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1. In the present note we study integral-difference equations of the form

o0

3 apt-d)+ [ Ki-slelds=)  O<t<oo), (1)
0

J=—00

where a; (j = 0,+1,...) are prescribed complex numbers; 4, (j = 0,+£1,...)
are prescribed real numbers, k(f) (—oo < t < oo) and f(t) (0 < ¢t < oc0) are
prescribed functions, and ¢(¢) (0 < ¢t < o0) is the unknown function. In addition,
in (1) it is assumed that, for §; > 0, the function ¢(t — d,) is set equal to zero
on the interval 0 <t < 5j.

Equation (1) is a generalization both of the Wiener-Hopf integral equation and
of its discrete analogue. If one puts a; = 0 (j # 0) and ¢, = 0, then equation (1)
coincides with the Wiener-Hopf integral equation; if k(t) = 0 and 6; =17 (j=
0,41,...), then, with respect to the vector-function p(t) = {¢1(t), ps(t),...},
where ¢,(t) = @(t+j—1) (0 <t < 1), equation (1) is the discrete Wiener-Hopf
equation with matrix [a;_ |75,

Below equation (1) will be considered in the space L,(0,00) (1 < p < oo) under
the following restrictions:

'Z la,| < oo, [ |k(t)| dt < . (2)

j=—00

The results obtained in this note generalize the results of M. G. Krein (!) on
Wiener-Hopf equations.

Let us also note that, under the restrictions (2), equation (1) can be written in
the form

/ plt—s)dw(s) = f(t)  (0<t<oo),
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where w(t) (—oo < t < 00) is a function of bounded variation without singular
component (see (?)).

2. Denote by 2 the set of all operators W acting in the space L, (0, 00) by the
formula

o0

W)t = S ayplt—5;)+ / Kt — 5)p(s) ds, (3)
0

=00

where the numbers a; and the function k(t) satisfy conditions (2).

To the operator W € 2, defined by equality (3), we associate the function

e}
—0o0

W) = i ajeiéjA +/ k(t)e”‘t dt (—00 < A < 0). (4)

which we shall call the symbol of the operator W. We shall call the symbol
W(\) nondegenerate if
inf [W(A)| > 0.

It is easy to see that every operator W € 2 is a linear bounded operator in any
of the spaces L,(0,00) (1 <p < oc0).

Theorem 1. In order that an operator W € A be invertible in the space
L,(0,00) (1 <p < o0) at least on one side, it is necessary and sufficient that
its symbol W(\) be nondegenerate.

If the latter condition is not satisfied, then the operator W is neither a ®- nor
a ®_ -operator.*

3. Denote by 2 the algebra of all functions W(A) of the form (4) satisfying
condition (2).

By 2, (2_) we denote the subalgebra of the algebra 2( consisting of all functions
of the form (4) for which §; > 0 and k(t) = 0 for ¢ <0 (J; < 0 and k(t) = 0 for
t>0).

The algebra 2 is the direct sum of the subalgebra 95 of almost periodic func-
tions of the form } a;exp(id;A) (3 |a,;| < oo) and the subalgebra € of Fourier
transforms of functions from L,(—o0,00). The subalgebra € is an ideal of the
algebra 2.

If the function W(A) = a(A\) + X(A) (a(X) € B, X(N) € €) is nondegenerate,
then its almost periodic component a(\) is also nondegenerate. With every
nondegenerate function W(X) € A are associated two numbers v(W) and n(W),
defined by the equalities

L arg(1+ a (0K (V)]

T —0o0

VW = llim L [arga(A)]L,, n(W)

—o0 21
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The limit in the first equality exists by virtue of a known property of almost
periodic functions (see (4)). The real number v(W) and the integer n(W) will
be called the indices of the function W(\).

Theorem 2. FEvery nondegenerate function W(X) € 2 admits a factorization
of the form

A—iy"
AH,) W.(\) (o0 <A< o0), (5)

W) =W (A)ew<

where W _(X),W'(\) € A v=v(W) and n = n(W).

This theorem plays an important role in the proof of the sufficiency of the
conditions of Theorem 1, and also in the proof of the following Theorems 3-
6. The proof of Theorem 2 is based on a theorem of G. E. Shilov (see (2)) on
analytic functions of elements of a commutative Banach algebra.

4. For the formulation of the subsequent theorems we shall need the operator
V™) (n = 0,+1,...), whose symbol is equal to (A —i)"/(A +4)". It is easy to
see that V(W = V" (n = 1,2,...) and VW = (V-1)™ (n = —1,-2,...), where
V and V! are the operators defined by the equalities

(Vo) (t) = olt) — 2 / e to(s)ds,  (V-'g)(t) = plt) — 2 / e~ (s) ds.

Let us also note that if an operator W(e ﬁ) is such that both functions
WH(N) € A, (WH(X) € ), then it is invertible, with W~! € 2, and the
symbol of the operator W1 is equal to 1/W(\).

In all subsequent theorems we shall assume that W (e 2) is an operator with
nondegenerate symbol W(A) and that equality (5) gives a factorization of the
symbol W(X). For brevity the numbers v(W) and n(W) will be denoted by v
and n. By W, is denoted the invertible operator with symbol W_ ().

Theorem 3. If v > 0, then the operator W is left-invertible. In order that the
equation Wy = g be solvable, it is necessary and sufficient that:

* For the definition of ®- and ®_ -operators see (3).

a) for n > 0 the function W-1g vanishes on the interval [0, 7] and the condi-
tion

/W(W_lg)(t)tket dt=0 (k=0,1,...,n—1); (6)
0

is satisfied;

b) for n < 0 the function V""W=!g coincides on the interval [0,v] with a
function of the form
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where the ¢; are complex numbers.

Theorem 4. If v < 0, then the operator W is right-invertible. Every solution
¢ € L,(0,00) of the equation W¢ = 0:

a) for n > 0 has the form

=W Vg,

where g is an arbitrary function from L, (0, 00) satisfying the conditions

g(t) =0 (t > —v); / gt)tetdt=0 (j=0,1,....,n—1);
0

b) for n < 0 has the form

—n—1
=W (g(t) + Z cjtjet> ,

§=0
where g is an arbitrary function from L, vanishing on the interval [—v, 0], and
the c; are arbitrary complex numbers.
Theorem 5. If v = 0, then:
a) for n = 0 the operator W is invertible;

b) for n > 0 the operator W is left-invertible; the equation W = g is solvable
if and only if condition (6) is fulfilled;

¢) for n < 0 the operator W is right-invertible and the general solution of
the equation Wy = 0 is given by the equality

—n—1
o=w:t (Z cjtjet> ,
=0

where the ¢; are arbitrary complex numbers.

5. Denote by U, the operator with symbol e, i.e., the operator defined by
the equalities (U, f)(t) = f(t—v) for max(v,0) < t < oo, and (U, f)(t) =0
for 0 < t < max(v,0).
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It is easy to see that if the numbers v and n are positive, then the opera-
tor U, V™ is only left-invertible, while the operator U_, V(=™ is only right-
invertible. In the case v > 0 and n < 0 the equality U_, V"VPy =
I—U_,P_,U, holds, where P_, = I — V"V is a finite-dimensional projec-
tor. It is readily proved that the operator I — U_, P_, U, is invertible in every

L, (1<p<o0).

The operator W1, inverse to the operator W from the corresponding side, is
defined by the equalities

w1 = W;lv(*mUijl (v>=0, n>0)
wel =wi1-U_ P U,) U VErIWw! (v>0, n<0);
WD =wlvEry_ wet o (v <0, n < 0);

W =wltvenu_ (1 -U,P,U_,)*W=t (v <0, n>0).

In the first two cases the operator W1 is a left inverse to the operator W, and
in the last two cases the operator W= is a right inverse to W. If at least one
of the indices v,n is nonzero, then the operator Wb is an inverse to W only
from one side.

6. The restrictions on the symbol W(A) can in some cases be weakened. For
example, for the Hilbert space L, (0, 00) the results listed above extend to
the case of an operator W whose symbol W(\) = a(\) 4+ K (A) is such that
a()\) is an arbitrary almost periodic function, and X () (—oco < A < 00)
is an arbitrary continuous function.

The results listed above extend to the corresponding adjoint equations and to
their transposes.

7. Denote by P, (0 < 7 < co) the projector defined in the space L,(0,0c0)
(1 < p < o0) by the equality

w#xw:{¢@’t<ﬂ

0, t>T.

If the operator P,W P, is invertible in the subspace P,L,(0,00), then by
(P.WP,)~! we shall denote the operator equal to the inverse of the operator
P.WP_ on the subspace P,L,(0,00) and equal to zero on the subspace
(I — P.)L,(0,00). If the operator P.WP,_ is not invertible, then we put

T

[(P,WP,)™] = oc.
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Theorem 6. Let W € 2. If
lim (P,WP,) | < oo,

then the symbol of the operator W is nondegenerate and v(W) = n(W) = 0.
When the last conditions are fulfilled, the equation

> ajga(t—aj)Jr/ kt—s)p(s)ds = f(t) (0<t<T),
0

tf‘r§5j<t

beginning with some 7, has a unique solution ¢_ () € P.L,(0,7), and the func-
tions

0, t>T.

F(t) = {%(t), t<T,

converge as T — 00, in the norm of the space Lp(O,oo), to the solution of
equation (1), whatever the function f(t) € L, (0, 00).
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