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The purpose of the present note is to obtain analogues of Theorem 1 from (%)
and Theorem 4 from (2) for the case of multidimensional completely regular
stationary processes (cf. (3, 4)).

1. Let first £(t) = (& (), ..., &, (t)) be a stationary process with discrete time
t=..,1,0,1,.... The process £(t) is completely regular if

sup |Ezy| = p(1) — 0, T — 00,

where the supremum is taken over all z € H° _, y € H>, E|z|> = E|y|*> = 1,
and H? denotes the linear closed (in the mean-square sense) span of the random
variables §;(t), j = 1,...,n, a <t < b. Denote by f(A) = |f;;(A)] the spectral
matrix density of £(t).

Theorem 1. The spectral density f(X\) of a completely regular process is always
representable in the form

f) =P gNP*(e?),  P=|Pyl.  g=lgyl-

Here P(z) is a diagonal polynomial matriz, and the primitives G,;(\) of the
functions g;;(\) satisfy the condition

|G1-j()\ +h)+ GijO\ —h)— QG” Al
w;;(6) = sup 1/2 1/2
A hi<s [Gi(N+ B) =GN [Y2G (A + h) — G (V)Y

— 0. (1)

We give the scheme of the proof of this theorem. By Theorem 1 from (1), for
alli=1,...,n,

fi(A) = |Pz’i(ei}\)|2gii(}‘)7
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where P;;(z) is a polynomial with roots on |z| = 1, and G,;(\) satisfies condi-
tion (1). We now define the matrix P(z) as the diagonal matrix with diagonal
elements P,;(z), and then define the matrix g(\) from the equality

F) =P(e?)g(NP*(e).

Lemma 1. The matriz g(\) is the spectral matriz density of a stationary
completely regular process.

In proving Lemma 1 it suffices to consider only the case when one of the diagonal
elements of the matrix P(e’*) has the form e’ — ¢ while all the others are
equal to one. In this case the proof is carried out in the same way as the proof
of Lemma 3.1 from (1).

Put

P I ok wan

hi(tp) = hy(t) = 5 S2(0/2)

The principal role in the proof of Theorem 1 is played by the following

Lemma 2. Let a(\) be an odd, three times differentiable function with bounded
third derivative, vanishing outside [—1,1].

Then, as t — oo, uniformly in p,

1 ‘ /’T sin®(tA/2)

P ) Sy d/\‘ = o (\/h(On;(1)) - 2)

t

The proof of the lemma is too cumbersome to present here; we note only that
it is based on ideas similar to those used in ! in the proof of Lemma 3.3.

Let now € > 0 be an arbitrary positive number. Define an even, three-
times differentiable function a.(\) so that on [e,1 — €] a.(\) coincides with
(A/2)2sin ?(\/2), is equal to zero outside [—1,1], increases monotonically on
[—¢, €], and decreases monotonically on [1 —e, 1]. Substituting in (2) a, in place
of a, using the properties of the functions h,(t) proved in !, and arguing in the
same way as at the end of the proof of Theorem 1 of !, we arrive at (1), in any
case, if i # j. In the case i = j, equality (1) follows from .

From Theorem 1 there immediately follows the following result, which is a
strengthening of Theorem 4 of 4.

The functions f;;(A) have no discontinuities of the first kind at those points A,
where
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Ao+6 Ao+d
Fie(A)dX - / fi;(A) dA = 0(6?), J— 0.
Ao—3 No—0

Theorem 2 (cf. ). Let the spectral density f(\) of the process &(t) =
(&(t), ..., &, (1)) be representable in the form
f(A) = P(e)g(A)P*(e),

where P(z) is a polynomial matrix, all elements of the matrix g(\) are bounded
and satisfy condition (1), and moreover

Zw?j@*k) < 00, 0 <m < detg(N), 0<m<g,;(N), i=1,...,n
k

Then the process £(¢) is completely regular.

2. Let now £(t) be a process with continuous time ¢, —oco < ¢ < co. We shall
still denote the spectral (matrix) density of the process £(t) by f(\).

Theorem 3. Whatever positive number a may be, the spectral density f(\) of
a completely regular process £(t) can be written in the form

f(A) = P, (NgMPL(A),

where P()) is a diagonal polynomial matrix, and the transformed G;(\) of the
functions g;;(A), g, = |94, satisfy the condition

G;:( A+ h)+G.(A—h) —2G,(\) u
sup G 1/; ;| 75 = wi.j)(é) —0. (3)
IN<a, [1I<6 [G(A + h) = G (V[T |G (A + h) — G ;M)

Theorem 4 (cf. 4). Let the spectral density f(\) of the process £(t) be repre-
sentable in the form

f(A) = B(A)g(M)B*(A),
where all elements B, ;(A) of the matrix B()) are entire functions of finite de-

gree, square-summable. Suppose further that all elements of the matrix g are
bounded, satisfy condition (3) with a = oo, and moreover

Skt <o, D<m<detgh),  0<m<gi(N).
k
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Then the process £(t) is completely regular.
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