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Let the function f(zq,...,x,) be given at every point of some domain G of the
n-dimensional Euclidean space R,,. We introduce the difference forms
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Theorem 1. For any natural k£ and arbitrary integer [ > 0, the following
identities hold, establishing a relation between the total difference (1) and the
mixed differences (2):
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where Ay, (f) =0, and for [ > 1
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In the case of functions of two variables, identities (4) have the form:
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where Ay, o(f) =0, and for [ > 1
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From (5) one can obtain a number of identities for partial derivatives and direc-
tional derivatives.

Corollary. If f(x,y) has continuous derivatives f,. iv(zg,99) (¥ =
0,1,2,...,k) at some point My(zy,y,), then for this function at the point M,

there exists the derivative f/(\k>(a:0, yo) of order k in the direction y = Az, and

f (%ayo) (A2 1)7h/2 Z ( )Akyfiﬁ{yku(an Yo)- (6)

From the identities (4) for [ = 0 one can obtain relations analogous to (6) also
for the case of functions of any number of variables.

Using the system (5) for I = 0,1,2, ...,k and observing that the determinant of
this system
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is not equal to zero, one can obtain identities expressing each mixed difference
ALKV f(x,y) in terms of complete differences of order k, defined (for n = 2) by
equality (1), and with their help arrive at the validity of the following proposi-
tions.

Theorem 2. If at some point M, (z,,y,) the function f(x,y) has continuous
mixed derivatives f,. s (%9, Yp) (v =0,1,2,..., k), then one can indicate k + 1
directions y = A\, (i =0,1,2,..., k), and numbers p,();, k, v) such that for any
v(v=12,...,k—1)

k

k
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where f/(\k>(x0,y0) is the derivative of order k in the direction y = \;z, respec-
tively.
Thus, for example, when k = 3,

V2 3 V2 )

3 1.3
I (@o,w0) = 5 13 (w0,00) = 5 10 (@0, w0) = 5 1 (20 90): (8)

where \; = —1, Ay =1, A3 =0.

Theorem 3. If the function f(z4, ..., z, ) is continuous in some domain G of the

n-dimensional Euclidean space R,,, then for every domain @ such that Q C G,
the inequality

w T (f’ |u1|77|un|> Sckwk<f; |u1|aa|un|) (9)
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holds, where

wplfiluly oo ug]) = sup  sup |AE L f(a, @) (10)
MeQ  [t;|<|ul
(i=1,2,...,n)
is the complete modulus of smoothness of the function f(zq,...,2,) in G, and
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are its mixed moduli of smoothness, under the assumption that the points
M, (zq + kuq,...,xz, + ku,) € G. The constant ¢, in the inequality (8) does
not depend on the function f, nor on the domains G and Q.

Let us give the values of the constants ¢;, thus obtained for some k when n = 2
(see (1)).

Ifk=2r =1,ry=1, then ¢, = 3/2% for k =3, r; =1, ry = 2, the constant
cq = 5/3; for the case k =4, r; = 2, ry = 2, the constant ¢, = 11/6; if, however,
k=4, and r =1, ry =3, then ¢, = 22/7.

Let us note that, in this way, the identities presented above contain a direct proof
of the proposition, stated in 1957 by A. F. Timan, on the validity of inequality
(8). For uy = uy = ... = u,,, this inequality, as noted in the abstract of Yu. A.
Brudunyi (see (5), p. 26), can be obtained by applying the apparatus of the theory
of approximation of functions of many variables by so-called quasipolynomials.

From (8) and (4), for [ = 0, it follows that

Theorem 4. *If f(zy,...,z,) is a continuous function in some domain G, then
in every domain @ such that Q C G, the following order relation holds**:*

wp (fs luglesfugl) = max o (s el e} (12)

T1sTn

(ry+ro+..4r,=k)

From the same considerations, based on identity (4), there also follows a theorem
analogous to Theorem 4 for the full and mixed moduli of smoothness in the
integral metrics L,,, defined in the usual way.

In the periodic case, for 1 < p < oo, this assertion also follows from a result
obtained by the author in (2) (see also (3), p. 21, Theorem 4), with the aid of
considerations from the theory of approximation of functions.
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* For n = 2 and k = 2, inequality (9) with the constant ¢, = 2 is given in (4),
p- 180.

** o < f means that ¢; 8 < a < ¢, 3, where ¢; and ¢, are some positive constants.
Note: Figure translations are in progress. See original paper for figures.
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