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1. Let T be a smooth one-to-one mapping defined in some domain G of the
Euclidean space R**™*". Suppose that T has an invariant torus 7 of dimension
[ and that in a neighborhood of 7 T' can be written in the form

z=A0) @+ fz,9.0), 5=B0O)y+glxy0), 0=00), (1)

where © = (2, ..., 2,,), ¥ = (Y15 ¥p), 0 = (01,...,0,); A, B, f,9,¥ € C! and
are periodic in ¢ with period 1 = (1,...,1), f=g=f, =f, = fo=9=9, =
gy =9g9=0forz=y=0.

Suppose that

max ||[A(0)] <1, max|B1(0)] < 1. (2)

Conditions (2) mean that the torus 7 is saddle. It can be shown that under the
conditions

p = max[A(f)| max [T, <1, p=max|B(0)|max|¥y| <1 (3)

the stable and unstable manifolds of 7, which we denote by 9" and 9, in
a sufficiently small neighborhood of 7 are written in the form y = Rt (z,0),
r = R (y,0), where R", R~ € C! and R"(0,0) = R (0,0) = RI(0,0) =
R;(0,0) = R, (0,0) = R;(0,0) = 0. Everywhere below it is assumed that
conditions (3) are satisfied and f(0,y,6) = g(x,0,0) = 0.

Suppose that 9M* and 9~ intersect along an [-dimensional manifold ~ of torus
type, which we shall call a homoclinic torus.* With respect to this intersection
suppose that it is rough, i.e., for an arbitrary point M € ~,

dim(Wi, N Wy,) =1, (4)
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where W}, and W, denote the tangent spaces to 9M* and M~ at the point M.

The presence of a homoclinic torus 7 leads to the existence of a count-
able set of homoclinic tori v, = T%y, ¢ = 0,41,42,.... The sequence
Ty = (oo y Y15 Y0s Va5 -+ » Vi» ---) Will be called a homoclinic tube of the torus 7.

Let v~ = T P1y and 47 = TP2v be two homoclinic tori of the tube Ty, lying
entirely in a sufficiently small neighborhood of 7. We shall suppose that their
equations can be written in the form

Y rax=0,y=¢(0); " ax=¢"(0),y=0, (5)

where ¢~ and @' are smooth functions, periodic in § with period 1.

The aim of the paper is to determine the possible types of invariant tubes lying
entirely in a neighborhood of the tube T'y.

* The existence of an intersection of stable and unstable manifolds of saddle-
type tori was considered by V. I. Arnold (*) in a problem illustrating the effect
of instability of conservative systems with many degrees of freedom.

2. Consider the system

k N
Ty = Ay, 0+ ZAkfj]%xja Y;.05), Yr = By nUn — Zkajg(xjaije‘)v
Jj=0 j=k

0 = V5.(6)), (6)
where

Akfj = A0 1) .- A6)), B,

; — B(0,) .. B(0,_,).

¥, = V(e ()

and it is assumed that A,f =0, B,_ng=0, 4, =FE,,, By=E,.

Lemma 1. There exists an r such that, for ||z < r/2, |yn| < /2, system (6)
has a unique solution

(xk(anyN700)7 yk(IanNvo())? 91@ = ‘Ijk(QO))k:O 5

where [z <7,y <r.
The proof follows from the contraction mapping method.

Lemma 2. The estimates
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lenll + 102 /0o || + 02 5 /Oy n || < L(max | A(@)])Y,
1ol + 1090/ 00|l + 0y0/Oyn | < L(max [ B~ ()Y, (7)

|02 5 (20, yn, O N (On)) /00N < LN, 18yo/06,| < Lp",

hold, where L is some constant.

Let
Uy = [My(9,Y0,00); 20— 0" (0)] < 0, lvoll < e, 6 € 7]

U, = [M1($1a?/1791)§ |zl < e, llyy — 0 (01)] <&y, 65 € 7']-

Choose &, so small that, for the neighborhood 7 under consideration, TgM NU, =
(0, where ¢ # 0 and M, € U,. We impose an analogous restriction on ¢;.

Lemma 3. For any k greater than some kl, the mapping Té“U into U, is defined
and is written in the form

01 = \Ilk(ao)v
& = 2(§ + T (0p), m + o (T (6y)), ), (8)
Mo =Yo(&o + 7 (0p), m + @ (¥ (6p)), bp), 9)

where
o=20—¢ (0y), mo=vo, & =21, m=y—¢ (61)
Denote by o¥ the domain of definition of 7% : U, — U,. From the form of T*

it follows that o fibers into the surfaces (9), which tend smoothly to y, = 0 as
k — oo. Note that

0 0 _ 1 1 1 _ k0
op, Nop, =0, oy, Noy, =0, where o =T%0) and ky # k.

The mapping TP1*P2 in a neighborhood of v~, which may be taken to be Uj, in
the variables &, 7, 0 is written in the form

EOZF(§1»771791)7 no = G(&1,m1,61), é{):q’<§1»771a91)' (10)

By assumption, MM™ and 9~ intersect transversely, and the equations of 4y~ and
~*t are written in the form (5). For these conditions to hold it is sufficient that
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G’771 CTV01
o, Dy

A

IG,, (0,0,6,)] #0, #0. (11)

§:=0
=

When (11) is fulfilled, the equation of 9~ can be written in the form

§o = 908(770a90)v (12)

where ¢ is a smooth function, defined for |y,| < &/, periodic in 6, with period
1, and
max([|0g /9ol [095/90) < Lo

Introduce the space H? of surfaces P® with norm ¢, whose equations are written
in the form

§o = 900(770a90)a

where the functions ¢, are defined for |n,| < €(/2, periodic in 6, with period
1, and satisfy the conditions

l00(0,00) < 0/2, N0 (0, 06) — 20 (115, 05) | < (Lo +1)(lmo —n 1+ 105 — 05 -

Denote by H} the set of surfaces

0 _ po 0
P, =P’ Noy,.

Theorem 1. There exists a k, > k, such that for all i, < k,:
1) T3P0 0 o) 2

2) the operators f]';; : HJQ — H? are defined;

3) in some metric equivalent to C°,

P(T 550, T 1500) < ap(90, 90),
where ¢ < 1.

3. Let
™= (...,i_l,io,il,...,z’p,...) (13)

be a sequence infinite in both directions, composed of integers 7, > k2. To
the sequence m we assign the sequence

Tt Tt
SHY g T hpe (14)

tp-1 “p Tp+1

Lemma 4 (°). Let there be given a sequence of complete metric spaces X,
with metric p;, ¢ = 0,41,42, ..., and a sequence of operators A, satisfying the
following conditions:
1) sup p; (=}, x}) < D;
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2) A(X;) € X

3) pip1 (A, Aj]) < gp; (), af), where ¢ < 1.

Then there exists a unique sequence (..., x*, 2}, ..., 25, ...), f € X, satisfying
the conditions zj , = A;x;.

Applying this lemma to (14), we obtain that to the sequence 7 there corresponds
a unique stable sequence of surfaces {P;;}, whose equations

& = 90;; (10 09)

satisfy the conditions
T—~P1—P2PT  C Pr. (15)
tpt1 'p

In an analogous way it is established that to any sequence m, where i, > ké,

there corresponds a unique sequence of surfaces {QF } stable in the negative
p

direction, whose equations are

o = 1/);-;(50790),

where ¢7 are defined for I€oll < €g, are periodic with respect to 6y, their graphs
lie in 0¥ , and Y7 — 0 as i, — oo, together with the Lipschitz constants.
P

For all 4, > k > max(ky, k), PT and QT intersect in a unique /-dimensional
P P

torus 'y;; . It follows from the construction that

I‘Oz(...,'yi:,...,vf )

SR
is an invariant tube.
As a result we arrive at the following theorem.

Theorem 2. The set of invariant tubes lying entirely in a sufficiently small
neighborhood of T'y and not asymptotic to 7 is in one-to-one correspondence
with the set of all sequences 7, where ip > k* > k.

Corollary. In any neighborhood of I'y there is contained a countable set of
periodic tori.

Concerning the existence of asymptotic tubes in a small neighborhood of Ty,
the following holds.

Theorem 3. The set of invariant tubes asymptotic to 7 only in the negative
(positive) direction is in one-to-one correspondence with the set of all infinite
sequences T = (i1, iy, ..., 4y, ...), where i, > k* > k.

The set of homoclinic tubes of the torus 7, excluding I', is in one-to-one corre-
spondence with the set of all segments (v, ..., Vq), where v, > k*, ¢ > 1.

Remark 1. In the case when T has a fixed point of saddle type, whose stable
and unstable manifolds intersect transversely in a homoclinic point, Theorems
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2 and 3 give a description of the structure of a neighborhood of the homoclinic
trajectory. A somewhat different proof was earlier proposed by the author (°,%)
in the study of continuous dynamical systems.

Remark 2. Conditions (3) are automatically fulfilled when the motions on the
torus are quasiperiodic. However, in the general case this is not so.

In particular, conditions (3) may fail when the mapping on the invariant torus
has a Y-structure in the sense of D. V. Anosov (}173).*

Remark 3. Although the paper carried out the study under the assumption
that the invariant manifold of the mapping T is a torus, the results are also
valid for any smooth manifold under analogous assumptions with respect to 7T'.
Examples of such invariant manifolds may be R', R' x S!, etc.

4. Consider a system of m + n equations

de,/dt = f,(zq,...,x t), (16)

»m+tn?

where the f; are defined and continuous, together with the derivatives
of;/ Oz, in the domain G x R, where G is a bounded closed domain in

R™*" “and are quasiperiodic functions of ¢ with frequency basis wy, ... ,w,.
Let = = 0 be a solution, and let the system

dg;

dtz = Zaij(t>€j (17)

where a;; = 0f;(0,t)/0z;, have a fundamental matrix representable in the

form (\Iﬁo (t) . 0@)) ’ (18)

where U™ and ¥~ are matrices of orders m and n, respectively, satisfying
the conditions

[Tt () (U (7)Y < ke ATt —7 >0,
”\Ifi(ﬂ(\l/*(r))*l” < ]_<5€>\<t77—), t—1< 0’ (19)

where k and A are some positive constants. Then the solution z = 0
is a solution of saddle type and has a stable integral manifold 2 41 of
dimension m + 1 and an unstable 9, ; of dimension n + 1. Suppose that
there exists a solution & = ¢(t), doubly asymptotic to 2 = 0, and that
o' ., and O, intersect along x = ¢(t) transversally.

Theorem 4. System (16) has a countable set of quasiperiodic motions of saddle
type with frequency basis wy, ..., wy.

The proof is based on the following

Lemma 5. The stable and unstable manifolds 93?; 4 and M, of the torus
x = 0 of the system

da;/dt = g;(x;, ., Ty, 015 -, 0p), do;/dt = w;, (18")
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where g, (x,wq,t,...,wit) = f(x,t), intersect transversally along a k-dimensional
homoclinic tube.

Applying the results obtained above to system (18’), we obtain that (18") has
a countable set of periodic tori. Consequently, system (16) has a countable set
of quasiperiodic motions.

In conclusion I express my gratitude to Academician L. S. Pontryagin for his
attention to the work.
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