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Fundamental solutions and the Cauchy problem for systems uniformly parabolic
in the sense of Petrovskii have now been studied quite completely (*2). Here
analogous questions are solved for parabolic systems in which, along with or-
dinary derivatives, powers of the Bessel operator occur; this corresponds to
systems expressed on a hyperplane. For systems of linear equations with con-
stant coefficients in partial derivatives with Bessel operators, Ya. 1. Zhitomirskii
(3) proved the correct solvability of the Cauchy problem in the class of gener-
alized functions. To obtain explicit formulas for the solution he made essential
use of generalized shift operators corresponding to the Bessel operator, which
were investigated by Ya. B. Levitan (4).

In the works of I. A. Kipriyanov and V. I. Kononenko (°9), boundary-value
problems were studied and fundamental solutions were constructed for elliptic
equations containing powers of the Bessel operator.

1. Definition of the Green matrix. Consider the Cauchy problem for the
system of differential equations

LU = E - Z (71)“6“’41?]@7x)DIZ’(iBTnH)jU(LI) = f(tvx)v (1)
|k|+25<2b
Ul ., =), Ufdw,.], =0 (2

where B, is the Bessel operator

B 02 2v+1 0
Tpi1 2 )
. axn-!—l Lnt1 axn+1

v>—1/2;

(t,2) € [to, T] x Ef,, = IT*;
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E}., is the Euclidean space of points

(5617 ,Jﬁn,l'7l+1> = (1‘,7xn+1)7 'T’n-&-l 2 O

Definition 1. System (1) is called B-parabolic if, for every o € E;} ; and all
(t,z) € IT*, the roots of the equation

det Z Akj(t,x)cr’kaiil —ME||=0
|| +2j=2b

satisfy the inequality

ReA(t,z,0) < —0(0F + - +02,,)",

where § is a positive constant.

Definition 2. We shall call the Green matrix of the B-parabolic system

A= Y (iHAy D (-

)Y (3)
ot |k[+25<2b

Tl

a matrix G(t,7,z,§) such that the solution of the Cauchy problem (3), (2) for
any initial smooth finite function () is represented by the integral

U(t,$) = G(t’t()"raf)@(f)filjjll d§

+
En,}l

If one seeks the solution of problem (3), (2) by means of the Fourier-Bessel
transform

1

Ultr) = Gomomrem £1)

i .
[ e U0 00002 do
E

then for G(t,7,x,&) we obtain the formula

G(t,7,2,8) = Ts ' G(t,m, 2" — & a,.1) = C, / el @ =EQ(t,7,0)j,x

+
En+1

X (xn-klo-n-o—l)ju(§n+10-n-‘r1)0.721’fi1 dO’,

where
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Glt,r2) = C, / ¢ Q(t, 7,0V, (T 1101 )02 do
E+

n+1

1
= (2m)m22 T2 (v + 1)’

T f"ﬁ is the generalized shift operator

I(r+1)

T ) = S a7y ), (Ve + € =260 cosa) n® ) do

J,, is the normalized Bessel function; Q(¢, 7, o) is the normal matrix of the system

§ : o'k 2]
Ak] n+1V'

|k|+25<2b

Theorem 1. The matrix G(¢,7,x,§), regarded as a function of the complex
arguments (' —&)(t — 7)Y, 2, (t— 7)Y & (8 —7)7Y/?8 is an entire
function of order of growth ¢ = 2b/(2b—1), and for real arguments the estimates
hold

| Dk, B

Tpi1

Xexp{—cZ( Zo= 1/2b)q}T€:§ {exp {—c ((t‘"”";)lm)q” (1)

The positive constants Cy;, ¢ depend on sup |Ay;(¢)], the numbers n,2b,6,T,
and the character of continuity of Ay;(t) with [k[ + 2j = 2b.

G(t,T,x, 5)‘ < Oyt — )2k 20 1)]/26 5

2. On the existence of a fundamental solution and the
correct solvability of the Cauchy problem

First we define the Banach space in which problem (1), (2) is considered.

Definition 3. A function U(t, z), whose derivatives appearing in system (1)

(2b,1)
)

are continuous in H(t ] for t > t, (ie. U € C’ , belongs to the space

C(E,Qllfu‘j;?’)(l_[(*t .77)» if the norm is finite

2b, 5
|U‘UJ15J32 = ‘U|2b,w1 + [U];liw2’
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where

(t—t)kr=2e
|U\opo. = sup{ DEBL  U|} +sup|U|;
e 1§|k\§2:]§2b I 1[(# = 19)1/2] ‘ ‘ I

w3 _
Ulste, = > sup
k| +2j=2b 1

DB D))
wo[(t — )12 wy(|z = £]) 7

w;(h) are functions possessing the properties of a modulus of continuity. If in
Cﬁl:fj;s) one of the functions w; is identically constant, then in the corresponding

place we shall write unity.

Theorem 2. Suppose that the coefficients Ay;(t, ) in IT* of the B-parabolic sys-
tem (1) with |k|+2j = 2b belong to the class H? with modulus of continuity w(h)
and are continuous in t uniformly with respect to x, while for |k|+ 25 < 2b they
belong to the class H' with modulus w. Then the homogeneous system (1) has a

fundamental matriz of solutions Z(t,T,x,§), the derivatives DkBJZLH(t,T, x,§)

with |k| + 25 < 2b of which satisfy inequalities (4), and the following estimates
hold

~

A, DEBY, L Z(t 7,2, 6)| < Gyt — ) (w20 K200 )/20 (| ) 4+ F(| )]

x {F[(t — 1) /2] + F(t — to) 2]}

“T +h §s| 1 Eni1 xn 1+hn 1 !
{exp [ CZ ()1/% Ty exp 7(;_ 7_)1/22

n q q
Sn Tnt1
e [_Z< m) 1T"ﬁe"p[ (== }}

where A, f(z) = f(x + h) — f(x); the constants (,Z'\;Wc depend on the same

quantities as in Theorem 1, and also on sup(w,®, F, 1:'"),

z

F(a)zlaw(z)dz, ﬁ(a):‘éawiz)dz, 0<a<oo.

The unique solution of the Cauchy problem (1), (2) in the class C (26.1) (HZ; T])

for any continuous bounded function p(x) and f € C’LO”lw)(H*) is determmed by
the formula
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t
Ut z) = /E Z(t,to, 2, €)p(€)E2 4L det / d/E 2(t,7,2,€) f(7, )01 de,
+ ) +

n+1 n+1

and it belongs to the space C’1 foa (H“mT]).

Denote by X the operator of the Cauchy problem (1), (2): KU = (f, ). Define
the Banach spaces

H = H(W F) E = O( )(H+

w,F-13 (to T>XCOW<E:;+1)

with norms

(2b,F) t—1t, ou
Ul = U(to, )|0+|LU| +\U| F1+Sl}ll {[(t—t)l/%] E’ ,

o lels
Obviously, |KU|g < |U|y.

Theorem 3 (on homeomorphism). If the coefficients of the B-parabolic
system (1) belong only to the class H* with modulus of continuity w, and (f, )
are arbitrary functions from the space &, then in the space H the problem (1),
(2) has a unique solution. The solution of the Cauchy problem (1),

(2) from the space H belongs to the space H, and the estimate holds

Ul < CI(fs9)les

where C' depends on the same quantities as in Theorem 2.

Thus, the operator X is defined on the Banach space H and acts from H into
the Banach space & as a bounded operator; it has a bounded inverse acting from
the space & into H.

The results obtained are also valid in the corresponding Dini spaces of exponen-
tially increasing functions (?).

The authors express their deep and sincere gratitude to S. D. Eidelman for a
useful discussion of the work.

Chernivtsi
State University

Received
24 XTI 1967

sovietrxiv.org/items/ru-196801.32681 Machine Translation


https://sovietrxiv.org/items/ru-196801.32681

REFERENCES
1. S. D. Eidelman, Parabolic Systems, Moscow, 1964.

2. M. L. Matiichuk, S. D. Eidelman, DAN, 165, No. 3, 482 (1965); Proceed-
ings of the Seminar on Functional Analysis, Voronezh State University,
vol. 9 (1967).

3. Ya. L. Zhitomirskii, Matem. sborn., 36(78), 2, 299 (1955).

4. Ya. M. Levitan, UMN, 6, issue 2 (42), 102 (1951).

5. I. A. Kipriyanov, DAN, 158, No. 2, 275 (1964).

6. I. A. Kipriyanov, V. I. Kononenko, Differents. uravn., 3, No. 1, 114 (1967).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.32681 Machine Translation


https://sovietrxiv.org/items/ru-196801.32681

	Abstract
	Full Text
	FUNDAMENTAL SOLUTIONS AND THE CAUCHY PROBLEM FOR LINEAR PARABOLIC SYSTEMS WITH A BESSEL OPERATOR
	2. On the existence of a fundamental solution and the correct solvability of the Cauchy problem
	REFERENCES


