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Abstract
Full Text
UDC 517.5

MATHEMATICS

M. F. TIMAN

SOME IDENTITIES FOR FUNCTIONS OF
MANY VARIABLES AND THEIR APPLICA-
TION
(Presented by Academician S. N. Bernstein on 6 III 1967)

Let the function 𝑓(𝑥1, … , 𝑥𝑛) be given at every point of some domain 𝐺 of the
𝑛-dimensional Euclidean space 𝑅𝑛. We introduce the difference forms

Δ𝑘
𝑢1,…,𝑢𝑛

𝑓(𝑥1, … , 𝑥𝑛) =
𝑘

∑
𝜈=0

(−1)𝑘−𝜈(𝑘
𝜈)𝑓(𝑥1 + 𝜈𝑢1, … , 𝑥𝑛 + 𝜈𝑢𝑛); (1)

Δ𝑟1,…,𝑟𝑛𝑢1,…,𝑢𝑛𝑓(𝑥1, … , 𝑥𝑛) = Δ𝑟1𝑢1 ⋯ Δ𝑟𝑛𝑢𝑛𝑓(𝑥1, … , 𝑥𝑛), (2)

where

Δ𝑟𝑖𝑢𝑖𝑓(𝑥1, … , 𝑥𝑛) =
𝑟𝑖

∑
𝜈=0

(−1)𝑟𝑖−𝜈(𝑟𝑖
𝜈 )𝑓(𝑥1, … , 𝑥𝑖−1, 𝑥𝑖 + 𝜈𝑢𝑖, 𝑥𝑖+1, … , 𝑥𝑛). (3)

Theorem 1. For any natural 𝑘 and arbitrary integer 𝑙 ≥ 0, the following
identities hold, establishing a relation between the total difference (1) and the
mixed differences (2):

𝑘
∑

𝜈𝑛−1=0

𝜈𝑛−1

∑
𝜈𝑛−2=0

⋯
𝜈2

∑
𝜈1=0

(−1)𝜈1+⋯+𝜈𝑛−12(𝑘−𝜈1)𝑙𝑘! Δ𝜈1,𝜈2−𝜈1,…,𝜈𝑛−1−𝜈𝑛−2, 𝑘−𝜈𝑛−1𝑢1,…,𝑢𝑛 𝑓(𝑥1, … , 𝑥𝑛)
(𝑘 − 𝜈𝑛−1)!(𝜈𝑛−1 − 𝜈𝑛−2)! ⋯ (𝜈2 − 𝜈1)!𝜈1! =

= 2𝑘𝑙Δ𝑘
−𝑢1/2𝑙,−𝑢2,…,−𝑢𝑛−1,𝑢𝑛

𝑓(𝑥1, … , 𝑥𝑛−2, 𝑥𝑛−1 + 𝑘𝑢𝑛−1, 𝑥𝑛) + 𝐴𝑘+1,𝑙(𝑓), (4)

where 𝐴𝑘+1,0(𝑓) = 0, and for 𝑙 ≥ 1
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𝐴𝑘+1,𝑙(𝑓) =
𝑘

∑
𝜈𝑛−1=0

𝜈𝑛−1

∑
𝜈𝑛−2=0

⋯
𝜈2

∑
𝜈1=0

(−1)𝜈1+⋯+𝜈𝑛−1×

×
𝜈1

∑
𝜇=0

𝑙−1
∑
𝑝=0

2(𝑘−𝜈1)𝑙+𝑝𝜈1𝑘! 𝑆𝜇,𝑘+1,𝑝(𝑓)
(𝑘 − 𝜈𝑛−1)!(𝜈𝑛−1 − 𝜈𝑛−2)! ⋯ (𝜈2 − 𝜈1)!(𝜈1 − 𝜇)!𝜇! ,

𝑆𝜇,𝑘+1,𝑝(𝑓) =
𝜇−1
∑
𝑖=0

Δ𝜈1+1,𝜈2−𝜈1,…,𝜈𝑛−1−𝜈𝑛−2, 𝑘−𝜈𝑛−1
𝑢1/2𝑝+1, 𝑢2,…,𝑢𝑛

𝑓(𝑥1 + 𝑖𝑢1
2𝑝+1 , 𝑥2, … , 𝑥𝑛) .

In the case of functions of two variables, identities (4) have the form:

𝑘
∑
𝜈=0

(−1)𝜈2(𝑘−𝜈)𝑙 𝑘!
(𝑘 − 𝜈)!𝜈!Δ

𝜈,𝑘−𝜈
𝑢1,𝑢2

𝑓(𝑥1, 𝑥2) =

= 2𝑘𝑙Δ𝑘
−𝑢1/2𝑙,𝑢2

𝑓(𝑥1 + 𝑘𝑢1
2𝑙 , 𝑥2) + 𝐴𝑘+1,𝑙(𝑓), (5)

where 𝐴𝑘+1,0(𝑓) = 0, and for 𝑙 ≥ 1

𝐴𝑘+1,𝑙(𝑓) =
𝑘

∑
𝜈=0

(−1)𝜈
𝜈

∑
𝜇=0

𝑙−1
∑
𝑝=0

2(𝑘−𝜈)𝑙+𝑝𝜈𝑘!
(𝑘 − 𝜈)!(𝜈 − 𝜇)!𝜇!

𝜇−1
∑
𝑖=0

Δ𝜈+1,𝑘−𝜈
𝑢1/2𝑝+1,𝑢2

𝑓(𝑥1 + 𝑖𝑢1
2𝑝+1 , 𝑥2) .

From (5) one can obtain a number of identities for partial derivatives and direc-
tional derivatives.

Corollary. If 𝑓(𝑥, 𝑦) has continuous derivatives 𝑓𝑥𝜈,𝑦𝑘−𝜈(𝑥0, 𝑦0) (𝜈 =
0, 1, 2, … , 𝑘) at some point 𝑀0(𝑥0, 𝑦0), then for this function at the point 𝑀0
there exists the derivative 𝑓 (𝑘)

𝜆 (𝑥0, 𝑦0) of order 𝑘 in the direction 𝑦 = 𝜆𝑥, and

𝑓 (𝑘)
𝜆 (𝑥0, 𝑦0) = (𝜆2 + 1)−𝑘/2

𝑘
∑
𝜈=0

(𝑘
𝜈)𝜆𝑘−𝜈𝑓 (𝑘)

𝑥𝜈,𝑦𝑘−𝜈(𝑥0, 𝑦0). (6)

From the identities (4) for 𝑙 = 0 one can obtain relations analogous to (6) also
for the case of functions of any number of variables.

Using the system (5) for 𝑙 = 0, 1, 2, … , 𝑘 and observing that the determinant of
this system
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𝛿 =
𝑘

∏
𝜈=0

(−1)𝜈 𝑘!
(𝑘 − 𝜈)!𝜈!

∣
∣
∣
∣
∣

1 1 1 … 1 1
2𝑘 2𝑘−1 2𝑘−2 … 2 1
22𝑘 22(𝑘−1) 22(𝑘−2) … 22 1
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

2𝑘2 2𝑘(𝑘−1) 2𝑘(𝑘−2) … 2𝑘 1

∣
∣
∣
∣
∣

is not equal to zero, one can obtain identities expressing each mixed difference
Δ𝜈,𝑘−𝜈

𝑢,𝑣 𝑓(𝑥, 𝑦) in terms of complete differences of order 𝑘, defined (for 𝑛 = 2) by
equality (1), and with their help arrive at the validity of the following proposi-
tions.

Theorem 2. If at some point 𝑀0(𝑥0, 𝑦0) the function 𝑓(𝑥, 𝑦) has continuous
mixed derivatives 𝑓𝑥𝜈,𝑦𝑘−𝜈(𝑥0, 𝑦0) (𝜈 = 0, 1, 2, … , 𝑘), then one can indicate 𝑘 + 1
directions 𝑦 = 𝜆𝑖𝑥 (𝑖 = 0, 1, 2, … , 𝑘), and numbers 𝜇𝑖(𝜆𝑖, 𝑘, 𝜈) such that for any
𝜈 (𝜈 = 1, 2, … , 𝑘 − 1)

𝑓𝑘
𝑥𝜈,𝑦𝑘−𝜈(𝑥0, 𝑦0) =

𝑘
∑
𝑖=0

𝜇𝑖(𝜆𝑖, 𝑘, 𝜈)𝑓 (𝑘)
𝜆𝑖

(𝑥0, 𝑦0), (7)

where 𝑓 (𝑘)
𝜆 (𝑥0, 𝑦0) is the derivative of order 𝑘 in the direction 𝑦 = 𝜆𝑖𝑥, respec-

tively.

Thus, for example, when 𝑘 = 3,

𝑓 (3)
𝑥,𝑦2(𝑥0, 𝑦0) =

√
2

3 𝑓 (3)
𝜆1

(𝑥0, 𝑦0) −
√

2
3 𝑓 (3)

𝜆2
(𝑥0, 𝑦0) − 1

3𝑓 (3)
𝜆3

(𝑥0, 𝑦0), (8)

where 𝜆1 = −1, 𝜆2 = 1, 𝜆3 = 0.
Theorem 3. If the function 𝑓(𝑥1, … , 𝑥𝑛) is continuous in some domain 𝐺 of the
𝑛-dimensional Euclidean space 𝑅𝑛, then for every domain 𝑄 such that 𝑄 ⊂ 𝐺,
the inequality

𝜔 𝑟1,…,𝑟𝑛
(𝑟1+𝑟2+⋯+𝑟𝑛=𝑘)

(𝑓; |𝑢1|, … , |𝑢𝑛|) ≤ 𝑐𝑘𝜔𝑘(𝑓; |𝑢1|, … , |𝑢𝑛|) (9)

holds, where

𝜔𝑘(𝑓; |𝑢1|, … , |𝑢𝑛|) = sup
𝑀∈𝑄

sup
|𝑡𝑖|≤|𝑢𝑖|

(𝑖=1,2,…,𝑛)

∣Δ𝑘
𝑡1,…,𝑡𝑛

𝑓(𝑥1, … , 𝑥𝑛)∣ (10)

is the complete modulus of smoothness of the function 𝑓(𝑥1, … , 𝑥𝑛) in 𝐺, and

sovietrxiv.org/items/ru-196801.35308 Machine Translation

https://sovietrxiv.org/items/ru-196801.35308


𝜔𝑟1,…,𝑟𝑛
(𝑓; |𝑢1|, … , |𝑢𝑛|) = sup

𝑀∈𝑄
sup

|𝑡𝑖|≤|𝑢𝑖|
(𝑖=1,2,…,𝑛)

∣Δ𝑟1,…,𝑟𝑛
𝑡1,…,𝑡𝑛

𝑓(𝑥1, … , 𝑥𝑛)∣ (11)

are its mixed moduli of smoothness, under the assumption that the points
𝑀𝑢(𝑥1 + 𝑘𝑢1, … , 𝑥𝑛 + 𝑘𝑢𝑛) ∈ 𝐺. The constant 𝑐𝑘 in the inequality (8) does
not depend on the function 𝑓 , nor on the domains 𝐺 and 𝑄.

Let us give the values of the constants 𝑐𝑘 thus obtained for some 𝑘 when 𝑛 = 2
(see (1)).

If 𝑘 = 2, 𝑟1 = 1, 𝑟2 = 1, then 𝑐2 = 3/2*; for 𝑘 = 3, 𝑟1 = 1, 𝑟2 = 2, the constant
𝑐3 = 5/3; for the case 𝑘 = 4, 𝑟1 = 2, 𝑟2 = 2, the constant 𝑐4 = 11/6; if, however,
𝑘 = 4, and 𝑟1 = 1, 𝑟2 = 3, then 𝑐4 = 22/7.
Let us note that, in this way, the identities presented above contain a direct proof
of the proposition, stated in 1957 by A. F. Timan, on the validity of inequality
(8). For 𝑢1 = 𝑢2 = … = 𝑢𝑛, this inequality, as noted in the abstract of Yu. A.
Brudnyi (see (5), p. 26), can be obtained by applying the apparatus of the theory
of approximation of functions of many variables by so-called quasipolynomials.

From (8) and (4), for 𝑙 = 0, it follows that
Theorem 4. *If 𝑓(𝑥1, … , 𝑥𝑛) is a continuous function in some domain 𝐺, then
in every domain 𝑄 such that 𝑄 ⊂ 𝐺, the following order relation holds**:*

𝜔𝑘 (𝑓; |𝑢1|, … , |𝑢𝑛|) ≍ max𝑟1,…,𝑟𝑛
(𝑟1+𝑟2+…+𝑟𝑛=𝑘)

{𝜔𝑟1,…,𝑟𝑛
(𝑓; |𝑢1|, … , |𝑢𝑛|)} . (12)

From the same considerations, based on identity (4), there also follows a theorem
analogous to Theorem 4 for the full and mixed moduli of smoothness in the
integral metrics 𝐿𝑝, defined in the usual way.

In the periodic case, for 1 < 𝑝 < ∞, this assertion also follows from a result
obtained by the author in (2) (see also (3), p. 21, Theorem 4), with the aid of
considerations from the theory of approximation of functions.

Dnepropetrovsk Agricultural Institute

Received 23 I 1967
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** 𝛼 ≍ 𝛽 means that 𝑐1𝛽 ≤ 𝛼 ≤ 𝑐2𝛽, where 𝑐1 and 𝑐2 are some positive constants.

Note: Figure translations are in progress. See original paper for figures.
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