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MATHEMATICS

V. V. KREKHIVSKII, M. I. MATIICHUK

FUNDAMENTAL SOLUTIONS AND THE
CAUCHY PROBLEM FOR LINEAR PARABOLIC
SYSTEMS WITH A BESSEL OPERATOR
(Presented by Academician I. N. Vekua on 11 XII 1967)

Fundamental solutions and the Cauchy problem for systems uniformly parabolic
in the sense of Petrovskii have now been studied quite completely (1,2). Here
analogous questions are solved for parabolic systems in which, along with or-
dinary derivatives, powers of the Bessel operator occur; this corresponds to
systems expressed on a hyperplane. For systems of linear equations with con-
stant coefficients in partial derivatives with Bessel operators, Ya. I. Zhitomirskii
(3) proved the correct solvability of the Cauchy problem in the class of gener-
alized functions. To obtain explicit formulas for the solution he made essential
use of generalized shift operators corresponding to the Bessel operator, which
were investigated by Ya. B. Levitan (4).
In the works of I. A. Kipriyanov and V. I. Kononenko (5,6), boundary-value
problems were studied and fundamental solutions were constructed for elliptic
equations containing powers of the Bessel operator.

1. Definition of the Green matrix. Consider the Cauchy problem for the
system of differential equations

𝐿𝑈 ≡ 𝜕𝑈
𝜕𝑡 − ∑

|𝑘|+2𝑗≤2𝑏
(−𝑖)|𝑘|𝐴𝑘𝑗(𝑡, 𝑥)𝐷𝑘

𝑥′(−𝐵𝑥𝑛+1
)𝑗𝑈(𝑡, 𝑥) = 𝑓(𝑡, 𝑥), (1)

𝑈∣𝑡=+𝑡0
= 𝜑(𝑥), 𝜕𝑈/𝜕𝑥𝑛+1∣𝑥𝑛+1=0 = 0, (2)

where 𝐵𝑥𝑛+1
is the Bessel operator

𝐵𝑥𝑛+1
= 𝜕2

𝜕𝑥2
𝑛+1

+ 2𝜈 + 1
𝑥𝑛+1

𝜕
𝜕𝑥𝑛+1

, 𝜈 > −1/2;

(𝑡, 𝑥) ∈ [𝑡0, 𝑇 ] × 𝐸+
𝑛+1 = Π+;
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𝐸+
𝑛+1 is the Euclidean space of points

(𝑥1, … , 𝑥𝑛, 𝑥𝑛+1) = (𝑥′, 𝑥𝑛+1), 𝑥𝑛+1 ≥ 0.

Definition 1. System (1) is called 𝐵-parabolic if, for every 𝜎 ∈ 𝐸+
𝑛+1 and all

(𝑡, 𝑥) ∈ Π+, the roots of the equation

det ∥ ∑
|𝑘|+2𝑗=2𝑏

𝐴𝑘𝑗(𝑡, 𝑥)𝜎′𝑘𝜎2𝑗
𝑛+1 − 𝜆𝐸∥ = 0

satisfy the inequality

Re 𝜆(𝑡, 𝑥, 𝜎) ≤ −𝛿(𝜎2
1 + ⋯ + 𝜎2

𝑛+1)𝑏,

where 𝛿 is a positive constant.

Definition 2. We shall call the Green matrix of the 𝐵-parabolic system

𝜕𝑈
𝜕𝑡 = ∑

|𝑘|+2𝑗≤2𝑏
(−𝑖)|𝑘|𝐴𝑘𝑗(𝑡)𝐷𝑘

𝑥′(−𝐵𝑥𝑛+1
)𝑗𝑈 (3)

a matrix 𝐺(𝑡, 𝜏, 𝑥, 𝜉) such that the solution of the Cauchy problem (3), (2) for
any initial smooth finite function 𝜑(𝑥) is represented by the integral

𝑈(𝑡, 𝑥) = ∫
𝐸+

𝑛+1

𝐺(𝑡, 𝑡0, 𝑥, 𝜉)𝜑(𝜉)𝜉2𝜈+1
𝑛+1 𝑑𝜉.

If one seeks the solution of problem (3), (2) by means of the Fourier–Bessel
transform

𝑈(𝑡, 𝑥) = 1
(2𝜋)𝑛22𝜈Γ2(𝜈 + 1) ∫

𝐸+
𝑛+1

𝑒𝑖𝜎′⋅𝑥′𝑈(𝑡, 𝜎)𝑗𝜈(𝑥𝑛+1𝜎𝑛+1)𝜎2𝜈+1
𝑛+1 𝑑𝜎,

then for 𝐺(𝑡, 𝜏, 𝑥, 𝜉) we obtain the formula

𝐺(𝑡, 𝜏, 𝑥, 𝜉) = 𝑇 𝜉𝑛+1𝑥𝑛+1 𝐺(𝑡, 𝜏, 𝑥′ − 𝜉′, 𝑥𝑛+1) = 𝐶𝜈 ∫
𝐸+

𝑛+1

𝑒𝑖𝜎′⋅(𝑥′−𝜉′)𝑄(𝑡, 𝜏, 𝜎)𝑗𝜈×

×(𝑥𝑛+1𝜎𝑛+1)𝑗𝜈(𝜉𝑛+1𝜎𝑛+1)𝜎2𝜈+1
𝑛+1 𝑑𝜎,

where
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𝐺(𝑡, 𝜏, 𝑥) = 𝐶𝜈 ∫
𝐸+

𝑛+1

𝑒𝑖𝜎′⋅𝑥′𝑄(𝑡, 𝜏, 𝜎)𝑗𝜈(𝑥𝑛+1𝜎𝑛+1)𝜎2𝜈+1
𝑛+1 𝑑𝜎;

𝐶𝜈 = 1
(2𝜋)𝑛22𝜈Γ2(𝜈 + 1) ;

𝑇 𝜉𝑛+1𝑥𝑛+1 is the generalized shift operator

𝑇 𝜉𝑛+1𝑥𝑛+1 𝑓(𝑥𝑛+1) = Γ(𝜈 + 1)
Γ(1/2)Γ(𝜈 + 1/2) ∫

𝜋

0
𝑓(√𝑥2

𝑛+1 + 𝜉2
𝑛+1 − 2𝑥𝑛+1𝜉𝑛+1 cos 𝛼) (sin2𝜈)𝛼 𝑑𝛼;

𝑗𝜈 is the normalized Bessel function; 𝑄(𝑡, 𝜏, 𝜎) is the normal matrix of the system

𝑑𝑉
𝑑𝑡 = ∑

|𝑘|+2𝑗≤2𝑏
𝐴𝑘𝑗(𝑡)𝜎′𝑘𝜎2𝑗

𝑛+1𝑉 .

Theorem 1. The matrix 𝐺(𝑡, 𝜏, 𝑥, 𝜉), regarded as a function of the complex
arguments (𝑥′ − 𝜉′)(𝑡 − 𝜏)−1/2𝑏, 𝑥𝑛+1(𝑡 − 𝜏)−1/2𝑏, 𝜉𝑛+1(𝑡 − 𝜏)−1/2𝑏, is an entire
function of order of growth 𝑞 = 2𝑏/(2𝑏−1), and for real arguments the estimates
hold

∣𝐷𝑘
𝑥′𝐵𝑗

𝑥𝑛+1𝐺(𝑡, 𝜏, 𝑥, 𝜉)∣ ≤ 𝐶𝑘𝑗(𝑡 − 𝜏)−[𝑛+2𝑗+|𝑘|+2(𝜈+1)]/2𝑏×

× exp {−𝑐
𝑛

∑
𝑠=1

( 𝑥𝑠 − 𝜉𝑠
(𝑡 − 𝜏)1/2𝑏 )

𝑞
} 𝑇 𝜉𝑛+1𝑥𝑛+1 {exp [−𝑐 ( 𝑥𝑛+1

(𝑡 − 𝜏)1/2𝑏 )
𝑞
]} . (4)

The positive constants 𝐶𝑘𝑗, 𝑐 depend on sup |𝐴𝑘𝑗(𝑡)|, the numbers 𝑛, 2𝑏, 𝛿, 𝑇 ,
and the character of continuity of 𝐴𝑘𝑗(𝑡) with |𝑘| + 2𝑗 = 2𝑏.

2. On the existence of a fundamental solution and the
correct solvability of the Cauchy problem
First we define the Banach space in which problem (1), (2) is considered.

Definition 3. A function 𝑈(𝑡, 𝑥), whose derivatives appearing in system (1)
are continuous in Π+

(𝑡0,𝑇 ] for 𝑡 > 𝑡0 (i.e. 𝑈 ∈ 𝐶(2𝑏,1)
𝑥,𝑡 ), belongs to the space

𝐶(2𝑏,𝜔3)
𝜔1,𝜔2 (Π+

(𝑡0,𝑇 ]), if the norm is finite

|𝑈|2𝑏,𝜔3𝜔1,𝜔2 = |𝑈|2𝑏,𝜔1
+ [𝑈]𝜔3

2𝑏,𝜔2
,
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where

|𝑈|2𝑏,𝜔1
= ∑

1≤|𝑘|+2𝑗≤2𝑏
sup
Π+

{ (𝑡 − 𝑡0)|𝑘|/2𝑏

𝜔1[(𝑡 − 𝑡0)1/2𝑏] ∣𝐷𝑘
𝑥𝐵𝑗

𝑥𝑛+1𝑈∣} + sup
Π+

|𝑈|;

[𝑈]𝜔3
2𝑏,𝜔2

= ∑
|𝑘|+2𝑗=2𝑏

sup
Π+

{ 𝑡 − 𝑡0
𝜔2[(𝑡 − 𝑡0)1/2𝑏]

∣𝐷𝑘𝐵𝑗𝑈(𝑡, 𝑥) − 𝐷𝑘𝐵𝑗𝑈(𝑡, 𝜉)∣
𝜔3(|𝑥 − 𝜉|) } ;

𝜔𝑖(ℎ) are functions possessing the properties of a modulus of continuity. If in
𝐶(2𝑏,𝜔3)

𝜔1,𝜔2 one of the functions 𝜔𝑖 is identically constant, then in the corresponding
place we shall write unity.

Theorem 2. Suppose that the coefficients 𝐴𝑘𝑗(𝑡, 𝑥) in Π+ of the 𝐵-parabolic sys-
tem (1) with |𝑘|+2𝑗 = 2𝑏 belong to the class 𝐻2 with modulus of continuity 𝜔(ℎ)
and are continuous in 𝑡 uniformly with respect to 𝑥, while for |𝑘| + 2𝑗 < 2𝑏 they
belong to the class 𝐻1 with modulus 𝜔. Then the homogeneous system (1) has a
fundamental matrix of solutions 𝑍(𝑡, 𝜏 , 𝑥, 𝜉), the derivatives 𝐷𝑘

𝑥𝐵𝑗𝑍
𝑥𝑛+1(𝑡, 𝜏 , 𝑥, 𝜉)

with |𝑘| + 2𝑗 ≤ 2𝑏 of which satisfy inequalities (4), and the following estimates
hold

∣Δℎ𝐷𝑘
𝑥𝐵𝑗

𝑥𝑛+1𝑍(𝑡, 𝜏 , 𝑥, 𝜉)∣ ≤ 𝐶𝑘𝑗(𝑡 − 𝜏)−[ 𝑛+2𝑗+|𝑘|+2(𝜈+1) ]/2𝑏 [𝐹 (|ℎ|) + 𝐹(|ℎ|)]

× {𝐹[(𝑡 − 𝑡0)1/2𝑏] + 𝐹 [(𝑡 − 𝑡0)1/2𝑏]}
−1

× {exp [−𝑐
𝑛

∑
𝑠=1

(|𝑥𝑠 + ℎ𝑠 − 𝜉𝑠|
(𝑡 − 𝜏)1/2𝑏 )

𝑞
] 𝑇 𝜉𝑛+1𝑥𝑛+1 exp [−𝑐 (𝑥𝑛+1 + ℎ𝑛+1

(𝑡 − 𝜏)1/2𝑏 )
𝑞
]

+ exp [−𝑐
𝑛

∑
𝑠=1

( 𝑥𝑠 − 𝜉𝑠
(𝑡 − 𝜏)1/2𝑏 )

𝑞
] 𝑇 𝜉𝑛+1𝑥𝑛+1 exp [−𝑐 ( 𝑥𝑛+1

(𝑡 − 𝜏)1/2𝑏 )
𝑞
]} ,

where Δℎ𝑓(𝑥) = 𝑓(𝑥 + ℎ) − 𝑓(𝑥); the constants 𝐶𝑘𝑗, 𝑐 depend on the same
quantities as in Theorem 1, and also on sup(𝜔, 𝜔̃, 𝐹 , 𝐹),

𝐹(𝑎) = ∫
𝑎

0

𝜔(𝑧)
𝑧 𝑑𝑧, 𝐹(𝑎) = ∫

𝑎

0

𝜔̃(𝑧)
𝑧 𝑑𝑧, 0 < 𝑎 < ∞.

The unique solution of the Cauchy problem (1), (2) in the class 𝐶(2𝑏,1)
𝑥,𝑡 (Π+

(𝑡0,𝑇 ])
for any continuous bounded function 𝜑(𝑥) and 𝑓 ∈ 𝐶(0,𝜔)

𝜔,1 (Π+) is determined by
the formula
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𝑈(𝑡, 𝑥) = ∫
𝐸+

𝑛+1

𝑍(𝑡, 𝑡0, 𝑥, 𝜉)𝜑(𝜉)𝜉2𝜈+1
𝑛+1 𝑑𝜉+∫

𝑡

0
𝑑𝜏 ∫

𝐸+
𝑛+1

𝑍(𝑡, 𝜏 , 𝑥, 𝜉)𝑓(𝜏, 𝜉)𝜉2𝜈+1
𝑛+1 𝑑𝜉,

and it belongs to the space 𝐶(2𝑏,𝐹)
1,𝐹 −1 (Π(𝑡0,𝑇 ]).

Denote by 𝒦 the operator of the Cauchy problem (1), (2): 𝐾𝑈 = (𝑓, 𝜑). Define
the Banach spaces

𝐻 ≡ 𝐻(𝜔,𝐹)
𝜔,𝐹 −1 , ℰ = 𝐶(0,𝜔)

𝜔,𝜔 (Π+
(𝑡0,𝑇 ]) × 𝐶(0,𝜔)(𝐸+

𝑛+1)

with norms

|𝑈|𝐻 = |𝑈(𝑡0, 𝑥)|𝜔0 + |𝐿𝑈|(0,𝜔)
𝜔,𝜔 + |𝑈|(2𝑏,𝐹)

𝜔,𝐹 −1 + sup
Π+

{ 𝑡 − 𝑡0
𝜔[(𝑡 − 𝑡0)1/2𝑏] ∣𝜕𝑈

𝜕𝑡 ∣} ,

|(𝑓, 𝜑)|𝐸 = |𝑓|0,𝜔
𝜔,𝜔 + |𝜑|𝜔0 .

Obviously, |𝐾𝑈|𝐸 ≤ |𝑈|𝐻 .

Theorem 3 (on homeomorphism). If the coefficients of the 𝐵-parabolic
system (1) belong only to the class 𝐻1 with modulus of continuity 𝜔, and (𝑓, 𝜑)
are arbitrary functions from the space ℰ, then in the space 𝐻 the problem (1),
(2) has a unique solution. The solution of the Cauchy problem (1),

(2) from the space 𝐻(𝜔,𝜃)
𝜔,𝐹 −1 belongs to the space 𝐻, and the estimate holds

|𝑈|𝐻 ≤ 𝐶|(𝑓, 𝜑)|ℰ,

where 𝐶 depends on the same quantities as in Theorem 2.

Thus, the operator 𝒦 is defined on the Banach space 𝐻 and acts from 𝐻 into
the Banach space ℰ as a bounded operator; it has a bounded inverse acting from
the space ℰ into 𝐻.

The results obtained are also valid in the corresponding Dini spaces of exponen-
tially increasing functions (2).
The authors express their deep and sincere gratitude to S. D. Eidelman for a
useful discussion of the work.

Chernivtsi
State University

Received
24 XI 1967
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