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MATHEMATICS

M. I. GORDIN

ON RANDOM PROCESSES GENERATED BY
NUMBER-THEORETIC ENDOMORPHISMS
(Presented by Academician Yu. V. Linnik on 19 II 1968)

1. A. Rényi (1) studied transformations of the interval (0, 1) defined by the
formula 𝑇 𝑥 = {𝜑(𝑥)}, where {𝑎} denotes the fractional part of the number
𝑎, and 𝜑 = 𝑓−1, with the function 𝑓 satisfying one of the conditions A, B
and condition C. These conditions are as follows:

A. 𝑓 is defined and decreases on [1, +∞), 𝑓(1) = 1, 𝑓 is strictly positive, con-
tinuous and strictly decreasing on [1, 𝑇 ), and 𝑓 = 0 on [𝑇 , +∞), where 𝑇 is
either a natural number or +∞ (in this case it is meant that lim

𝑡→∞
𝑓(𝑡) = 0). In

addition, |𝑓(𝑡2) − 𝑓(𝑡1)| ≤ |𝑡2 − 𝑡1|, and there exists 𝜆, 0 < 𝜆 < 1, such that
|𝑓(𝑡2) − 𝑓(𝑡1)| ≤ 𝜆|𝑡2 − 𝑡1| if 1 + 𝑓(2) < 𝑡1 < 𝑡2.

B. 𝑓 is defined and increasing on [0, +∞), 𝑓(0) = 0, 𝑓 is continuous and strictly
increasing on [0, 𝑇 ], and 𝑓 = 1 on [𝑇 , +∞), where 𝑇 is either a natural number
or +∞ (in this case lim

𝑡→∞
𝑓(𝑡) = 1). In addition, 𝑓(𝑡2) − 𝑓(𝑡1) ≤ 𝑡2 − 𝑡1, if

0 ≤ 𝑡2 < 𝑡1.

C.
ess sup
0<𝑥<1

𝑓 ′
𝐸𝑛

(𝑥) ≤ 𝐶 ess inf
0<𝑥<1

𝑓 ′
𝐸𝑛

(𝑥).

Here 𝐸𝑛 = (𝜀1, 𝜀2, … , 𝜀𝑛), where 𝜀𝑖 are numbers from the range of values
of the function [𝜑(𝑥)], 0 < 𝑥 < 1 ([𝑎] is the integer part of 𝑎), 𝑓𝐸𝑛

(𝑥) =
𝑓(𝜀1 + 𝑓(𝜀2 + ⋯ + 𝑓(𝜀𝑛 + 𝑥) ⋯)), and the constant 𝐶 depends neither on
𝐸𝑛 nor on 𝑛.

It follows from Rényi’s results that if 𝑓 satisfies one of the conditions A, B
and condition C, then the sequence of functions 𝑎(𝑇 𝑛𝑥), 𝑛 ≥ 0, 𝑎(𝑥) = [𝜑(𝑥)],
generates on (0, 1) the entire Borel 𝜎-algebra, and for the transformation T
on (0, 1) there is an invariant measure P, having density 𝑝(𝑥) with respect to
Lebesgue measure, with

1/𝐶 ≤ 𝑝(𝑥) ≤ 𝐶
almost everywhere on (0, 1).
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V. A. Rokhlin (2) proved that under these conditions the transformation T of
the space 𝑋 = (0, 1) with measure P is an exact endomorphism, i.e. that

∞
⋂
𝑘=0

𝑀𝑘 = 𝑁.

Here 𝑀0 = 𝑀 is the 𝜎-algebra of Lebesgue subsets of (0, 1);

𝑀𝑘 = T−𝑘(𝑀)

is the 𝜎-algebra of sets differing only by a set of measure 0 from the complete
inverse image of some Lebesgue set with respect to 𝑇 𝑘; 𝑁 is the 𝜎-algebra
containing only sets of measure 0 or 1. Hence follows the ergodicity of T, proved
in (1).
The equality

∫
𝐴

𝑉 𝑔(𝑥) P(𝑑𝑥) = ∫
𝑇 −1(𝐴)

𝑔(𝑥) P(𝑑𝑥), 𝐴 ∈ 𝑀,

defines a linear operator 𝑉 , acting in each of the spaces 𝐿𝑝(P) (1 ≤ 𝑝 ≤ ∞)
with norm 1. The operator 𝑉 , which can be defined for any measure-preserving
transformation, has a number of interesting properties. In particular, if T is an
exact endomorphism of a space—

space 𝑋 with measure P, then for 𝑔 ∈ 𝐿𝑝(P), 1 ≤ 𝑝 < ∞,

𝑉 𝑛𝑔 −−−−→
𝐿𝑝(P)

∫
𝑋

𝑔(𝑥)P(𝑑𝑥).

This relation, in the situation considered by us, can be sharpened.

Let us formulate conditions D and E:

D. All the functions 𝑓 ′
𝐸𝑛

have bounded variation and

∑
𝐸𝑛

var(𝑓 ′
𝐸𝑛

) ≤ 𝐾,

where 𝐾 does not depend on 𝑛.

E.

var(𝑓 ′
𝐸𝑛

) ≤ 𝐾 ∫
1

0
|𝑓 ′

𝐸𝑛
(𝑥)| 𝑑𝑥,

where 𝐾 does not depend on 𝐸𝑛 or 𝑛.

Condition E is stronger than condition D, since
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∑
𝐸𝑛

∫
1

0
|𝑓 ′

𝐸𝑛
(𝑥)| 𝑑𝑥 = 1.

In Theorems 1, 2, 3 (see below) it is assumed that 𝑓 satisfies one of conditions
A, B and condition C. By 𝛼(𝑛) is denoted a function of the form 𝐴𝑒−𝜆𝑛, where
the constants 𝐴 > 0, 𝜆 > 0 depend only on 𝑓 .

Theorem 1. Let 𝑔 be a function of bounded variation. If condition D is satisfied,
then

ess sup
0<𝑥<1

∣𝑉 𝑛𝑔(𝑥) − ∫
1

0
𝑔(𝑢)P(𝑑𝑢)∣ ≤ 𝛼(𝑛) var(𝑔).

Let us now put 𝑋𝑘(𝑥) = [𝜑(𝑇 𝑘𝑥)] and denote by 𝑀𝑏
𝑎 the 𝜎-algebra generated

by all the functions 𝑋𝑘, 0 ≤ 𝑎 ≤ 𝑘 ≤ 𝑏 ≤ ∞.

Theorem 2. Let condition D be satisfied. Then

|P(𝐴 ∩ 𝐵) − P(𝐴)P(𝐵)| ≤ 𝛼(𝑛)P(𝐵),

if 𝐴 ∈ 𝑀𝑘
0 , 𝐵 ∈ 𝑀∞

𝑘+𝑛, 𝑛 ≥ 1.

Theorem 3. Let condition E be satisfied. Then

|P(𝐴 ∩ 𝐵) − P(𝐴)P(𝐵)| ≤ 𝛼(𝑛)P(𝐴)P(𝐵),

if 𝐴 ∈ 𝑀𝑘
0 , 𝐵 ∈ 𝑀∞

𝑘+𝑛, 𝑛 ≥ 1.

Remark 1. Condition E is satisfied if, for example, 𝑓″ exists and for some
𝑝 > 1

sup
𝑙

∫
1

0
∣ 𝑓

″(𝑥 + 𝑙)
𝑓 ′(𝑥 + 𝑙) ∣

𝑝
𝑑𝑥 < +∞.

The numbers 𝑙 run through the range of values of the function [𝜑(𝑥)], 𝑥 ∈ (0, 1).
Remark 2. If 𝜃 > 1, 𝜃 nonintegral, then 𝑓(𝑥) = 𝑥/𝜃 does not satisfy condition
B. However, as shown in (1) and (3), the sequence 𝑋𝑘 generates the Borel 𝜎-
algebra, and the transformation 𝑇 has an invariant measure. For the case 𝜃 > 2
one can prove analogues of Theorems 1 and 2 with 𝛼(𝑛) = 𝐴(2/𝜃)𝑛.

Remark 3. The results of Theorems 1, 3 for 𝑓(𝑥) = 1/𝑥 give estimates known
in the metric theory of continued fractions (8). Under more stringent restrictions
on 𝑓 , an estimate of order 𝐴𝑒−𝜆√𝑛 was obtained in (4).
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2. Here probabilistic notation will be used. All mathematical expectations are
taken with respect to the invariant measure P. Let 𝑔 ∈ 𝐿2(P), E𝑔 = 0. The
sequence 𝑔(𝑇 𝑘𝑥), 𝑘 ≥ 0, forms a stationary random process. A number of results
are known which make it possible to apply limit theorems to similar processes

probability theory, provided only that these processes are asymptotically inde-
pendent in a certain sense, as, for example, the process 𝑋𝑘 in Theorem 2 (for
the central limit theorem see, for example, (5), Ch. XVIII). However, one of
the conditions for the applicability of such theorems is the relation

𝐵𝑛(𝑔) = E (
𝑛−1
∑
𝑘=0

𝑔(𝑇 𝑘𝑥))
2

−−−→
𝑛→∞

∞,

whose verification is not always simple.

Theorem 4. If 𝑓 satisfies the conditions of Theorem 1 and 𝑓 ′ is continuous,
𝑔(𝑥) = 𝐺([𝜑(𝑥)]), E𝑔 = 0, E𝑔2 < ∞, then

𝐵𝑛(𝑔) −−−→
𝑛→∞

∞.

Theorem 5. If 𝑓 satisfies the conditions of Theorem 1, 𝑔 is an unbounded
function, 𝑉 𝑔 has bounded variation, E𝑔 = 0, E𝑔2 < ∞, then

𝐵𝑛(𝑔) −−−→
𝑛→∞

∞.

Let 𝑞𝑛(𝑥) be the denominator of the 𝑛-th convergent of the expansion of the
number 𝑥 into an ordinary continued fraction. With the aid of Theorem 5, for
𝑓(𝑥) = 1/𝑥,

𝑔(𝑥) = ln 1
𝑥 − ∫

1

0
ln 1

𝑥 𝑝(𝑥) 𝑑𝑥, where 𝑝(𝑥) = 1
(1 + 𝑥) ln 2 ,

one can prove that

∫
1

0
(ln 𝑞𝑛(𝑥) − ∫

1

0
ln 𝑞𝑛(𝑢) 𝑝(𝑢) 𝑑𝑢)

2

𝑝(𝑥) 𝑑𝑥 −−−→
𝑛→∞

∞.

Relying on this relation, one can prove the central limit theorem and the law of
the iterated logarithm for ln 𝑞𝑛 (see (7)).

Remark 4. The result of Theorem 4 for 𝑓(𝑥) = 1/𝑥 and the above relation for
ln 𝑞𝑛 were stated without proof by W. Doeblin (6).
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In conclusion, the author expresses his gratitude to I. A. Ibragimov for posing
the problem and for his attention to the work.

Leningrad State University
named after A. A. Zhdanov

Received
5 II 1968
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