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Fig. 1. Diagram of a multilayer half-space under the action of a normal load
p(z) and a tangential load ¢(x).

Figure 1: Fig. 1. Diagram of a multilayer half-space under the action of a
normal load p(z) and a tangential load ¢(z).
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By analogy with the axisymmetric problem (1:2), the stresses in a multilayer half-
space under plane deformation are expressed through the biharmonic function
F in the following form:

According to the well-known formulas of elasticity theory (1), for the deforma-
tions we obtain

_ 1+p &F
E 0xdy’
_1tw _avepl OF
V=g (2(1 pw)V2F o ) (2)

Here p is Poisson’ s ratio; E is the modulus of elasticity; p is the density of the
layer material; u is the horizontal and v the vertical deformation* (see Fig. 1).
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Fig. 1. Diagram of a multilayer half-space under the action of a normal load
p(z) and a tangential load #(x)

Following (2), the expressions for F' may be taken in the following form:
a) for the n-th layer, extending to infinity:

F,

n

-2 / {A+ BBz — 1)+ 2p,]}e ﬂw“}ﬁf a5,

CLTFO

* In the terminology of elasticity theory, u and v are called displacements. We
shall call them deformations, as is customary in soil mechanics.

b) for the i-th layer:
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Here { =o/H; w=y/H; N =r,,—n; r;=h;/H; A, B, C}, D, are param-
eters that are functions of § and are determined from the boundary conditions.

+Dy (2, ch N3 — NBJY 222 g,

Substituting the values of F' into (1) and (2), we obtain

Oy = a7rH2/ {A+ B[1+ B(x—1)]}e 5% cos B dB+

2 n—1 [e%e}
anl? kZ_I/O {ChnBsh NG + Dy[sh N — N ch Nf]}5° cos §3dP;

G = =y | A= Bl 5= D])e PG cosgBas-
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Toyi = 2 /OOO[A + BB(x — 1)]e #* % sin B d 3+
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2(1 , e
K _E”T;::)/o {A—B[(1—2p;) — B(»— 1)]}e P*BsinéBdp—
201+ ) = [~ !
_(mEmg;Z {Cy[2(1 = 2p;) ch NS + NBsh NS+

+Dy[(21; — 1)sh N§ — N3 ch NGJ}Bsin €8 dB;

v _m /OOO{A + B[2(1 — ;) + B(» — 1) }e "B cos B d B+
201+ ;) = [~
+m@H;Z{%O2Mmmmmm]

—Dy[2(1 — ;) ch NS — N sh NBJ} B cos B.dB.

The stresses and deformations in the lower, n-th, layer are determined by the
first integrals.

The total number of unknown parameters A, B, C}, D), is equal to 4n; however,
with the adopted form of the functions F, the conditions at infinity (as y — oo,
0yn = 0, Ty, — 0) and the continuity of stresses (0, ypper = Ty lowers Toyupper =
Teylower) ab the contact of the layers are satisfied automatically. Thus

Thus, the remaining conditions are used to determine C) and D,. With joint
displacement of the layers these will be the conditions of continuity of the strains.
Using these conditions at the contact of the n-th and (n—1)-st layers, we obtain

1 1
Cor = 5(MA=EB)e s Dy = SA A+ 2(m,y = 1)Ble™”.
Here

My, 1 1 . _ Enfl(l _M%)
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From the equations for u; and v, it follows that

u; =l — WEH/ C,BsinéBdp,

vy / D,Bcos&BdS,

U. =
' w1 a7rE H

where ), ; and v} ; denote the expressions u;,; and v;,; when the elastic con-
stants of the (i+1)-st layer are replaced by those of the i-th layer. Consequently,
at the boundaries of the layers the parameters C; and D, separate out and can
be expressed through the corresponding parameters of the underlying layers.
From the conditions u; = u;,; v; = v;,; at * = r;; we obtain

1

O = gy HAGm =) = Blmy = Vi et
n—1
+ Z[Ck(miWHLHLk —Wisin) + Dylmig, - — Qi+1,i,k>]} ;
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D, = 5t {lA(m, 1) + B( Lyl
t 2(1 - ;U’z) i miLHl,iﬂ i+1,i)]1€
n—1
+ Z[Dk(mivamﬁk — M) = Crlmis, | — Si+1,i,k)]} .
i1
Here
Ei(1+ pi4q)

m; = m7 Vi+1,j: 1*2%*5(7"“1*1);
Livi;=2(1—p;) + B(risg —1); Wit jx = 2(1 — p;) ch KB+
+KBsh Kp; Q1,56 = (2p; —1)sh KB — KB ch Kp3;

M, = 2(1—p;) ch KB—KpBsh K j; Siv1jk = (1=2p;)sh Kf—KBch KB : K =1 —r
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The parameters A and B are easily determined from the conditions on the sur-
face. In the presence of normal p(x) and tangential ¢(x) loads, these conditions
are written as follows:

) [e%e} n—1
arH? /0 {A +B(1—-p8)+ z; [CyBris1shBri+

+Dy(sh Bryy — Bri ch Bry, )]} B2 cosEBdS = —p(x);

o n—1
arH? / {A —hB+ Z [Cro(sh Briyr + Brigy ch Bry 1) —
0 i

—D,.Bry.y 1 sh Bry ]} 2 sinéBdB = —t(x).

In this case p(x) and ¢(z) are expressed in the form of a Fourier integral.

For a rectangular load of intensity p, for example, this integral after transfor-
mations has the form

p(x) = 2?‘” /OOO sin (%[3) cos <%ﬂ> %

In the absence of p(x) or ¢(z), the right-hand side of the corresponding equation
is equal to zero.

Thus, the constructed scheme makes it possible, proceeding from bottom to top,
successively to determine all unknown parameters related to one another by
chain dependence, which considerably simplifies the calculations, since in the
end everything reduces to solving a system of two equations with two unknowns
A and B of the form

f11(B)A + f12(8)B = Fi(B); fo1(B)A+ fo2(B) B = Fy(B).

The corresponding matrix has the form

o= 1) 20

The solution is carried out on an electronic digital computer, obtaining by one
of the existing methods the inverse matrix

il e

sovietrxiv.org/items/ru-196801.36314 Machine Translation


https://sovietrxiv.org/items/ru-196801.36314

As a result, A and B are found from the expressions

A=01(B)F1(B) + v12(8) F2(B); B = 091(B)F1(B) + a2 (B) F5(B)-

The values fiq, ..., fos, F1(f) and F,(f) are easily found for specific conditions
from the formulas given above. Thus, for example, for the second layer of a
three-layer medium under a rectangular normal load on the surface,

Fia(8) = 1 GAeP(1 4 ry) shiryf — o byl

f128) = (1=8)+ e P[(my—1) — %57"2/3} shry3 — e P(my — 1)ryBchryf;

9 = otttan S

where ry = hy/H.

The problem considered has practical significance for the calculation of engineer-
ing structures made of layers of heterogeneous materials. With a small number
of layers it is possible to express the parameters A, ..., D through E, u, § and to
obtain expressions for stresses and strains directly as functions of the coordinates
of the point and of the elastic constants of the layers.

The author expresses his gratitude to Prof. A. F. Smirnov for a number of
valuable suggestions.
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