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PHYSICS

V. N. MEL’ NIKOV

GREEN S FUNCTIONS FOR QUANTUM
FERMI SYSTEMS OF CHARGED PARTI-
CLES WITH COLLISIONS

(Presented by Academician N. N. Bogolyubov, 4 V 1967)

Charged Fermi particles are considered, interacting according to Coulomb’ s law
and situated in a compensating field of charge of the opposite sign. We shall
start from equations for quantum distribution functions of the form

D1<t7x17x/1) = <‘1/+(t,$/1), \Ij(tvxl»v
where (...) = Q' Sp(...e (HAN/0), @ = Spe (H-AN)/0 )\ is the chemical po-

tential; x = {r, o},
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The equilibrium value is

FO(py,py) = ny, d(py — p1)d(oy — a7), n, = 2/(ele=N/0 4 1),
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The functions D, in contrast to Bogolyubov distribution functions (1), are nor-
malized to n, and not to 1. Let us take the kinetic equation with a self-consistent
term in the Hartree approximation

OD,(t,zq, 7))  h?

" e
! ot 2m

(A, — A )Dy(t,zq,2])—

Ty 1

=Dyt xy,27) /[‘P(n —ry) = ®(ry —ry)|Dy (¢, 5, 25) dwy = Iy (1)

The case I, = 0 was considered in work (?). We linearize equation (1) and
perform a symmetric Fourier transformation with respect to spatial variables of
the type

i) = ﬁ / [ Yo iR+ gy gy )

As a result we obtain the equation in k-space
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where

p(Q)=Z/5F(k,02,k—qvag)dk; pr—pi=4¢ p =k

Let us imagine that the system is placed in an infinitesimally small external
field and that the variation 0F is due precisely to this field. Let

OH = e *Bt6Q (2, 24) /27,
then (3) becomes

OOF (t, k k), o h?
h ( : 1éj1’ 1’0-1) - %(k% _kiQ)éF(t7k1=0—17ki7Ji)_

?
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Aoy —o1) , , in
*Wﬂ(lﬁ — k) ®(ky — k1) (nk; - nkl) = Iy (4)

We apply the theorem on variations of the mean value of a dynamical quantity
(see (3), and for the classical case (%4))

6F(t7k1ak/p0’1701)/69(@]9»]7/’0»0/) = Gret(E; k17k‘/170-170-i;pap/70'50-/)7 (5)

0, Ky, by, 01,01) /00, p,p’s 0,07) = 6(ky —p)d(ky —p') Ao — 0y) Ao} — o).
(6)

Then for the Green’ s function we obtain the equation

/ / / ’ h? ,
hEGp(ky, ki 01,01k, K, 0,07) = 5 (K — k)G p—
A<Jl _Ji) 4 /. / /
S — Kty — R .') (g ) =

Ao —o0,)A(c" —07) , ,
- 1477 L0 (k —ky)o(k — k) (nk; _nkl) =13,

p(qa ka k/,O',O'/) = Z/GE(klakl _q701501;k7k/7070/)dk1' (7)
a1

It remains to choose the collision integral and to write it in terms of Green’
s functions. The quantum collision integral was obtained in works (%), etc.
Let us consider the expression obtained by Wyld and Fried (7) for the spatially
homogeneous case and for particles without spin,

i ’ 3.7
Ist - _(27‘_)2 //dp dq

X6(Ey g + Ey g — E, = Ey){F(p)F(p')[1 = F(p+q¢')]} x

2

®(q) "

K {q/7 %(Ep+q/ - Ep)}

x[L=F(' —¢)] = Flp+ )P0 — )1 = Fe)L = Fol},  (8)

where
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K(q,Q) =1+ ®(q) /F(P"+Q/2)*F(p”fq/2) D ©)

(27‘(’)3/2 [y + Ep//fq/2 — Ep”+q/2 + m ’

E, =h*p*/2m, n>0 n—0.
Let us recall that this integral was obtained under the assumption that the
higher distribution functions depend on time only through the first func-

i.e., the equation is valid for ¢ > 7,.,;. Moreover, I is proportional to the small
parameter & = 8we’m/ry, F?,

rq = (8ne*mn/pp)?,  n=N/V,  pp=(37°n)"/*h,
e = /7/3(8¢*m/hpy)?? = V7 /30%/% « 1. (10)
Consequently, in the present theory e, or ¢ = 8¢?m/pph, are small parame-
ters. Since £ = (8me?m/h?)3/2/37%n1/2, it is clear that € < 1 for sufficiently
dense systems at low temperatures. Let us calculate the collision integral (8)

and assume that the linearized equation obtained is also valid for a spatially
inhomogeneous system.

Applying the variational theorem to (5), (6), we find

7; /
ISCE N _W //dp dq Qo(q7 k1) 5(Ek1+q + Ep/fq - Ekl - Ep’)x

x{Gg(ky, Ky, 01,00k, k 0,0 )81 + Gg(p', k],01,07;k, k', 0,0")s9—
—Gglky + ¢, k), 00,00k K ,0,0")s5—

7GE(p/7q7k/1701501;k7k/7070/)54}7 (11)
where
2
2(q)
Q%(q, k) = ;
! KOq, (1/h)(Ey, +q — Ey,))
81 =Ny — Ny Mg g — Ny My T M 1My g3

Sg = My — Mg Mgy g — Mo, M/ —g T My 4q M/ g

83 = My g+ TN Ny — Ny (Mg, — N n,;

p'—q'"p’>

Sy = Ny g T Mg My — N g Mg — Mgy Myt

and K means that n,, has been substituted in place of F.
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The solution of equation (7), which for simplicity we consider for spinless parti-
cles, with I§ in the form (11), will symbolically be

L+£
“=nE= (h2/2m)(k2 — k) +iM’ (12)

where

2y //dp/ dq Q*(a,k1)$10(Ey, g + By g = Fi, = Ey),

1 ’ / /
= (27T)3/2 p(kl - kl7k7k )q)(kl - kl)(nk/l - nk1)+
1 / /
+%5(k’ —ky)o(ky — k) (ngr — ), (13)

£ =15 —iMGy.

The structure of expression (12) is analogous to the classical expression for the
Green’s function. Therefore here, too, one may neglect £ with high accuracy for
values of the wave numbers much smaller than k. Let us show this by passing
to the dimensionless k/kp and q/kp. L ~ €?/q®. Q° will be ~ me*/k3. In
order not to take £ into account, the condition £ <« L must be fulfilled; hence
¢? < k% /o, ie., for ¢ < kp and even g ~ kp, since o < 1.

Therefore, for ¢ < kp we have
Gp = L/[hE — (h?/2m)(k? — k{?) 4+ iM]. (14)
Introduce the substitution k] + ¢ = k;, k; = k;. Then (14) becomes
[hE — (h?/2m)(2ky — q)q + iM (k)]G p(ky, by — q; k. k') —

—(2m) "2 p(q; k, K )P (q) (g, —1y,,) =
= (2m) 0k = k)O(K 4+ q = Fy)(ny,, g — 1)) (15)

Next, after simple operations of division and integration, we arrive at the fol-
lowing solution for the Green’ s functions:

. o1 (ng —ng)d(k" +q—k) (N —ny_,) dk
”(q’k’k)_%hE—(:ﬂ/ka)(zk—q)qHM(k) { (2r 3/2/hE h2/2m)(2k—q)q+zM(k)
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Thus, in contrast to work (2), here the damping of the system due to collisions is
taken into account. Damping without allowance for polarization by the method
of kinetic equations was considered in work (®).

Knowing the function p, with the aid of the spectral theorems (3) it is not
difficult to calculate the thermodynamic characteristics of the system, as well
as the correlation functions. For this it is necessary to find the spectral density
I from the formula

I(E) = —2Im Gy /(eP/? +1).

After simple calculations we obtain

I(E) =—06(k—F —q)(njy —nu){M(k)Re K°+
+ [RE — (h?/2m)(2k — q)q] ITm K%} x
x {2m(eF/? +1)(Re” KO + Im* K°)[[hE—
— (h?/2m)(2k — q)q]* + M?(k)]} "

The damping and frequencies of the system are determined as the poles of the
Green’s function (16). For this purpose, the values K° and M are first calculated
from formulas (9) and (13). In the case of small values of the wave numbers at
0=0,

2¢et me*
0() — =~
Qo) = 7(q? + 4ckp)?’ “Tomz 7

For 6 = 0, and also for small values of the wave numbers, the frequencies coincide
with the results of the works of V. P. Silin; the collisional damping is absent for
k < kp. It appears only in a term ~ (k/kp)?, which corresponds to the result
of Dubois (?).

Analogous results are also obtained for § < ep = p,, with the values Q°(q)
differing from the case 8 = 0 only by a change of the factor

It should be noted that the exact limits of applicability of equation (11) can be
estimated only on the basis of a more general inhomogeneous quantum kinetic
equation with collisions. For the present one may say that it is applicable for
times in the interval 7, <t < T,., Where 7, is determined by the damping of
the system, and also in the interval of wave vectors ¢ < kp.
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In conclusion I express my deep gratitude to my scientific adviser, Academician
N. N. Bogolyubov, for his constant attention and numerous consultations in the
course of the work.
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