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MATHEMATICS

I. Ts. Gokhberg, I. A. Fel’dman

ON INTEGRAL-DIFFERENCE WIENER–
HOPF EQUATIONS
(Presented by Academician N. I. Muskhelishvili, 6 III 1968)

1. In the present note we study integral-difference equations of the form

∞
∑

𝑗=−∞
𝑎𝑗𝜑(𝑡 − 𝛿𝑗) + ∫

∞

0
𝑘(𝑡 − 𝑠)𝜑(𝑠) 𝑑𝑠 = 𝑓(𝑡) (0 ≤ 𝑡 < ∞), (1)

where 𝑎𝑗 (𝑗 = 0, ±1, …) are prescribed complex numbers; 𝛿𝑗 (𝑗 = 0, ±1, …)
are prescribed real numbers, 𝑘(𝑡) (−∞ < 𝑡 < ∞) and 𝑓(𝑡) (0 ≤ 𝑡 < ∞) are
prescribed functions, and 𝜑(𝑡) (0 ≤ 𝑡 < ∞) is the unknown function. In addition,
in (1) it is assumed that, for 𝛿𝑗 > 0, the function 𝜑(𝑡 − 𝛿𝑗) is set equal to zero
on the interval 0 ≤ 𝑡 ≤ 𝛿𝑗.

Equation (1) is a generalization both of the Wiener–Hopf integral equation and
of its discrete analogue. If one puts 𝑎𝑗 = 0 (𝑗 ≠ 0) and 𝛿0 = 0, then equation (1)
coincides with the Wiener–Hopf integral equation; if 𝑘(𝑡) ≡ 0 and 𝛿𝑗 = 𝑗 (𝑗 =
0, ±1, …), then, with respect to the vector-function 𝜑(𝑡) = {𝜑1(𝑡), 𝜑2(𝑡), …},
where 𝜑𝑗(𝑡) = 𝜑(𝑡 + 𝑗 − 1) (0 ≤ 𝑡 ≤ 1), equation (1) is the discrete Wiener–Hopf
equation with matrix ‖𝑎𝑗−𝑘‖∞

𝑖,𝑘=1.

Below equation (1) will be considered in the space 𝐿𝑝(0, ∞) (1 ≤ 𝑝 ≤ ∞) under
the following restrictions:

∞
∑

𝑗=−∞
|𝑎𝑗| < ∞, ∫

∞

−∞
|𝑘(𝑡)| 𝑑𝑡 < ∞. (2)

The results obtained in this note generalize the results of M. G. Krein (1) on
Wiener–Hopf equations.

Let us also note that, under the restrictions (2), equation (1) can be written in
the form

∫
𝑡

−∞
𝜑(𝑡 − 𝑠) 𝑑𝜔(𝑠) = 𝑓(𝑡) (0 ≤ 𝑡 < ∞),
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where 𝜔(𝑡) (−∞ < 𝑡 < ∞) is a function of bounded variation without singular
component (see (2)).
2. Denote by 𝔄 the set of all operators 𝑊 acting in the space 𝐿𝑝(0, ∞) by the
formula

(𝑊𝜑)(𝑡) =
∞

∑
𝑗=−∞

𝑎𝑗𝜑(𝑡 − 𝛿𝑗) + ∫
∞

0
𝑘(𝑡 − 𝑠)𝜑(𝑠) 𝑑𝑠, (3)

where the numbers 𝑎𝑗 and the function 𝑘(𝑡) satisfy conditions (2).

To the operator 𝑊 ∈ 𝔄, defined by equality (3), we associate the function

𝒲(𝜆) =
∞

∑
𝑗=−∞

𝑎𝑗𝑒𝑖𝛿𝑗𝜆 + ∫
∞

−∞
𝑘(𝑡)𝑒𝑖𝜆𝑡 𝑑𝑡 (−∞ < 𝜆 < ∞). (4)

which we shall call the symbol of the operator 𝑊 . We shall call the symbol
𝒲(𝜆) nondegenerate if

inf |𝒲(𝜆)| > 0.

It is easy to see that every operator 𝑊 ∈ 𝔄 is a linear bounded operator in any
of the spaces 𝐿𝑝(0, ∞) (1 ≤ 𝑝 ≤ ∞).

Theorem 1. In order that an operator 𝑊 ∈ 𝔄 be invertible in the space
𝐿𝑝(0, ∞) (1 ≤ 𝑝 ≤ ∞) at least on one side, it is necessary and sufficient that
its symbol 𝒲(𝜆) be nondegenerate.

If the latter condition is not satisfied, then the operator 𝑊 is neither a Φ- nor
a Φ±-operator.*

3. Denote by 𝔄 the algebra of all functions 𝒲(𝜆) of the form (4) satisfying
condition (2).

By 𝔄+(𝔄−) we denote the subalgebra of the algebra 𝔄 consisting of all functions
of the form (4) for which 𝛿𝑗 ≥ 0 and 𝑘(𝑡) = 0 for 𝑡 ≤ 0 (𝛿𝑗 ≤ 0 and 𝑘(𝑡) = 0 for
𝑡 ≥ 0).
The algebra 𝔄 is the direct sum of the subalgebra 𝔅 of almost periodic func-
tions of the form ∑ 𝑎𝑗 exp(𝑖𝛿𝑗𝜆) (∑ |𝑎𝑗| < ∞) and the subalgebra ℭ of Fourier
transforms of functions from 𝐿1(−∞, ∞). The subalgebra ℭ is an ideal of the
algebra 𝔄.

If the function 𝒲(𝜆) = 𝑎(𝜆) + 𝒦(𝜆) (𝑎(𝜆) ∈ 𝔅, 𝒦(𝜆) ∈ ℭ) is nondegenerate,
then its almost periodic component 𝑎(𝜆) is also nondegenerate. With every
nondegenerate function 𝒲(𝜆) ∈ 𝔄 are associated two numbers 𝜈(𝒲) and 𝑛(𝒲),
defined by the equalities

𝜈𝒲 = lim
𝑙→∞

1
2𝑙 [arg 𝑎(𝜆)]𝑙−𝑙, 𝑛(𝒲) = 1

2𝜋 [arg(1 + 𝑎−1(𝜆)𝒦(𝜆))]∞−∞.

sovietrxiv.org/items/ru-196801.32592 Machine Translation

https://sovietrxiv.org/items/ru-196801.32592


The limit in the first equality exists by virtue of a known property of almost
periodic functions (see (4)). The real number 𝜈(𝒲) and the integer 𝑛(𝒲) will
be called the indices of the function 𝒲(𝜆).
Theorem 2. Every nondegenerate function 𝒲(𝜆) ∈ 𝔄 admits a factorization
of the form

𝒲(𝜆) = 𝒲−(𝜆)𝑒𝑖𝜆𝜈 (𝜆 − 𝑖
𝜆 + 𝑖)

𝑛
𝒲+(𝜆) (−∞ < 𝜆 < ∞), (5)

where 𝒲±(𝜆), 𝒲−1
± (𝜆) ∈ 𝔄±; 𝜈 = 𝜈(𝒲) and 𝑛 = 𝑛(𝒲).

This theorem plays an important role in the proof of the sufficiency of the
conditions of Theorem 1, and also in the proof of the following Theorems 3–
6. The proof of Theorem 2 is based on a theorem of G. E. Shilov (see (2)) on
analytic functions of elements of a commutative Banach algebra.

4. For the formulation of the subsequent theorems we shall need the operator
𝑉 (𝑛) (𝑛 = 0, ±1, …), whose symbol is equal to (𝜆 − 𝑖)𝑛/(𝜆 + 𝑖)𝑛. It is easy to
see that 𝑉 (𝑛) = 𝑉 𝑛 (𝑛 = 1, 2, …) and 𝑉 (𝑛) = (𝑉 −1)−𝑛 (𝑛 = −1, −2, …), where
𝑉 and 𝑉 −1 are the operators defined by the equalities

(𝑉 𝜑)(𝑡) = 𝜑(𝑡) − 2 ∫
𝑡

0
𝑒𝑠−𝑡𝜑(𝑠) 𝑑𝑠, (𝑉 −1𝜑)(𝑡) = 𝜑(𝑡) − 2 ∫

∞

0
𝑒𝑡−𝑠𝜑(𝑠) 𝑑𝑠.

Let us also note that if an operator 𝑊(∈ 𝔄) is such that both functions
𝒲±1(𝜆) ∈ 𝔄+ (𝒲±1(𝜆) ∈ 𝔄−), then it is invertible, with 𝑊 −1 ∈ 𝔄, and the
symbol of the operator 𝑊 −1 is equal to 1/𝒲(𝜆).
In all subsequent theorems we shall assume that 𝑊(∈ 𝔄) is an operator with
nondegenerate symbol 𝒲(𝜆) and that equality (5) gives a factorization of the
symbol 𝒲(𝜆). For brevity the numbers 𝜈(𝒲) and 𝑛(𝒲) will be denoted by 𝜈
and 𝑛. By 𝑊± is denoted the invertible operator with symbol 𝒲±(𝜆).
Theorem 3. If 𝜈 > 0, then the operator 𝑊 is left-invertible. In order that the
equation 𝑊𝜑 = 𝑔 be solvable, it is necessary and sufficient that:

* For the definition of Φ- and Φ±-operators see (3).

a) for 𝑛 ⩾ 0 the function 𝑊 −1
− 𝑔 vanishes on the interval [0, 𝜈] and the condi-

tion

∫
∞

0
(𝑊 −1

− 𝑔)(𝑡)𝑡𝑘𝑒−𝑡 𝑑𝑡 = 0 (𝑘 = 0, 1, … , 𝑛 − 1); (6)

is satisfied;

b) for 𝑛 < 0 the function 𝑉 −𝑛𝑊 −1
− 𝑔 coincides on the interval [0, 𝜈] with a

function of the form
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−𝑛−1
∑
𝑗=0

𝑐𝑗𝑡𝑗𝑒−𝑡,

where the 𝑐𝑗 are complex numbers.

Theorem 4. If 𝜈 < 0, then the operator 𝑊 is right-invertible. Every solution
𝜑 ∈ 𝐿𝑝(0, ∞) of the equation 𝑊𝜑 = 0:

a) for 𝑛 ⩾ 0 has the form

𝜑 = 𝑊 −1
+ 𝑉 −𝑛𝑔,

where 𝑔 is an arbitrary function from 𝐿𝑝(0, ∞) satisfying the conditions

𝑔(𝑡) = 0 (𝑡 > −𝜈); ∫
∞

0
𝑔(𝑡)𝑡𝑗𝑒−𝑡 𝑑𝑡 = 0 (𝑗 = 0, 1, … , 𝑛 − 1);

b) for 𝑛 < 0 has the form

𝜑 = 𝑊 −1
+ (𝑔(𝑡) +

−𝑛−1
∑
𝑗=0

𝑐𝑗𝑡𝑗𝑒−𝑡) ,

where 𝑔 is an arbitrary function from 𝐿𝑝, vanishing on the interval [−𝜈, ∞], and
the 𝑐𝑗 are arbitrary complex numbers.

Theorem 5. If 𝜈 = 0, then:
a) for 𝑛 = 0 the operator 𝑊 is invertible;

b) for 𝑛 > 0 the operator 𝑊 is left-invertible; the equation 𝑊𝜑 = 𝑔 is solvable
if and only if condition (6) is fulfilled;

c) for 𝑛 < 0 the operator 𝑊 is right-invertible and the general solution of
the equation 𝑊𝜑 = 0 is given by the equality

𝜑 = 𝑊 −1
+ (

−𝑛−1
∑
𝑗=0

𝑐𝑗𝑡𝑗𝑒−𝑡) ,

where the 𝑐𝑗 are arbitrary complex numbers.

5. Denote by 𝑈𝜈 the operator with symbol 𝑒𝑖𝜈𝜆, i.e., the operator defined by
the equalities (𝑈𝜈𝑓)(𝑡) = 𝑓(𝑡−𝜈) for max(𝜈, 0) < 𝑡 < ∞, and (𝑈𝜈𝑓)(𝑡) = 0
for 0 ⩽ 𝑡 ⩽ max(𝜈, 0).
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It is easy to see that if the numbers 𝜈 and 𝑛 are positive, then the opera-
tor 𝑈𝜈𝑉 (𝑛) is only left-invertible, while the operator 𝑈−𝜈𝑉 (−𝑛) is only right-
invertible. In the case 𝜈 > 0 and 𝑛 < 0 the equality 𝑈−𝜈𝑉 (−𝑛)𝑉 (𝑛)𝑈𝜈 =
𝐼 − 𝑈−𝜈𝑃−𝑛𝑈𝜈 holds, where 𝑃−𝑛 = 𝐼 − 𝑉 (−𝑛)𝑉 (𝑛) is a finite-dimensional projec-
tor. It is readily proved that the operator 𝐼 − 𝑈−𝜈𝑃−𝑛𝑈𝜈 is invertible in every
𝐿𝑝 (1 ⩽ 𝑝 ⩽ ∞).
The operator 𝑊 (−1), inverse to the operator 𝑊 from the corresponding side, is
defined by the equalities

𝑊 (−1) = 𝑊 −1
+ 𝑉 (−𝑛)𝑈−𝜈𝑊 −1

− (𝜈 ⩾ 0, 𝑛 ⩾ 0);

𝑊 (−1) = 𝑊 −1
+ (𝐼 − 𝑈−𝜈𝑃−𝑛𝑈𝜈)−1𝑈−𝜈𝑉 (−𝑛)𝑊 −1

− (𝜈 ⩾ 0, 𝑛 ⩽ 0);

𝑊 (−1) = 𝑊 −1
+ 𝑉 (−𝑛)𝑈−𝜈𝑊 −1

− (𝜈 ⩽ 0, 𝑛 ⩽ 0);

𝑊 (−1) = 𝑊 −1
+ 𝑉 (−𝑛)𝑈−𝜈(𝐼 − 𝑈𝜈𝑃𝑛𝑈−𝜈)−1𝑊 −1

− (𝜈 ⩽ 0, 𝑛 ⩾ 0).

In the first two cases the operator 𝑊 (−1) is a left inverse to the operator 𝑊 , and
in the last two cases the operator 𝑊 (−1) is a right inverse to 𝑊 . If at least one
of the indices 𝜈, 𝑛 is nonzero, then the operator 𝑊 (−1) is an inverse to 𝑊 only
from one side.

6. The restrictions on the symbol 𝒲(𝜆) can in some cases be weakened. For
example, for the Hilbert space 𝐿2(0, ∞) the results listed above extend to
the case of an operator 𝑊 whose symbol 𝒲(𝜆) = 𝑎(𝜆)+𝒦(𝜆) is such that
𝑎(𝜆) is an arbitrary almost periodic function, and 𝒦(𝜆) (−∞ ≤ 𝜆 ≤ ∞)
is an arbitrary continuous function.

The results listed above extend to the corresponding adjoint equations and to
their transposes.

7. Denote by 𝑃𝜏 (0 < 𝜏 < ∞) the projector defined in the space 𝐿𝑝(0, ∞)
(1 ≤ 𝑝 < ∞) by the equality

(𝑃𝜏𝜑)(𝑡) = {𝜑(𝑡), 𝑡 ≤ 𝜏,
0, 𝑡 > 𝜏.

If the operator 𝑃𝜏𝑊𝑃𝜏 is invertible in the subspace 𝑃𝜏𝐿𝑝(0, ∞), then by
(𝑃𝜏𝑊𝑃𝜏)−1 we shall denote the operator equal to the inverse of the operator
𝑃𝜏𝑊𝑃𝜏 on the subspace 𝑃𝜏𝐿𝑝(0, ∞) and equal to zero on the subspace
(𝐼 − 𝑃𝜏)𝐿𝑝(0, ∞). If the operator 𝑃𝜏𝑊𝑃𝜏 is not invertible, then we put
‖(𝑃𝜏𝑊𝑃𝜏)−1‖ = ∞.
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Theorem 6. Let 𝑊 ∈ 𝔄. If

lim
𝜏→∞

‖(𝑃𝜏𝑊𝑃𝜏)−1‖ < ∞,

then the symbol of the operator 𝑊 is nondegenerate and 𝑣(𝒲) = 𝑛(𝒲) = 0.
When the last conditions are fulfilled, the equation

∑
𝑡−𝜏≤𝛿𝑗<𝑡

𝑎𝑗𝜑(𝑡 − 𝛿𝑗) + ∫
𝜏

0
𝑘(𝑡 − 𝑠)𝜑(𝑠) 𝑑𝑠 = 𝑓(𝑡) (0 ≤ 𝑡 ≤ 𝜏),

beginning with some 𝜏 , has a unique solution 𝜑𝜏(𝑡) ∈ 𝑃𝜏𝐿𝑝(0, 𝜏), and the func-
tions

𝜑𝜏(𝑡) = {𝜑𝜏(𝑡), 𝑡 ≤ 𝜏,
0, 𝑡 > 𝜏.

converge as 𝜏 → ∞, in the norm of the space 𝐿𝑝(0, ∞), to the solution of
equation (1), whatever the function 𝑓(𝑡) ∈ 𝐿𝑝(0, ∞).
Institute of Mathematics with Computing Center
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