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(Presented by Academician I. N. Vekua on 6 VI 1967)

Variational methods for determining the coefficients a; of an expansion of the
solution of functional equations in some system {¢;} lead (1) to the following
infinite system of equations:

Z(Al‘ﬁij2<Pk)aj = (Azp, Aypy,) (k=1,2,..), (1)
J=1

where A; (i = 1,2,3,4) are positive or positive-definite (!) operators, and ¢ is a
certain known function. If the sequences {A;p,} and {Ay¢;} are biorthonormal,
or if A} = A, the sequence {A;p,} is orthonormal, then for the coefficients a;
we obtain

a; = (Az0, Ayepy)- (2)

In some cases, however, the system {Alap]—} is not strongly minimal, and its
preliminary orthonormalization encounters great difficulties (). Therefore the
question arises of the approximate solution of system (1). By an approximate so-

lution of system (1) we shall mean the vector &<N)(a(1N), s ag\J,\U), which satisfies
the system

AWNGN) — BIN) 4 o (3)
or

N
Z(A1<pj7 A2(pk)a’§N) = (AS()D7 A490k) + €k (k = 17 27 vy N)a

J=1
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where (e, ..., £y is the residual vector. For the vector (/™) —aN)) to be small,
where o) is the solution of system (3) for ¢ = 0 (aim are the coefficients of
the best, in a certain sense, expansion of the solution of the functional equation
in the system {g;}), it is necessary that the expression ||(AN))~le| be small.
However, in the case of unreliable systems (which are not a Bari basis (%)),
the norm of the vector (a(N ) —a™)) may be arbitrarily large and, nevertheless,
the difference between the function 1 being expanded and its approximation
Zi]\il a(-N)gpi may, in some metric, be less than any sufficiently small number

7

e>0:

N
H¢ > aVef <e. (4)

i=1

In the latter case the corresponding matrix is ill-conditioned, and in its neigh-
borhood there is a singular matrix. As shown in (), without regularization we
may then obtain strongly differing solutions, distinct from the normal solution.
Therefore, by an e-approximate solution of system (1) we shall call a vector a™V)
satisfying inequality (4).

In the present note we indicate one new method for obtaining approximate
solutions of the system (1). The essence of the new method is that, in the case
of certain systems {¢;} (the corresponding conditions for the systems will be
formulated below), in order to obtain an approximate solution of the system (1)
for large N, it is sufficient to carry out a single Seidel iteration, taking the zero
vector as the initial approximation.

Let there be a Hilbert space H, in which the scalar product [u,v] is defined as
follows:

[uvv] = (Aluv AQU) = (Alvv A2u)a

and let the best approximation, in the metric H, to the function ¥ be sought by
a generalized polynomial Z;il a;p;. From the orthogonality of the difference

(w — Z?Zl ajgoj) to an arbitrary function ®;, we obtain, for determining the
coefficients a;, the system

N
lw—zamwkl =0, k=1,2,..,N,
J=1

or

N
Z aj(AﬂPj’ Axpr) = (A9, Agpy,).
=1

Jj=
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If the operator A, is the product A; = A;A, A4, where A; satisfies the condition

(A5440, Agp;) = (Agp, AsAgp;),
and the functional equation

A6¢:§0

is given, then, denoting A5 Ay = Aj, for determining the coefficients a; we obtain
the system

N
Z a;(Arp;, Aypy) = (Azpp, Asp).
Jj=

We shall determine approximate values a; of the coefficients a; by means of

the Seidel iteration process, taking as the initial approximation the vector
0

a’(0,...,0),

a, = (Azp1, Ayep) ay = (Azpq, Agp) — ay(Aypy, Ayips)
(A18017A2%01)7 (Ajpg, Ayipy) ’
k—
Sa = | (Agp, A Z Aypj, Aspr) /(A1<PkaA2<Pk)~

J=1

Let us note that if the systems {A;p,}, {Ayp,} are biorthonormal, then the
coefficients a; coincide with the coefficients (2) of the function . Since

(A, A2</7k> = (A3‘Pk7A480)~

then for a; we obtain

k—
ap = ( ( Z(z ) 28%) /(A1<Pk»A2$0k)-

Thus, ay, is the coefficient of the best approximation, in the sense of the Hilbert
space H under consideration, of the difference (¢—

k— S
1

by the function ¢, (6)
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— G, ¢p)
min ||y — Z a;p; — x|l = Z YGINT T aron (5)
¢ j=1 ((Pk)
where G(uq, ..., u,,) is the Gram determinant of the functions w,, ..., u,,. Since

2 2
G(e" 1, 04)/Gler) = (I V)" = (Are™ Y, Agpr)™ /o,

from expression (5) we obtain

2 2 2
(™)™ = (V)" = (A1, Aypr)”/leul (6)

Thus, the sequence of positive numbers {[¢*® |} is monotonically decreasing
and, consequently, has a limit. Assuming that the norms of the functions ¢, are
bounded in the aggregate both above and below, from (6) we obtain that for
any € > 0 there is an IV such that

2
Z (A, Agpy)” < e (7)

But then, for s > N,

> |(he)” = (et 01)’]

)£
_ (Al (wsjiam> A (¢S§§GJ¢J>>‘
_ (Al (zbzaj%) A (w.zlaj%))

—2a,4, ( 195410 Az (ﬂJ Z%‘P;)) s+1 (A1<Ps+1»A2505+1)

(oo 5) (e $0)

= |_3a5+1 (A1<Ps+1» A2‘Ps+1

and, by virtue of the boundedness of the norm of the functions ¢; from below,
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|as+1‘ <e.

From the last inequality we obtain that, for any € > 0 and integer N, there is
an N, such that

0 = o™ 44 (Ny<s, < Ny+N), (8)

where

] < e (9)

Substituting (8) into (7), we obtain

oo No+N
€> Z (A1<P(k71)aA2<Pk>2 2 Z (A1(P<k)7A2<Pk71)2
k=N, k=N,
No+N , NotN )
= Z <A1¢<T)7A2<Pk71) + Z (A1’Y£k),A2<Pk71>
k=N, k=N,
No+N
+2 Z (Al‘p(r)aAz‘pkfl)<A1'7£k)aA2§0k71)'
k=N,

But, taking (9) into account, we find that for any € > 0 and integer N there
exists such an N, that

No+N

z (A9, Ay 1) <e (Ng <r <Ny +N). (10)
k=N,

We shall assume that the system {¢,} satisfies the following condition: for any
€ > 0, integer N, and ¢ € H, there exist coefficients b, (k = Ny,..., Ny + N)
such that, for at least one value of r,

No+N
P = 3" bupl|<e (Ny <r < Ny+N). (11)
k=N,
No+N
S <M, (12)
k=N,

where M is a constant independent of IV, and N.
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By virtue of (10), (11), (12), and the Schwarz-Bunyakovsky inequality, we obtain

No+N

Z bkfl(Alsp&)v AQSOkfl) < €1-
k=N,

Taking into account the last two inequalities and the fact that ||| < |4
(r=1,2,...), we obtain

2 Ny+N
= ™2 = (Alw“), 4, ) b;m)

k=N,

No+N
- <A1@<T>> Ay ( Z brey _SD(T)>> <

k=N,

,
Hz/’ =49
=1

Ny+N

< e+l = D bl < &1 + [lle < e,
k=N,

where ¢, is an arbitrarily small number.
Thus, the following theorem has been proved.

If the norms of the functions @; in the Hilbert space H are bounded both above
and below, the system {p;} and the function v satisfy conditions (11) and (12),
then, for an e-approzimate solution of system (1), it is sufficient to carry out a
single Zeidel iteration for the system

N(e)
Z(Al(pja A2(pk:)aj = <A3(Pk;, A4(p) (k = 1a 27 7N(€))7
j=1

taking as the initial approzimation the zero vector a°(0,0, ...,0).
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