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MATHEMATICS

A. V. KUZHEL’

SPECTRAL ANALYSIS OF UNBOUNDED
NON-SELF-ADJOINT OPERATORS IN A
SPACE WITH INDEFINITE METRIC
(Presented by Academician L. S. Pontryagin on 10 III 1967)

In this communication, by the method of characteristic matrix functions, a broad
class of unbounded non-self-adjoint operators acting in a space with indefinite
metric is investigated. In the case of bounded non-self-adjoint or nonunitary
operators, analogous results were obtained in the communications (1−3).

1. Let 𝐻 be a Hilbert space; (⋅, ⋅) the scalar product in 𝐻; 𝑃 a bounded
self-adjoint continuously invertible operator acting in the space 𝐻. We
introduce a metric in 𝐻 by putting [𝑓, 𝑔] = (𝑃𝑓, 𝑔). The space 𝐻 with
scalar product [⋅, ⋅] is, generally speaking, a space with indefinite metric,
which we shall denote by Π, and we shall speak respectively of the 𝐻-
metric (Hilbert metric) and the Π-metric (indefinite metric).

A subspace of the space Π is called, as usual, the linear envelope, closed in the 𝐻-
metric, of some system of vectors from Π. In what follows, an important role is
played by projectively complete subspaces, which were introduced independently
in the works of E. Shaybe (4) and I. S. Iokhvidov (5) and studied in detail by
Yu. P. Ginzburg and I. S. Iokhvidov (6). For us it is important that if Π1 is a
projectively complete subspace of the space Π, then the subspace* Π2 = Π[−]Π1
is also projectively complete, and moreover Π = Π1[+]Π2.

2. By analogy with the definite case (7), a linear closed operator 𝐴 with
dense domain 𝐷𝐴 in Π will be called an 𝑁 -operator. Denote by 𝒢𝐴 the
set of vectors 𝑓 ∈ 𝐷𝐴 for which [𝐴𝑓, 𝑔] = [𝑓, 𝐴𝑔] for every 𝑔 ∈ 𝐷𝐴. The
manifold 𝒢𝐴 is called the domain of Hermiticity of the operator 𝐴 and
is the broadest manifold on which 𝐴 = 𝐴0 (𝐴0 is the operator adjoint to
𝐴 in the Π-metric).

Definition. An 𝑁 -operator 𝐴 is called a quasi-Hermitian operator of rank
𝑟 (or a 𝐾𝑟-operator) if: 1) the set 𝜌(𝐴, 𝐴0) of common regular points of the op-
erators 𝐴 and 𝐴0 contains at least one nonreal point; 2) dim𝐷𝐴 = 𝑟 (mod 𝒢𝐴).
In this case the 𝐾𝑟-operator 𝐴 is called: 1) a 𝐾𝑟

𝐼 -operator if 𝐷𝐴 = 𝐷𝐴0 ; 2) a
𝐾𝑟

𝐼𝐼-operator if 𝒢𝐴 = Π; 3) a 𝐾𝑟
𝐼𝐼𝐼-operator if 𝐷𝐴 ≠ 𝐷𝐴0 , 𝒢𝐴 ≠ Π. Thus the
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set of 𝐾𝑟-operators is divided into three disjoint classes of operators. We note
that the bounded operators studied in (3) belong to the class of 𝐾𝑟

𝐼 -operators.

3. Let 𝑖 ∈ 𝜌(𝐴, 𝐴0). Consider the auxiliary operator

𝐵 = 𝑖𝑅−𝑖 − 𝑖𝑅0
−𝑖 − 2𝑅0

−𝑖𝑅−𝑖 (𝑅−𝑖 = (𝐴 + 𝑖𝐼)−1).

* Here and below, [−] and [+] denote, respectively, the signs of orthogonal
complement and orthogonal sum in the Π-metric.

This operator maps the space Π into the defect subspace 𝔐−𝑖 of the operator 𝐴
(which is defined by the equality 𝔐−𝑖 = Π[−]𝔐−𝑖, where 𝔐−𝑖 = (𝐴 + 𝑖𝐼)𝐷𝐴)
and can be represented in the form

𝐵 =
𝑠

∑
𝛼,𝛽=1

[⋅, ℎ𝛼]𝐽𝛼𝛽ℎ𝛽 (𝑠 ≥ 𝑟),

where 𝐽 = ‖𝐽𝛼𝛽‖ is a certain Hermitian and unitary matrix. In what follows,
we shall call the collection of vectors {ℎ𝑘}𝑠

𝑘=1 an 𝛼-basis of the operator 𝐴, and
the matrix 𝐽 the corresponding coefficient matrix.

Let {ℎ𝑘}𝑠
𝑘=1 be an 𝛼-basis of the operator 𝐴, and let 𝐽 be the corresponding

coefficient matrix. Then the matrix

𝜏 = 𝐼 − 2𝐽𝐺 (𝐺 = ‖[ℎ𝑘, ℎ𝑖]‖) (1)

is a nonsingular matrix and is called the distortion matrix of the operator 𝐴.
Moreover, the matrix (𝐽𝜏)−1 can be represented in the form

(𝐽𝜏)−1 = 𝐶∗𝐽 (0)𝐶, (2)

where 𝐽 (0) is a certain unitary and Hermitian matrix, and 𝐶 is a nonsingular
matrix depending on the choice of the matrix 𝐽 (0).

We shall now agree to call the matrix 𝜒𝐴(𝜆), defined by the relation

𝜒𝐴(𝜆)𝐽 (0)𝜒∗
𝐴(𝑖) = 𝐽 + 𝑖(𝜆 + 𝑖)‖[(𝐴0 − 𝑖𝐼)(𝐴0 − 𝜆𝐼)−1ℎℎ, ℎ𝑖]‖, (3)

the characteristic matrix-function (c.m.-f.) of the 𝐾𝑟-operator 𝐴. Setting
𝜆 = 𝑖 in (3) and using relations (1) and (2), we see that 𝜒𝐴(𝑖) is a certain
nonsingular solution of the matrix equation 𝑋𝐽 (0)𝑋∗ = 𝐽𝜏 , and, consequently,
the definition of the c.m.-f. is not contradictory.
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4. We shall call a subspace Π1 ⊂ Π invariant with respect to the operator
𝐴 if 𝐴(𝐷𝐴 ∩ Π1) ⊂ Π1 and 𝐷𝐴 ∩ Π1 = Π1. It is easy to verify that
𝐴0(𝐷𝐴0 ∩ Π2) ⊂ Π2, where Π2 = Π[−]Π1. However, it may happen that
𝐷𝐴0 ∩ Π2 ≠ Π2. In that case, on the basis of the preceding, the subspace
Π2 is not invariant with respect to the operator 𝐴0.

Definition. An operator 𝐴, acting in the space Π, is called a coupling of
the operators 𝐴1 and 𝐴2, acting respectively in the subspaces Π1 and Π2 =
Π[−]Π1, if Π1 and Π2 are projection-complete invariant subspaces respectively
with respect to the operators 𝐴 and 𝐴0, and, moreover,

𝐴1 = 𝐴|𝐷𝐴∩Π1
, 𝐴2 = [𝐴0|𝐷𝐴0 ∩Π2

]0,

Theorem 1 (multiplication theorem). Let the 𝐾𝑟-operator 𝐴 be a coupling
of a 𝐾𝑟1-operator 𝐴1 and a 𝐾𝑟2-operator 𝐴2 (𝑟1, 𝑟2 ≤ 𝑟), and let 𝜆̄ be a common
regular point of these operators. Then, in certain 𝛼-bases, the c.m.-f. of the
operators 𝐴, 𝐴1, and 𝐴2 are connected with one another by the relation

𝜒𝐴(𝜆) = 𝜒𝐴1
(𝜆)𝜒𝐴2

(𝜆).
5. We shall agree to call the largest invariant subspace Π𝐴 of the operator 𝐴

the additional subspace of this operator, if 𝐷𝐴 ∩ Π𝐴 ⊂ 𝒢𝐴 and in Π𝐴
the operator 𝐴 induces a self-adjoint operator. The operator 𝐴𝑝, which
coincides with 𝐴 on the manifold 𝐷𝐴 ∩ (Π[−]Π𝐴), is called the simple
part of the operator 𝐴. In the case when 𝐴 = 𝐴𝑝, the operator 𝐴 is called
simple.

Theorem 2 (isomorphism criterion). Let the c.m.-f. of the 𝐾𝑟-operators
𝐴 and 𝐴′ coincide. Then for 𝐽 = 𝐽 ′ the simple parts of these operators are
isomorphic, and for 𝐽 = −𝐽 ′ they are co-isomorphic (3).
The preceding results make it possible to establish the following assertions:

Theorem 3. Let 𝜆0 be a nonreal (+)-proper (3) or (−)-proper value of the
𝐾𝑟-operator 𝐴. If, moreover, 𝜆0 is a regular point of the operator 𝐴, then
det𝜒𝐴(𝜆0) = 0.
Theorem 4. If det𝜒𝐴(𝜆0) = 0, then 𝜆0 is a point of the spectrum of the
operator 𝐴.

Theorem 5. If the characteristic matrix function of a 𝐾𝑟-operator 𝐴, which
acts in a nondegenerate space, is a constant matrix, then the operator 𝐴 has a
nontrivial invariant subspace that coincides with its isotropic part.

6. An operator 𝐴 acting in the space Π will be called dissipative if for
every 𝑓 ∈ 𝐷𝐴, Im[𝐴𝑓, 𝑓] ≥ 0. It is easy to verify that the nonreal (+)-
proper ((−)-proper) values of a dissipative operator 𝐴 lie in the half-plane
Im𝜆 > 0 (Im𝜆 < 0). The following assertions also hold:
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I. The eigenvectors of a dissipative 𝐾𝑟-operator 𝐴 corresponding to real or (0)-
proper values belong to the domain of Hermiticity 𝔊𝐴 of the operator 𝐴.

II. If a simple dissipative 𝐾𝑟-operator 𝐴 acts in a nondegenerate space, then
it has no real or (0)-proper values.

7. Let now the 𝐾𝑟-operator 𝐴 act in the space Π𝜒 (a Pontryagin space (8,9)).
Relying on the theorem of M. G. Krein (10) on expanding operators, we
establish the following proposition:

Theorem 6. A simple dissipative 𝐾𝑟-operator 𝐴, acting in the space Π𝜒, has
a 𝜒-dimensional negative invariant subspace.

We note that this assertion makes it possible to carry out the factorization of the
characteristic matrix function and to construct a triangular model of a simple
dissipative 𝐾𝑟-operator (by analogy with the way this was done in (2) in the
case of nonunitary operators).

In conclusion we note the following assertion (which can also be obtained without
constructing the triangular model, on the basis of the preceding results and the
results of (2)):
Theorem 7. Let 𝐴 be a simple dissipative 𝐾𝑟-operator acting in the space Π𝜒.
Then

det𝜒𝐴(𝑖) ≤
𝜒

∏
𝑘=1

∣𝜇𝑘 − 𝑖
𝜇𝑘 + 𝑖∣

𝑁
∏
𝑘=1

∣𝜆𝑘 − 𝑖
𝜆𝑘 + 𝑖∣ (𝑁 ≤ ∞), (4)

where {𝜇𝑘}𝜒
𝑘=1 and {𝜆𝑘}𝑁

𝑘=1 are the totalities, respectively, of the (−)-proper and
(+)-proper values of the operator 𝐴. Moreover, the system of finite-dimensional
invariant subspaces of the operator 𝐴 corresponding to the eigenvalues of this
operator is complete in the space Π𝜒 if and only if equality holds in relation (4).
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