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MATHEMATICS

L. I. KAMYNIN

ON THE LYAPUNOV–GÜNTER THEOREMS
FOR SPECIAL HEAT POTENTIALS
(Presented by Academician S. L. Sobolev on 24 V 1967)

In paper (1) (see also (2, 3)) a theory was constructed for the smoothness of
heat potentials of a simple and a double layer with densities distributed on
noncylindrical surfaces, entirely analogous to the classical Lyapunov–Günter
theory (see (4)) for harmonic potentials. In (5) (see also (6)) the construction of
a similar theory was begun for the special heat potentials 𝑃 and 𝑄 (introduced
by M. Pani in (7)), which play an important role in the theory of boundary-value
problems with an oblique derivative for a parabolic equation of the second order.
The present note, consisting of two sections, contains a complete and systematic
investigation in Hölder smoothness spaces of the special heat potential of a
simple layer 𝑃 [𝜑] and the heat potential 𝑄[𝜑], which is the derivative of the
potential 𝑃 [𝜑] in an oblique direction. In § 1 the improving properties of the
direct values 𝑄[𝜑] on noncylindrical surfaces of various smoothness are studied,
while in § 2 the smoothness of the heat potential 𝑃 [𝜑] in the closed domain 𝐷𝑇 ,
having Γ as its lateral boundary, is studied. The notation and definitions of the
author’s papers (1, 5) are used in the note.

Let 𝐷𝑇 be a bounded domain of the (𝑛 + 1)-dimensional Euclidean space
(𝑥, 𝑡) ≡ (𝑥1, 𝑥2, … , 𝑥𝑛; 𝑡), situated between two hyperplanes 𝑡 = 0 and 𝑡 = 𝑇 > 0
and having an 𝑛-dimensional noncylindrical surface Γ as its lateral boundary.
Consider the heat potentials

𝑃( ̄𝑥, 𝑡) ≡ 𝑃 [𝜑] ≡ ∫
𝑡

0
𝑑𝜏 ∬

Γ𝜏

𝑃( ̄𝑥, 𝑡; 𝑦, 𝜏)𝜑(𝑦, 𝜏) 𝑑𝜎𝑦(𝜏), ( ̄𝑥, 𝑡) ∈ 𝐷𝑇 ,

𝑄( ̄𝑥, 𝑡) ≡ 𝑄[𝜑] ≡ 𝜕𝑃( ̄𝑥, 𝑡)/𝜕𝜈(𝑥, 𝑡), (𝑥, 𝑡) ∈ Γ𝑡;

Γ𝜏 is the section of the surface Γ by the hyperplane 𝑡 = 𝜏 , on which a field of
directions is given with unit vector
𝜈(𝑥, 𝑡) = {𝜈1(𝑥, 𝑡), … , 𝜈𝑛(𝑥, 𝑡; 0)}, lying in the section Ω𝑡 ≡ 𝐷𝑇 ∩ {𝑡 = 𝑡} and
making an acute angle not exceeding 𝜋/2 − 𝑑0 (𝑑0 > 0) with the normal 𝑁(𝑥, 𝑡)
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interior with respect to Ω𝑡 at the point (𝑥, 𝑡) ∈ Γ𝑡. 𝑃( ̄𝑥, 𝑡; 𝑦, 𝜏) is the special
fundamental solution, introduced by M. Pani in (7), of the 𝑛-dimensional heat-
conduction equation corresponding to the field of oblique directions 𝜈(𝑥, 𝑡).
§ 1. Improving properties of the direct values of the heat potential
𝑄[𝜑]. The notation 𝛼′, 𝛼0, 𝛼∗, 𝛽′ from (5) will be used.

Theorem 1. Suppose that for Γ, 𝜈, and 𝜑 the following conditions are satisfied:
Γ is of type

Π𝑚+1, 𝛼, 𝛼/2
2𝑚+1, 1, (1+𝛼)/2, 0 < 𝛼 ≤ 1,

𝜈𝑗 ∈ 𝐻𝑚, 1, (1+𝛽)/2
2𝑚+1, 𝛽, 𝛽/2 (Γ), 0 < 𝛼 ≤ 𝛽 ≤ 1,

cos(𝜈(𝑥, 𝑡), 𝑁(𝑥, 𝑡)) ≥ 𝑑 > 0, (𝑥, 𝑡) ∈ Γ𝑡, 𝑑 = const, 0 ≤ 𝑡 ≤ 𝑇 , (1)

𝜑 ∈ 𝐻𝑚, 𝛼, 𝛼/2
2𝑚−1, 1, (1+𝛼)/2(Γ),

where

∣𝜕𝑘𝜑(𝑦, 𝜏)/𝜕𝜏𝑘∣ ≤ |𝜕𝑚𝜑/𝜕𝑡𝑚|𝛼 𝜏𝑚−𝑘+𝛼/2,
(𝑦, 𝜏) ∈ Γ, 𝑘 = 0, 1, 2, … , 𝑚.

Then for 𝑚 = 1, 2, … (for 𝑚 = 0 see Lemma 4 (5)) for 𝑄(𝑥, 𝑡) one has

𝑄 ∈ 𝐻𝑚,1,(1+𝛼∗)/2
2𝑚+1,𝛼,𝛼∗/2 (Γ),

where the Hölder constants have the form (𝐶)|𝜑|2𝑚+𝛼,

∣𝜕𝑘𝑄(𝑥, 𝑡)/𝜕𝑡𝑘∣ ≤ (𝐶)|𝜑|2𝑚+𝛼𝑡𝑚−𝑘+(1+𝛼)/2, (𝑥, 𝑡) ∈ Γ, 𝑘 = 0, 1, … , 𝑚,

and when

𝑝 = 0, 1, 2, … , 𝑚, 𝑙𝑗 = 0, 1, … , 2(𝑚 − 𝑝), 𝑗 = 1, 2, … , 𝑘,
𝑘

∑
𝑗=1

𝑙𝑗 = 2(𝑚 − 𝑝), (2)

where 𝑘 = 𝑛 − 1,
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∣𝜕2𝑚−𝑝+𝑙𝑄(𝑥, 𝑡)/𝜕𝑡𝑝𝜕𝑥𝑙1
1 ⋯ 𝜕𝑥𝑙𝑛−1

𝑛−1𝜕𝑥𝑙
𝑖∣ ≤ (𝐶)|𝜑|2𝑚+𝛼𝑡(1+𝛼−𝑙)/2, 𝑙 = 0, 1.

Theorem 2. Suppose that for Γ, 𝜈, and 𝜑 the following conditions are satisfied:
Γ is of type

ℒ𝑚+1,1,(1+𝛼)/2
2𝑚+3,𝛼,𝛼/2 , 0 < 𝛼 ≤ 1 (𝑚 = 0, 1, 2, …),

𝜈𝑗 ∈ 𝐻𝑚+1,𝛽,𝛽/2
2𝑚+1,1,(1+𝛽)/2(Γ), 0 < 𝛼 ≤ 𝛽 ≤ 1, 𝑗 = 1, 2, … , 𝑚

(with (1) satisfied),

𝜑 ∈ 𝐻𝑚,1,(1+𝛼)/2
2𝑚+1,𝛼,𝛼/2 (Γ),

∣𝜕𝑘+𝑙𝜑(𝑦, 𝜏)/𝜕𝜏𝑘𝜕𝑦𝑙
𝑖∣ ≤ |𝜕𝑚𝜑/𝜕𝑡𝑚|1+𝛼 𝜏𝑚−𝑘+(1+𝛼−𝑙)/2

(𝑦, 𝜏) ∈ Γ, 𝑘 = 0, 1, 2, … , 𝑚; 𝑖 = 1, 2, … , 𝑛 − 1; 𝑙 = 0 for 𝑘 < 𝑚,
𝑙 = 0, 1 for 𝑘 = 𝑚.

Then for 𝑚 = 0, 1, 2, … for 𝑄(𝑥, 𝑡) one has

𝑄 ∈ 𝐻𝑚+1,𝛼∗,𝛼∗/2
2𝑚+1,1,(1+𝛼∗)/2(Γ),

where the Hölder constants have the form (𝐶)|𝜑|2𝑚+1+𝛼,

∣𝜕𝑘𝑄(𝑥, 𝑡)/𝜕𝑡𝑘∣ ≤ (𝐶)|𝜑|2𝑚+1+𝛼𝑡𝑚−𝑘+𝛼/2, 𝑘 = 0, 1, … , 𝑚,

and, when (2) is satisfied, where 𝑘 = 𝑛 − 1,

∣𝜕2𝑚+1−𝑝𝑄(𝑥, 𝑡)/𝜕𝑡𝑝𝜕𝑥𝑙1
1 ⋯ 𝜕𝑥𝑙𝑛−1

𝑛−1𝜕𝑥𝑖∣ ≤ (𝐶)|𝜑|2𝑚+1+𝛼𝑡(1+𝛼)/2,

(∣𝜕2𝑚+1−𝑝𝑄(𝑥, 𝑡)/𝜕𝑡𝑝+1𝜕𝑥𝑙1
1 ⋯ 𝜕𝑥𝑙𝑛−1

𝑛−1 ∣ ,

∣𝜕2𝑚+2−𝑝𝑄(𝑥, 𝑡)/𝜕𝑡𝑝𝜕𝑥𝑙1
1 ⋯ 𝜕𝑥𝑙𝑛−1

𝑛−1𝜕𝑥𝑖𝜕𝑥𝑗∣) ≤ (𝐶)|𝜑|2𝑚+1+𝛼𝑡𝛼/2.

sovietrxiv.org/items/ru-196801.40935 Machine Translation

https://sovietrxiv.org/items/ru-196801.40935


§ 2. Smoothness of the special heat potential of a simple
layer 𝑃 [𝜑] in the closed domain 𝐷𝑇
Theorem 3. Suppose that for Γ, 𝜈 the conditions of Theorem 1 are satisfied,

𝜑 ∈ 𝐻𝑚,1,(1+𝛼)/2
2𝑚+1,𝛼,𝛼/2 (Γ) for 𝑚 = 0, 1, 2, … ,

𝜕𝑘𝜑(𝑦, 0)/𝜕𝜏𝑘 ≡ 0, 𝑘 = 0, 1, … , 𝑚, (𝑦, 0) ∈ Γ0,

and, when (2) is satisfied, where 𝑘 = 𝑛 − 1,

(∣𝜕2𝑚−𝑝+𝑙𝜑(𝑦, 𝜏)/𝜕𝜏𝑝𝜕𝑦𝑙1
1 ⋯ 𝜕𝑦𝑙𝑛−1

𝑛−1𝜕𝑦𝑙
𝑖∣ ≤ (𝐶)|𝜑|2𝑚+1+𝛼𝜏 (1+𝛼−𝑙)/2, 𝑙 = 0, 1.

Then

𝑃 ∈ 𝐻𝑚+1, 𝛼′, 𝛼′/2
2𝑚+1, 1, (1+𝛼)/2(𝐷𝑇 ),

where the Hölder constants have the form (𝐶)|𝜑|2𝑚+1+𝛼, and (see (2), where
𝑘 = 𝑛)

∣𝜕2𝑚+1+𝑙−𝑝𝑃 ( ̄𝑥, 𝑡)/𝜕𝑡𝑝𝜕 ̄𝑥𝑙1
1 ⋯ 𝜕 ̄𝑥𝑙𝑛𝑛 𝜕 ̄𝑥𝑖∣ ≤ (𝐶)|𝜑|2𝑚+1+𝛼𝑡(1+𝛼−𝑙)/2, 𝑙 = 0, 1,

∣𝜕2𝑚+1−𝑝𝑃( ̄𝑥, 𝑡)/𝜕𝑡𝑝+1𝜕 ̄𝑥𝑙1
1 ⋯ 𝜕 ̄𝑥𝑙𝑛𝑛 ∣ ≤ (𝐶)|𝜑|2𝑚+1+𝛼𝑡𝛼/2, ( ̄𝑥, 𝑡) ∈ 𝐷𝑇

(for 𝑚 = 0, Theorem 3 coincides with Lemma 6 of (5)).

Theorem 4. Suppose that for Γ and 𝜈 the conditions of Theorem 2 are fulfilled,
and

𝜑 ∈ 𝐻𝑚+1, 𝛼, 𝛼/2
2𝑚+1, 1, (1+𝛼)/2(Γ) for 𝑚 = 0, 1, 2, … ,

where

𝜕𝑘𝜑(𝑦, 0)/𝜕𝜏𝑘 = 0, 𝑘 = 0, 1, 2, … , 𝑚 + 1,

and (see (2), where 𝑘 = 𝑛 − 1)

∣𝜕2𝑚+1+𝑙−𝑝𝜑(𝑦, 𝜏)/𝜕𝜏𝑝𝜕𝑦𝑙1
1 ⋯ 𝜕𝑦𝑙𝑛−1

𝑛−1𝜕𝑦𝑖𝜕𝑦𝑗∣ ≤ (𝐶)|𝜑|2𝑚+2+𝛼𝜏 (1+𝛼−𝑙)/2, 𝑙 = 0, 1;
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∣𝜕2𝑚+1−𝑝𝜑(𝑦, 𝜏)/𝜕𝜏𝑝+1𝜕𝑦𝑙1
1 ⋯ 𝜕𝑦𝑙𝑛−1

𝑛−1 ∣ ≤ (𝐶)|𝜑|2𝑚+2+𝛼𝜏𝛼/2.

Then

𝑃 ∈ 𝐻𝑚+1, 1, (1+𝛼)/2
2𝑚+3, 𝛼′, 𝛼′/2 (𝐷𝑇 ),

where the Hölder constants have the form (𝐶)|𝜑|2𝑚+2+𝛼, and, when (2) is ful-
filled, where 𝑘 = 𝑛 and 𝑚 is replaced by 𝑚 + 1,

∣𝜕2(𝑚+1)+𝑙−𝑝𝑃( ̄𝑥, 𝑡)/𝜕𝑡𝑝𝜕 ̄𝑥𝑙1
1 ⋯ 𝜕 ̄𝑥𝑙𝑛𝑛 𝜕 ̄𝑥𝑖∣ ≤ (𝐶)|𝜑|2𝑚+2+𝛼𝑡(1+𝛼−𝑙)/2, 𝑙 = 0, 1.

The proofs of Theorems 1–4 are carried out by the methods of the papers (2, 3,
6).

Received
22 V 1967
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