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Abstract
Full Text

Mathematics
Hoang Tuy (Hoang Tuy)
On Linear Inequalities

(Presented by Academician L. V. Kantorovich, 27 V 1967)

In the study of linear inequalities the following question often arises: under
what conditions does there exist, for a given convex cone C' C R", a supporting
hyperplane whose normal vector ¢ satisfies the inequalities p <t < ¢ (i.e. p; <
tp<q; Jj=12,.. ,n), where p,q are given vectors? In the present note we
give an answer to this question. The theorem that we obtain is a generalization
of the well-known Farkas-Minkowski lemma and proves very useful in justifying
the fundamental results of the theory of mathematical programming.

1. The main theorem. We shall say that a set C' C R™ satisfies condition
(Sk), where K is some subset of the set {1,2,...,n}, if for every k € K and
every J C K thesets {r€ C:x;,=0(j€ J), 2, >0} and {z € C: z; =
0 (jeJ), ¢, <0} are either both empty or both nonempty.* We shall
call a positive basis of the set C' any set B C C such that every point
x € C can be represented as a positive linear combination of elements
from B, and a scheme of the set C' any set £ C C containing, for every
J € {1,2,...,n}, some positive basis of the set {x € C':x; =0 (j € J)}.
Introduce the notation:

n
Pogz) =D i+ > @i ()= (tLta) = t,].
j=1

z,;<0 z;>0
Then the following theorem is true, which refines and generalizes results pub-
lished earlier in (2).

Theorem. Let a convex set C' C R™ be given that satisfies condition (S ) for
some K C {1,2,...,n}, and let two vectors p, ¢ be given such that p < ¢, while
the components p,, ¢, (k € K) may be equal respectively to —oo, +00.

1) If there exists a vector t € R™ satisfying the inequalities

p<t<g,  (tz)>0 (1)

for every element x of some positive basis B of the set C, then for all x € C' we
have
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(p,q,2) > 0. (2)

2) Conversely, if inequality (2) holds for every z of some scheme E of the
set C, then there exists a vector ¢ € R™ satisfying inequalities (1) for all
zeC.

Proof. The first part of the theorem is trivial. We prove the second. For n =1
it is easy to verify that the theorem is true. Assuming that it is true in R"!
(n > 1), we prove it in R"™. Without loss of generality one may assume that
k> jforany k € K, j ¢ K (in the case when K +#+

* This is fulfilled, in particular, if (z € C)(32" € C)(3N > 0)(Vj € K) 7} =
—Az;.

+£0). LetC,, ={xe€C: z, =0} E, ={z € FE: z, =0} C, mayberegarded
as a set in R""! for which E, is a scheme. It is clear that C,, is convex and
satisfies the condition (Sg (,;). Therefore, by the induction hypothesis, there
exists a vector t € R"! such that p; <t; <g;

(1=1,2,...,n—1), t.z; >0

for all z € C,,. If 2,, = 0 for all € E, then the vector t = (t;,ty, ..., 1, 1,t,),
where ¢, is an arbitrary number satisfying p,, < t, < g,,, will be the desired one.
In the contrary case let

Er={z€E: z, >0}, E, ={z€eFE: z, <0},
and put, for every z € Ef U E;,

z=u/lz,|, alr)=— Z Pz — Z q;75, PBlr) = Z piT; + Z 4T

mng zj>0 ;<0 z;>0

J#En j#n

Then, by virtue of (2), a(x) < gq,, (z € E}), f(x) > p,, (z € E,); hence, putting

zeE}, zel,

sup a(z), if Ef +0, 5 { inf B(z"), ifE, #0
a= -
—00, if B =0, +00, it B, =0,

we obtain
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a<q,, B=>p,. (3)

On the other hand, for any = € E}, 2’ € E;;, we have A(Z + 2’) € C,,, where
A=z, |/(|z,] + |z;]) > 0. Therefore

S\
—
:\
=
3\
—

t;(Z;+2;) >0 or t.7

<
Il
—
<.
Il
—
<
Il
—

and consequently, taking into account that p; < fj <g (Gj=12,...,n—1),

n—1 n—1
afz) < — Ejfj < ZJQE; < B(z’). (4)
j=1 j=1
Hence
a<p. (5)

By condition, p,, and g, are finite numbers, except possibly in the case when
n € K; but in the latter case, since both sets E} and E,, are nonempty, relations
(4) show that oo < 400, f > —oo. Therefore from (3) and (5) follows the
existence of at least one finite number ¢, satisfying p,, <t, <gq,, a <t, < 0.
If we replace p,, and g,, by t,, then the vectors p’ = (py,pg, ..., Pp_1,t,) and
q = (q1,95, -, qy_1,t,) also satisly inequality (2) for all x € F, since for z € Ef

t,.n > ax, > alz)r, = — Z DjzJ — Z Ui

z ;<0 z;>0

JFn

ie. (p’,¢',x) > 0, and this inequality is proved analogously for € E_,. Con-
sequently, the preceding reasoning can be repeated, starting from p’ and ¢’
and considering C,, ; = {# € C : =z, ; = 0} instead of C,. As a re-

sult one obtains a finite number ¢, ; € [p,_1,4,_1] such that the vectors
VA

p” = (P1, ey Ppesstpn_1,t,) and ¢" = (qq, ..., ¢p_a,t,_1,t,) satisfy inequality
(2) for all z € E, and so on. In the end one obtains the vector ¢t = (¢1, g, ..., t,,),
which will be the desired one.

Corollary 1. If the inequality {p,q,x) > 0 holds for all x of some scheme of a
convez set C, then it also holds for all x € C.
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2. Particular cases.

I. Suppose that the convex set C'is such that from x € C it follows that —Ax € C
for some A > 0 (this occurs, for example, when C' is a subspace in R™). Then

44444

case the numbers p;, g; (j = 1,2,...,n) may be equal respectively to —co and
+00. On the other hand, the fulfillment of the inequality (t,z) > 0 for all x
from some positive basis entails (¢,z) < 0, and consequently (t,z) = 0 for all
x € Cj; similarly, the fulfillment of the inequality (p,q,z) > 0 for all z from
some scheme entails (g, p,z) = —(p, ¢, —z) < 0. Therefore:

1) If there exists a vector t € R™ satisfying the conditions

p<t<yq, (t,z) =0 (6)

for all = of some positive basis, then for all x € C' we have

(¢,p, ) <0< (p,q,x). (7)

2) Conversely, if inequalities (7) hold for all x of some scheme, then there
exists a vector ¢ € R™ satisfying conditions (6) for all x € C.

II. Let us now take as C the set of solutions x of the inequality Az > 0, where
A is a given m X n matrix. Put

{E/ = (%y) = <x17m27~~ 71'n,y1,y2, 7ym)7
A'x' = Az — y,
p/ = <p15 7pna — 00, "'7_00)7 q/ = (qla"' 7qn707"' 70)
m m

It is not hard to see that the inequality (p,q,z) > 0 for all x € C is
equivalent to the inequality (p’,q’,z’) > 0 for all 2’ from the subspace
A’x’ = 0. Consequently, there exists a vector t' € R™™ such that p’ <
t' <" ¢ and (t',2’) = 0 for all 2’ from this subspace. Recalling that, by
virtue of a well-known theorem of linear algebra, the vector ¢’ is orthogonal
to all solutions of the equation A’z” = 0 if and only if ¢’ = A" u for some
u € R™ (here * denotes transposition), and noting that A" u = (A*u, —u),
we obtain

Corollary 2. The inequality (p,q,z) > 0 holds for all solutions z of the
inequality Az > 0 if and only if there exists a vector u € R™ such that
u>0, p< A*u<q.

Obviously, the well-known Farkas-Minkowski lemma is a particular case of this
corollary, when p = q.
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3. Applications.

The preceding results make it possible to derive, in a very simple way, almost all
the basic theorems of mathematical programming (theorems on the existence of
an admissible solution, optimality criteria, duality theory, etc.). We give some
examples.

I. The saddle-point theorem. Consider the following general problem of
convex programming: maximize f(z) under the conditions that z € D, g,(x) > 0
(i=1,2,...,), where D is a closed convex set in R", and g(z), g;(z) are concave
functions defined on D.

Let £ € D. The set C of all points z = (2, 24, ..., 2,) such that, for some point
x € D and some vector t > 0, we have

zo > f(7) — f(x) + Ztigi(£)7 z; > —g;(x) (i=1,2,..,3),

is a convex set in R**!. It is easy to verify that & is an optimal solution of the
problem if and only if

2, <0(1=1,2,...,8) = 25 > 0. (8)
Suppose now that the functions g,(x) satisfy the Slater condition (see, for ex-
ample, (1)) in the sense that there exists a point 2° € D such that,

that g;(z°) > 0 (i = 1,2,...,s). Then condition (S, ) is satisfied for
C, since for any J C {1,2,...,s} and any k the sets {z € C : z; =0 (j €
J), z, >0} and {z € C: 2z; =0 (j = J), 2, < 0} are nonempty. Taking
Po=0q =1, p, =0, ¢ = 400 (i = 1,2,...,8), we see that implication (8)
is equivalent to the condition (p,q,z) > 0 for all z € C and, consequently, is
equivalent to the existence of a vector t = (t1,t,, ... ,t,) > 0 such that

2 —1—251-21- >0 forallzeC,
i1

i.e.

S

@) — F@)+ 3 tugs(@) —
1=1 3

for all z € D and all ¢t > 0. If we put

F(z,t) = f(z) + Ztigi($>7
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then we have F(z,t) < F(z,t) for all z € D and all ¢ > 0. Thus, we have
obtained the Kuhn-Tucker result (in a somewhat more general form):

The point z € D is an optimal solution of the problem if and only if there exists
a vector ¢ > 0 such that (Z,t) is a saddle point of the function

Fla,t) = f2) + 3 tig,(a)
i=1

in the domain z € D, t > 0.

II. Separation theorem. We have proved the Kuhn-Tucker theorem with-
out reference to the classical separation theorem for convex sets. This
latter theorem can be established using only our main theorem. For this
purpose we first prove that, if a convex set G C R™ does not contain the
point 0, then there exists a vector ¢ # 0 with the condition (¢,y) > 0 for
all y € G. Indeed, the assertion is obvious in R'. Assuming that it is
true in R"~!, we prove it in R™. It may always be assumed that the sets
{ye G: y, >0} and {y € G: y, <0} are nonempty, for if, for example,
y, > 0forall y € G, then the vector t = (0,...,0, 1) will be the desired one.
Since 0 € G,, = {y € G : y,, = 0}, there exists a vector (¢;,ty,..., ¢, 1)
satisfying

i
L

tiy; 20

<.
Il
—_

for all y € G,,. Putting p; =¢q; =t; (j =1,2,...,n—1), p, = —0, g, = +0o0,
we have (p,q,y) > 0 for all y € G. Consequently, there exists a vector t € R"
such that p <t < ¢ (ie. t; = fj for j = 1,2,...,n—1) and (t,y) > 0 for all
y € G, which proves the assertion.

Now let C,C’ be two convex sets having no common points. Then the set
G = C — (" is convex and does not contain the point 0. Therefore, by what
has been proved, there exists a vector ¢ # 0 with the condition (¢,y) > 0 for
ally € G, ie. (t,x) > (t,2’) for all x € C, 2’ € C'. Thus, we have obtained a
brief proof of the aforementioned separation theorem: for two nonintersecting
convex sets there always exists a hyperplane separating them.
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