Q € H2m+1 o,0f /2 (F>

where the Holder constants have the form (C)|¢|9,1a;

‘akQ T, t /8tk’ < ‘¢|2m+atm_k+<l+a)/27 ($7t) € Fa k= 07 1a ey M,
and when

p=20,1,2,....,m, 1,=0,1,...,2(m —p), i=1,2,...k,

where k =n — 1,
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‘5‘2”’7”“@(1’, t)/otPd’ - Olr1 92l

< (C)|<p|2m+o¢t(1+ail)/27 I= 07 1.

Theorem 2. Suppose that for I', v, and ¢ the following conditions are satisfied:
I" is of type

£m+1,1,(1+o¢)/2

2m+3,0,/2 7 0<a<l (m =0,1,2, )7

m+1,8,8/2 -
Vj€H2m+1,1,(1+ﬁ)/2<F)’ 0<a<p<l, i=12,...,m

(with (1) satisfied),

m,1,(1+a)/2
pe H2m+1,oz,o¢/2 (F)’

|6k+l(p(y,7')/87'kay€| < |6m<p/8tm|l+a Tm—k+(1+a—l)/2

(y,7)el, k=0,1,2,....m; 1=1,2,....n—1; 1=0for k <m,
1=0,1 for k =m.

Then for m = 0,1,2, ... for Q(x,t) one has

Qe Hy v L),

2m+1,1,(1+a*

where the Holder constants have the form (C)|¢|9,, 1140

‘3k§($» t)/atk| S (C)|§0|2m+1+atmik+a/2v k = 07 17 —e,m,

and, when (2) is satisfied, where k =n — 1,

021 Q 1) /0t D't - Oy 0| < (Ol at 2,

(|27 Q(a, t) fotr 10y - Dl

)

(02720 Q 1) [0t Dy - D=t 0| ) < (O]l at .
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§ 2. Smoothness of the special heat potential of a simple
layer P[y] in the closed domain D

Theorem 3. Suppose that for I', v the conditions of Theorem 1 are satisfied,

p e Hpp Mol m) form=0,1,2,...,

dFo(y,0)/07F =0, kE=0,1,...,m, (y,0) € Ty,

and, when (2) is satisfied, where k =n — 1,

. 1 L, o
(‘82 p+l<p(y7 7_)/67_;08:%1 6yn—iayf < (C>|S@‘2m+1+a7—(1+ l>/27 I=0,1

Then

Pc Hm,+1,a/,a’/2 (ET)7

2m+1,1, (1+a)/2

where the Holder constants have the form (C)|¢|g,,1 144, and (see (2), where
k=mn)

|02+t Pz, 1) Jor 0y - 0y Oz,

S (C)|§D|2m+1+at<1+ail)/27 l = 07 1,

|02 1P (2, 1) 0103 - 05 | < (O] plomsrat™? (3,1) € Dy

(for m = 0, Theorem 3 coincides with Lemma 6 of (°)).

Theorem 4. Suppose that for I and v the conditions of Theorem 2 are fulfilled,
and

m+1, o, /2 .
P e H2m+1,1,(1+a)/2(r) for m = 0, 1, 2, ey

where

*o(y,0)/0m" =0, k=0,1,2,....m+1,

and (see (2), where k =n —1)

m - l I a—
‘82 L p@(y7 T)/anayll 6yn716yzay]‘ < (C(>|g0|27n-0-2+o47-(1jL l)/Qa l= 0,1;
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O>HP oy, 1) [OTPHIAYY - Dyt

< (C) |(p|2m+2+a7—a/2 .

Then

m+1,1, (1+«a)/2
Pe H2m+3, as,a//>2/ <DT)’

where the Hélder constants have the form (C)|¢ls,,4240, and, when (2) is ful-
filled, where k = n and m is replaced by m + 1,

|2+ D P(3,4) JOtP DT, -+ 07 O] < (C)|@lagmsarat T2, 1=0,1.

The proofs of Theorems 1-4 are carried out by the methods of the papers (2, 3,
6).
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