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A. F. Leont’ ev posed the following problem. Suppose, for example, that a
system of entire functions {f;(z)} is given; using it, form a sequence of linear
aggregates

P.(z) = Zn:dimfi(z) (n=1,2,..).

It is known a priori that this sequence converges uniformly inside a certain
domain. It is required to find out what properties the limiting function of
the sequence under consideration has. A number of works are devoted to the
solution of this problem (see (1'?) and others). In the present note we give results
of an investigation of the indicated problem as applied to linear aggregates
consisting of a system of entire functions of many variables.

Let

(oo}

k k
f(Zl,...,Z”) = Z aklu.knzll ez (1)

Ky +-tk, =0

be an entire function of finite order with respect to the aggregate of variables;
let (o4, ...,0,) be the system of conjugate types for the order (pq, ..., p,,) of this
function.

We assume that the coefficients of the function (1) satisfy the conditions:
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Let {/\g;')} (t=1,...,n; j=1,2,...) be sequences of complex numbers satisfying
the conditions

0<P <D<, Tm——=r<o00 (i=1..,n). (2

Form the sequence

MM yeery m,,
LR 1 n
B, (1rees ) = 3 A Az, Az (3)
i1 yeyip =1

To investigate the sequence (3), we apply linear operators which are constructed
as follows. Let ¢(zq, ..., 2,) be an entire function of finite order with respect to
the aggregate of variables, and let (xq,...,X,) be the system of its conjugate
types for the order of growth (py, ..., p,,). Construct the function

t 1 = E k (Z ey 2 )
]'“kn 9 3
w(’z 7...7zn) 19+ n) kler kn n 7 ( )

k],...,klz( 1] ...tn 1 1

where

Aklmkn (21505 Zn) = Bkl.“kn (21505 Zn)/a'kr“kn?
= k k
PO A FA 2 s Aan) = Y By g (21, 2) A At
kys.kn,=0

Let us note that for |z;| < R, (i = 1,...,n) the function (4) is a regular function
in the domain

D {1t > m(Ry) = [m/pPo, + (R/6)7]" (i=1,...,m) }.

Let F(zy,...,2,) be a function regular in some complete n-circular domain G
with center at the origin. Introduce the operator

C[F] = /w(zl,...,zn,tl,...,tn)F(tl,... Vdt e, (5)
A

(2mi)"

where A is the skeleton of the polycylinder B{ |t;| < R, (1 =1,2,...,n) } € G.

We show that if the function F'(zq,..., 2, ) is regular in the complete n-circular

r n

domain G with center at the origin, containing inside it the polycylinder
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Ellzl <R, R >p(0) (i=1,...,n)},

then the operator (5) is defined and represents a regular function in the complete
n-circular domain

G, = UB{ 2| <7y pi(ry) =R, (i =1,....n) }

(R, > py(0) (i=1,.,m)].

Here the union is considered over all those and only those systems R; > p,;(0)
(i = 1,...,n) for which the polycylinders {|z;| < R; (i = 1,...,n) } belong to
the domain G. In particular, if F(z,...,%,) is an entire function, then £[F)
also represents an entire function.

The function ¢(zy,...,2,) will be called the characteristic function, and

rn

f(z1, ..., 2,) the generating function of the operator (5).

Applying the operator £[F] as the apparatus for investigating sequences of the
form (3), we obtain the following propositions.

Theorem 1. Let the sequence (3) converge uniformly inside the polycylinder
&{l|z| < R;y, R; > 11;(0) (i =1,...,n) }; then the limiting function

m(zlv"wzn) = lim ;Bml...mn<zlv'-'azn)

in the polycylinder B{ |z;| < r;, u;(r;) = R; (i =1,...,n) } satisfies the equation
£1[P] = 0, where £,[P] is an operator of the form (5) with characteristic

function
- I () |- () 1)

here m is an integer > max(pq, ..., p,,)-

: (1) (n) ; C
Theorem 2. The system of functions {f(A; "2y, ..., A; "2,)} (iy, s 8, = 1,2, .0)

Z’IL
is not complete in any domain of the space C™ containing inside it the polycylin-
der &y s{ 2| <p;(0) (i=1,...,n)}. If 7, =0 (i = 1,...,n), then this system is
not complete in any domain of the space C™ containing the origin.

Theorem 3. Under the conditions of Theorem 1 there exist limits of the
coefficients of the sequence (3), i.e.

lm  dT = d (i, = 1,2,
ml,.“,mn—modll'”l" dzl...zn (’L17 »Un ) )
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Theorem 4. Two sequences of linear aggregates (3) and (6)

My ey My,

PBrosom, 21z = > O A2 Az, (6)

uniformly convergent in the polycylinder &£, converge to one and the same func-
tion if and only if the limiting values of the corresponding coefficients are equal.

From this theorem it follows, in particular, that the limiting values of the coeffi-
cients of the sequence (3) uniquely determine the limiting function, i.e., to each

limiting function P(zy, ..., z,,) there corresponds a definite series of the form
= 1 n
D i SOz A 5, (")
Upgeslp =1

The series (7), as examples show, may diverge, and even everywhere. The
following theorem shows how it can be summed.

Theorem 5. If the sequence (3) converges uniformly in the polycylinder &, and
the limiting function P(zq, ..., z,,) is regular in the complete n-circular domain G

" n

with center at the origin, containing the polycylinder &£, then inside the domain

Gy =Bzl <ris pilr) =R (i=1,...n)},
{‘zz| <Riv Ri >,U/Z(0) (izl,...,n)}@G7

uniformly
P21y ey 2py) = pl,ml,i;}?ﬁoo Qpl---pn (2155 2),s
where
e SN NP (m)
@p,..p, (21,5 2) = Z di, i, ‘I’(p)(/\il OREER /\i: )f(/\il SSERIEE )‘i: Zn);
iy =1
n 2 m
Dy (215005 2,) = H {H ll — (ch)) 1 } (P1y ey P = 1,2, ..0).
ty=py (k=1 /\ik
=Py

To clarify the question of where and under what conditions the series (7) con-
verges, put
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0; = lim ———1In — |, 0,(z) = [1—( z.) },
oo e o)) =G
1/p;
N o ryPi] o
fi;(r) = [ b, + (5> ] (i=1,..,n),
where 6 = §,,if §; > 0; 67 =0, if §, < 0.
Theorem 6. Let §; < oo (i = 1,...,n), let the sequence (3) converge uniformly

in the polycylinder

Eflzl <R, R >1,0) (i=1,...,n)},

and let the limiting function P(zq, ..., 2, ) be regular in the complete n-circular
domain G, containing the polycylinder &;. Then the series (7) converges abso-
lutely and uniformly inside the domain

G2 = UB{|Z’L| <7y ﬁl(rz) = Rz (l =1,.. ,n)},

(5] < Ry, Ry >7,(0) (i=1,...,m)} €C.

In those cases when ¢; > 0 or, equivalently, 7,(0) > x,;(0), no conclusion can be
derived from Theorem 6 if the sequence (3) converges only in the polycylinder
£. In the indicated cases one may use the following theorem.

Theorem 7. If the sequence (3) converges uniformly in the polycylinder &,
and the limiting function is regular in the complete n-circular domain G with
center at the origin, containing within it the polycylinder &£, then the series (7)
converges absolutely and uniformly inside the domain G,.

Let us note some consequences of the last theorem.

Corollary 1. Suppose the sequence (3) converges uniformly in the polycylinder

r n
1,...,n) satisfy the condition §, < oo (¢ = 1,...,n), then the series (7) converges
absolutely and uniformly inside the whole space C".

&, and the limiting function F (24, ..., z,,) is entire. If the sequences {A;:)} (i =

Corollary 2. Suppose the coefficients of the function (1) satisfy the condition

1/(ky+-+k,)

( kl )kl/pl ( kn >kn/pn .
o1€py Tn€Pp '

Koy 4ty —00

lim |“ak1..‘kn
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If the sequence (3) converges uniformly in some neighborhood of the origin, and
moreover

I}LIEOW:(l 6120 (1217771),

then the series (7) converges absolutely and uniformly to the limiting function
F(zy,...,2,) inside the largest complete n-circular domain with center at the

rn

origin in which the function F(zq, ..., z,,) is regular.

rn

In conclusion, let us note that from the stated propositions, as a special case

(f(z1, ey 2,) = €177 20 ) there follows a number of known results concerning

multiple series of Dirichlet polynomials (see (3)).
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