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MATHEMATICS

I. I. PAROVICHENKO

ON TOPOLOGICAL EQUIVALENTS OF THE
BRANCHING HYPOTHESIS*
(Presented by Academician P. S. Aleksandrov on 24 IV 1968)

1. The aim of the present paper is to strengthen the results of our preceding
paper (1), consisting in the finding of new topological equivalents of the set-
theoretic condition (𝛼) for a strongly inaccessible cardinal number, which we
call the branching hypothesis for this number.

Below, as in (1), ℵ𝜎 is strongly inaccessible and 𝔪 is an infinite cardinal number.
We take the remaining terms and notation from (1) without qualification, and
add the following new ones. A system of sets Σ is called an open 𝔪-subbase
of a topological space if the collection of intersections of all subsystems in Σ of
cardinality < 𝔪 forms an open base of this space. A partially ordered set 𝑀 is
called 𝔪-directed if, for each of its subsets of cardinality < 𝔪, there exists an
upper bound in 𝑀 . In particular, ℵ0-directed sets are directed sets in the usual
sense of the word. If 𝑋 is a topological space, then exp(𝔪, 𝑋) denotes the space
on the family of all nonempty closed subsets of 𝑋, whose topology is given by
the open base consisting of sets of the form 𝐵(𝐺0, 𝔊), where, for an open 𝐺0
and a family 𝔊 of cardinality < 𝔪 of open sets in 𝑋,

𝐵(𝐺0, 𝔊) = {𝐹 ∣ 𝐹 ⊆ 𝐺0, ∀𝐺 ∈ 𝔊, 𝐹 ∩ 𝐺 ⊃ Λ}.
In particular,

𝐵(𝐺0, {𝐺1, … , 𝐺𝑛}) = 𝐵(𝐺0, 𝐺1, … , 𝐺𝑛)
from (2), p. 168, and for 𝔪 = ℵ0 we have the usual Vietoris exponential space
(see, for example, (2) or (3)).
We formulate the following properties of the number ℵ𝜎, supplementing the list
from (1):
𝛾𝑇 (𝛾+). The Tikhonov (𝒯𝜎−) product of ℵ𝜎-bicompact spaces of weight ≤ ℵ𝜎,
taken in number ≤ ℵ𝜎, is ℵ𝜎-bicompact (analogues of Tikhonov’s theorem).

𝛿. The assertion of Theorem 1 from (1).
𝛿+. If from every cover of a space 𝑋 by sets of some open ℵ𝜎-subbase of it
of cardinality ℵ𝜎 one can extract a subcover of cardinality < ℵ𝜎, then 𝑋 is
ℵ𝜎-bicompact (an analogue of Aleksandrov’s lemma).
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𝜀. If 𝑋 is an ℵ𝜎-bicompact space of weight ℵ𝜎, then exp(ℵ𝜎, 𝒯𝜎𝑋) is also an
ℵ𝜎-bicompact space of weight ℵ𝜎 (an analogue of Vietoris’s theorem, (3), p. 161).
𝜁. If {𝑋𝜆, 𝜋𝜆

𝜇 ∣ card{𝜆} = ℵ𝜎} is an inverse ℵ𝜎-directed spectrum of nonempty
ℵ𝜎-bicompact 𝒯2-spaces of weight ≤ ℵ𝜎, then its limit is nonempty (an analogue
of Steenrod’s theorem (4), p. 51).
Theorem. For strongly inaccessible ℵ𝜎, the conditions 𝛽, 𝛽+, 𝛾, 𝛾𝑇 , 𝛾+, 𝛿, 𝛿+, 𝜀,
and 𝜁 are equivalent to the branching hypothesis 𝛼.

Since the equivalence of 𝛼, 𝛽, 𝛽+, 𝛾, and 𝛿 was proved in (1), it is necessary to
prove only the remaining implications. Obviously, 𝛿+ ⇒ 𝛿, and the implication
𝛼 ⇒ 𝛿+ can be proved without changing anything in the method of proof of
𝛼 ⇒ 𝛿

* The results of the paper were reported on 15 II 1968 at a scientific session of
the faculty of the Kishinev State University.

(theorem 1 of (1)). We shall derive the rest according to the scheme: 𝛿+ ⇒ 𝜀 ⇒
𝛾 ⇒ 𝛼 ⇒ 𝛿+ ⇒ 𝜈𝜏 ⇒ 𝜈𝜏 ⇒ 𝜉 ⇒ 𝛼. In the proof of 𝛿+ ⇒ 𝜀 we used Frink’
s idea (see, for example, (3), p. 161), and in the proof of 𝜀 ⇒ 𝛾 the idea of
Maryanovich (5) in similar situations.

2. Let 𝑋 be a topological space; 𝐹0, 𝐹1 closed in 𝑋; put

Φ(𝐹0, 𝐹1) = {𝐹 ∣ 𝐹 ∩ 𝐹0 = Λ or Λ ⊂ 𝐹 ⊂ 𝐹1},

where 𝐹 is closed in 𝑋. A system of sets shall be called 𝔪-additive (𝔪-
multiplicative) if it contains all unions (intersections) of its subsystems of
cardinality less than 𝔪.

(a) If 𝐹 ′
0 ∩ 𝐹 ″

1 = Λ, then

Φ(𝐹 ′
0, 𝐹 ′

1) ∩ Φ(Λ, 𝐹 ″
1 ) = Φ(Λ, 𝐹 ′

1 ∩ 𝐹 ″
1 ).

Let 𝐹 belong to the left-hand side; then 𝐹 ∈ Φ(Λ, 𝐹 ″
1 ), whence 𝐹 ⊂ 𝐹 ″

1 ;
since 𝐹 ′

0 ∩𝐹 ″
1 = Λ, 𝐹 ∩𝐹 ′

0 = Λ. But 𝐹 ∈ Φ(𝐹 ′
0, 𝐹 ′

1), whence 𝐹 ⊂ 𝐹 ′
1. Thus

𝐹 ⊂ 𝐹 ′
1 ∩ 𝐹 ″

1 , and 𝐹 belongs to the right-hand side. The reverse inclusion
is obvious. It is also obvious that

(b)

⋂
𝜆

Φ(Λ, 𝐹 𝜆
1 ) = Φ (Λ, ⋂

𝜆
𝐹 𝜆

1 ) .

(c) Let 𝔪 be regular and 𝑋 an arbitrary 𝔪-bicompact space. Then any 𝔪-
centered system of families of closed subsets of 𝑋 of the form Φ(𝐹0, 𝐹1)
has nonempty intersection.
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Let Φ̃ be our system. Extend Φ̃ to Φ̃+ by adding all sets of the form Φ(𝐹0, 𝐹1)
which are intersections of subsystems in Φ̃ of cardinality < 𝔪. Then, by reg-
ularity of 𝔪, Φ̃+ contains all Φ(𝐹0, 𝐹1) which are intersections of subsystems
in Φ̃+ of cardinality < 𝔪 (in particular, Φ(Λ, 𝑋), the intersection of the empty
subsystem) and does not contain the empty family Λ = Φ(Λ, Λ). We shall prove
that even ⋂ Φ̃+ ⊃ Λ. Let

Φ̃+ = {Φ(𝐹 𝛼
0 , 𝐹 𝛼

1 )}.

Let Ψ be the family of those 𝐹 𝛼
1 for which 𝐹 𝛼

0 = Λ. Then, by (b), Ψ is 𝔪-
multiplicative. Put 𝐹 = ⋂ Ψ and prove that 𝐹 ∈ ⋂ Φ̃+, i.e. ∀𝛼 𝐹 ∈ Φ(𝐹 𝛼

0 , 𝐹 𝛼
1 ).

Fix 𝛼; if 𝐹 𝛼
0 ∩ 𝐹 ⊃ Λ, then 𝐹 ⊂ Φ(𝐹 𝛼

0 , 𝐹 𝛼
1 ), so let further 𝐹 𝛼

0 ∩ 𝐹 = Λ. We first
prove that there exists 𝐹 𝛼′

1 ∈ Ψ such that 𝐹 𝛼
0 ∩ 𝐹 𝛼′

1 = Λ; for this suppose the
contrary: for all 𝐹 𝛼′

1 ∈ Ψ, 𝐹 𝛼
0 ∩ 𝐹 𝛼′

1 ⊃ Λ. Then the system

{𝐹 𝛼
0 ∩ 𝐹 𝛼′

1 ∣ 𝐹 𝛼′
1 ∈ Ψ}

is 𝔪-centered, since Ψ is 𝔪-multiplicative. But then

⋂{𝐹 𝛼
0 ∩ 𝐹 𝛼′

1 ∣ 𝐹 𝛼′
1 ∈ Ψ} = 𝐹 𝛼

0 ∩ 𝐹 ⊂ Λ

by 𝔪-bicompactness of 𝑋, which contradicts the initial condition. Thus there
exists 𝐹 𝛼′

1 in Ψ such that
𝐹 𝛼

0 ∩ 𝐹 𝛼′
1 = Λ.

Then by (a)
Φ(Λ, 𝐹 𝛼

1 ∩ 𝐹 𝛼′
1 ) = Φ(Λ, 𝐹 𝛼′

1 ) ∩ Φ(𝐹 𝛼
0 , 𝐹 𝛼

1 ),
and the sets on the right belong to Φ̃+, whence Φ(Λ, 𝐹 𝛼

1 ∩𝐹 𝛼′
1 ) ∈ Φ̃+, 𝐹 𝛼

1 ∩𝐹 𝛼′
1 ∈

Ψ, 𝐹 = ⋂ Ψ ⊂ 𝐹 𝛼
1 ∩ 𝐹 𝛼′

1 ⊂ 𝐹 𝛼
1 . Since Ψ is 𝔪-multiplicative and does not

contain the empty set, Ψ is 𝔪-centered in the 𝔪-bicompact space 𝑋, so that
𝐹 𝛼

1 ⊃ 𝐹 = ⋂ Ψ ⊃ Λ and 𝐹 ∈ Φ(𝐹 𝛼
0 , 𝐹 𝛼

1 ).
(d) If 𝔅 is an 𝔪-additive open base of the 𝔪-bicompact space 𝑋, then

{𝐵(𝐻0, ℌ) ∣ 𝐻0 ∈ 𝔅, ℌ ⊆ 𝔅, cardℌ < 𝔪}

is an open base in exp(𝔪, 𝑋).
Let 𝐵(𝐺0, 𝔊) be a neighborhood of 𝐹 in exp(𝔪, 𝑋). Take a covering of 𝐹 by sets
from 𝔅 lying in 𝐺0, and select from it a subcover of cardinality < 𝔪; the union
of the latter, by 𝔪-additivity of 𝔅, is some 𝐻0 ∈ 𝔅, and 𝐹 ⊆ 𝐻0 ⊆ 𝐺0. Further,
for each 𝐺 ∈ 𝔊 take 𝑥(𝐺) ∈ 𝐺 ∩ 𝐹 and in 𝔅 choose 𝐻(𝐺), 𝑥(𝐺) ∈ 𝐻(𝐺) ⊆ 𝐺.
Denote the collection of all such 𝐻(𝐺) by ℌ. Then

𝐹 ∈ 𝐵(𝐻0, ℌ) ⊆ 𝐵(𝐺0, 𝔊),

as was required here.
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(e) If 𝑋 has weight ℵ𝜎, then exp(ℵ𝜎, 𝑋) has weight ≥ ℵ𝜎.

Since 𝑋 has weight ℵ𝜎, there are at least ℵ𝜎 closed sets in 𝑋. But from 𝐹1∖𝐹2 ⊃
Λ it follows that

𝐹1 ∈ 𝐵(𝑋, 𝐶𝐹2) ∖ 𝐵(𝑋, 𝐶𝐹1),
so that there are at least ℵ𝜎 open sets in exp(ℵ𝜎, 𝑋). And a space of weight
ℵ𝜈 < ℵ𝜎 has ≤ 2ℵ𝜈 < ℵ𝜎 open sets.

From (d) and (e) there follows, independently of the branching hypothesis, the
assertion part of (𝜀):
(f) If 𝑋 is an ℵ𝜎-bicompact space of weight ℵ𝜎, then exp(ℵ𝜎, 𝑋) has weight

ℵ𝜎.

Since ∑𝛼<𝜎 ℵℵ𝛼𝜎 = ℵ𝜎, for the proof it is enough to enlarge an open base of 𝑋
of cardinality ℵ𝜎 to an equipotent ℵ𝜎-additive one by adding the unions of all
its subsystems of cardinality < ℵ𝜎.

(g) ⋂
𝜆

𝐵(𝐺𝜆
0 , 𝔊𝜆) = 𝐵 (⋂

𝜆
𝐺𝜆

0 , ⋃
𝜆

𝔊𝜆); in particular, ⋂
𝜆

𝐵(𝐺0, 𝐺𝜆
1 ) =

𝐵(𝐺0, {𝐺𝜆
1 }).

3. (𝛿+) ⇒ (𝜀). Let 𝑋 be an ℵ𝜎-bicompact space of weight ℵ𝜎; by (𝛿),
𝒯𝜎𝑋 is also an ℵ𝜎-bicompact space of weight ℵ𝜎, and let 𝔅 be an ℵ𝜎-
additive open base of 𝒯𝜎𝑋 of cardinality ℵ𝜎 (cf. the proof of (f)). Then,
by (d), {𝐵(𝐻0, ℌ) ∣ 𝐻0 ∈ ℌ, ℌ ⊆ 𝔅, cardℌ < ℵ𝜎} is an open base
of exp(ℵ𝜎, 𝒯𝜎𝑋) of cardinality ℵ𝜎. Since 𝒯𝜎𝑋 is a 𝒯𝜎-space, by (g)
the family {𝐵(𝐻0, 𝐻1) ∣ 𝐻0, 𝐻1 ∈ 𝔅} forms an open ℵ𝜎-subbase of
exp(ℵ𝜎, 𝒯𝜎𝑋) of cardinality ℵ𝜎, and by (𝛿+), passing to complements
𝐶𝐵(𝐻0, 𝐻1) = Φ(𝐶𝐻0, 𝐶𝐻1), and using (c), we obtain the required asser-
tion.

(𝜀) ⇒ (𝛾). Replacing, for the disjoint sum ∪, the sign Π, introduce the topolog-
ical sum Π𝜆𝐷𝜆 = 𝑆, where the 𝐷𝜆 are two-point discrete spaces, card{𝜆} = ℵ𝜎,
and consider its one-point extension 𝑆+ = 𝑆Π∞, where neighborhoods of ∞
are taken to be 𝑂(∞) = ∞Π𝑀 , 𝑀 ⊆ 𝑆, card𝐶𝑀 < ℵ𝜎. It is obvious that a
set is closed in 𝑆+ if and only if it either contains ∞, or has cardinality < ℵ𝜎.
It is also easy to see that 𝑆+ is an ℵ𝜎-bicompact 𝒯𝜎-space of weight ℵ𝜎, and,
by (𝜀), exp(ℵ𝜎, 𝑆+) has the same properties. Consider in exp(ℵ𝜎, 𝑆+) points of
the form Π𝜆𝑥𝜆Π∞, where 𝑥𝜆 = 𝑥(𝜆) is a choice function for the whole family
{𝐷𝜆}; denote all such points by Ξ and prove that Ξ is closed in exp(ℵ𝜎, 𝑆+).
Let 𝐹 ∈ 𝐶Ξ; then for 𝐹 there are two possibilities: (1) ∃𝜆0, 𝐹 ∩ 𝐷𝜆0

= Λ;
then 𝐵(𝐶𝐷𝜆0

, 𝐶𝐷𝜆0
) is a neighborhood of 𝐹 not meeting Ξ; (2) ∃𝜆0, 𝐹 ⊃ 𝐷𝜆0

,
𝐷𝜆0

= {𝑥𝜆0
, 𝑦𝜆0

}; then 𝐵(𝑆+, {𝑥𝜆0
}, {𝑦𝜆0

}) is again a neighborhood of 𝐹 not
meeting Ξ. Since 𝑆+ is ℵ𝜎-bicompact, Ξ is also ℵ𝜎-bicompact. But the corre-
spondence Π𝜆𝑥𝜆Π∞ → {𝑥𝜆} is a natural homeomorphism of Ξ onto the 𝒯𝜎-
product of the family {𝐷𝜆}, whence everything follows.
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(𝛿+) ⇒ (𝛾+) ⇒ (𝛾𝑇 ). Let 𝑃 = Π𝜎𝑋𝜆 be our 𝒯𝜎-product; obviously, it is enough
to prove the ℵ𝜎-bicompactness of the product 𝑃 𝜎 = Π𝜎𝒯𝜎𝑋𝜆 with the stronger
topology. By (𝛿), the 𝒯𝜎𝑋𝜆 are also ℵ𝜎-bicompact and have weight ≤ ℵ𝜎. Let
𝜋𝜆 be the projection of 𝑃 𝜎 onto 𝒯𝜎𝑋𝜆, and let 𝔅𝜆 be open bases in 𝒯𝜎𝑋𝜆 of car-
dinality ≤ ℵ𝜎. Since the 𝒯𝜎𝑋𝜆 are 𝒯𝜎-spaces, {𝜋−1

𝜆 (𝐵𝜆) ∣ 𝐵𝜆 ∈ 𝔅𝜆, 𝜆 ∈ {𝜆}}
is an open ℵ𝜎-subbase of 𝑃 𝜎 (of cardinality ≤ ℵ𝜎). The rest of the argument
is carried out analogously to (6), p. 143, with the obvious modification. Since
the Tikhonov product is a compactification of the corresponding 𝒯𝜎-product,
(𝛾+) ⇒ (𝛾𝑇 ).
(𝛾𝑇 ) ⇒ (𝜁). Let {𝑋𝜆, 𝜋𝜆

𝜇} be our spectrum. The ℵ𝜎-centeredness of the system
{𝑆𝜆

𝜇 ∣ 𝜆 > 𝜇}, 𝑆𝜆
𝜇 = {𝑥 ∣ 𝑥 ∈ Π𝑋𝜆, 𝜋𝜆

𝜇(𝑥𝜆) = 𝑥𝜇}, is proved analogously
to the corresponding centeredness in (4), p. 51. Since Π𝑋𝜆 is ℵ𝜎-bicompact,
⋂𝜆>𝜇 𝑆𝜆

𝜇 ⊃ Λ, as was required.
(𝜁) ⇒ (𝛼). Let 𝑆 be a branching system of order 𝜔𝜎. Let 𝑥 ∈ 𝑆; denote by 𝑝(𝑥)
the order of 𝑥 in 𝑆 and put

𝑆𝜆 = {𝑥 ∣ 𝑥 ∈ 𝑆, 𝑝(𝑥) = 𝜆}, 𝜏(𝑥) = sup{𝑝(𝑦) ∣ 𝑦 ≥ 𝑥 in 𝑆}.

It is easy to verify the following properties of 𝜏(𝑥): (1) if 𝑦 < 𝑥 in 𝑆, then
𝜏(𝑦) ≥ 𝜏(𝑥), and (2) if 𝜏(𝑦) ≥ 𝜆, 𝑦 ∈ 𝑆𝜇, 𝜇 < 𝜆, then 𝜏(𝑦) = sup{𝜏(𝑣) ∣ 𝑣 ∈
𝑆𝜆, 𝑣 ≥ 𝑦 in 𝑆}. Put 𝑆0

𝜆 = {𝑥 ∣ 𝑥 ∈ 𝑆𝜆, 𝜏(𝑥) = 𝜔𝜎} and prove that all these
sets are nonempty. Indeed, otherwise there exists 𝜆0 <
< 𝜔𝜎 such that for all 𝑥 ∈ 𝑆𝜆0

, 𝜏(𝑥) < 𝜔𝜎. Since card𝑆𝜆0
< ℵ𝜎, in view of the

regularity of 𝜔𝜎 we have sup{𝜏(𝑥) ∣ 𝑥 ∈ 𝑆𝜆0
} < 𝜔𝜎, and the order of the entire

system is < 𝜔𝜎. We now define, for 𝜆 > 𝜇, 𝑥 ∈ 𝑆0
𝜆, 𝜋𝜆

𝜇𝑥 = 𝑦, where 𝑦 ∈ 𝑆𝜇
and 𝑦 ≤ 𝑥 in 𝑆. Such a 𝑦 exists and is unique by the definition of a branching
system. By property (1), for 𝜏(𝑥) the mapping 𝜋𝜆

𝜇 maps 𝑆0
𝜆 into 𝑆0

𝜇, and we
shall prove that this mapping is onto.

Suppose the contrary: there exists 𝑧 ∈ 𝑆0
𝜇, 𝑧 ∉ 𝜋𝜆

𝜇(𝑆0
𝜆). Since 𝜏(𝑧) = 𝜔𝜎 > 𝜆, by

property (2)
𝜏(𝑧) = sup{𝜏(𝑣) ∣ 𝑣 ∈ 𝑆𝜆 ∖ 𝑆0

𝜆, 𝑣 ≥ 𝑧 in 𝑆}.
Since all 𝜏(𝑣) < 𝜔𝜎 and card𝑆𝜆 < 𝜔𝜎, we have 𝜏(𝑧) < 𝜔𝜎, which is impossible.
Considering now all 𝑆0

𝜆 with the discrete topologies, we obtain an inverse spec-
trum {𝑆0

𝜆, 𝜋𝜆
𝜇} satisfying condition (𝜁). An element of its nonempty limit gives

the sequence in 𝑆 required by condition (𝛼).
Remark. Since assertion (c) of item 2 is proved without using the axiom
of choice, Vietoris’theorem on the bicompactness of the ordinary exponential
space over a bicompact space is obtained by using only Alexander’s lemma.
Since, by Marjanović’s method, the Tikhonov product ∏𝜆 𝑋𝜆 of bicompact
𝒯2-spaces is embedded as a closed set in the exponential space over the one-
point bicompactification of P. S. Aleksandrov of the topological sum ∏𝜆 𝑋𝜆, it
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follows from Alexander’s lemma that Tikhonov’s theorem already holds for 𝒯2-
multipliers. This method does not work in the case of 𝒯2-multipliers, since then
the corresponding set in the exponential space ceases to be closed, which was to
be expected, since according to Kelley’s theorem (7) the case of 𝒯1-multipliers
is already exactly equivalent to the axiom of choice (cf. the comments in this
connection in (8), p. 274).

Kishinev State
University

Received
19 IV 1968
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