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MATHEMATICS

L. P. SHILNIKOV

ON THE QUESTION OF THE STRUCTURE
OF A NEIGHBORHOOD OF A HOMOCLINIC
TUBE OF AN INVARIANT TORUS
(Presented by Academician L. S. Pontryagin on 6 VII 1967)

1. Let 𝑇 be a smooth one-to-one mapping defined in some domain 𝐺 of the
Euclidean space 𝑅𝑙+𝑚+𝑛. Suppose that 𝑇 has an invariant torus 𝜏 of dimension
𝑙 and that in a neighborhood of 𝜏 𝑇 can be written in the form

̄𝑥 = 𝐴(𝜃)(𝑥 + 𝑓(𝑥, 𝑦, 𝜃)), ̄𝑦 = 𝐵(𝜃)(𝑦 + 𝑔(𝑥, 𝑦, 𝜃)), ̄𝜃 = Ψ(𝜃), (1)

where 𝑥 = (𝑥1, … , 𝑥𝑚), 𝑦 = (𝑦1, … , 𝑦𝑛), 𝜃 = (𝜃1, … , 𝜃𝑙); 𝐴, 𝐵, 𝑓, 𝑔, Ψ ∈ 𝐶1 and
are periodic in 𝜃 with period 1 = (1, … , 1), 𝑓 = 𝑔 = 𝑓𝑥 = 𝑓𝑦 = 𝑓𝜃 = 𝑔 = 𝑔𝑥 =
𝑔𝑦 = 𝑔𝜃 = 0 for 𝑥 = 𝑦 = 0.
Suppose that

max ‖𝐴(𝜃)‖ < 1, max ‖𝐵−1(𝜃)‖ < 1. (2)

Conditions (2) mean that the torus 𝜏 is saddle. It can be shown that under the
conditions

̄𝑝 = max ‖𝐴(𝜃)‖max ‖Ψ−1
𝜃 ‖ < 1, ̄𝑝 = max ‖𝐵−1(𝜃)‖max ‖Ψ𝜃‖ < 1 (3)

the stable and unstable manifolds of 𝜏 , which we denote by 𝔐+ and 𝔐−, in
a sufficiently small neighborhood of 𝜏 are written in the form 𝑦 = 𝑅+(𝑥, 𝜃),
𝑥 = 𝑅−(𝑦, 𝜃), where 𝑅+, 𝑅− ∈ 𝐶1 and 𝑅+(0, 𝜃) = 𝑅−(0, 𝜃) = 𝑅+

𝑥 (0, 𝜃) =
𝑅+

𝜃 (0, 𝜃) = 𝑅−
𝑦 (0, 𝜃) = 𝑅−

𝜃 (0, 𝜃) = 0. Everywhere below it is assumed that
conditions (3) are satisfied and 𝑓(0, 𝑦, 𝜃) = 𝑔(𝑥, 0, 𝜃) = 0.
Suppose that 𝔐+ and 𝔐− intersect along an 𝑙-dimensional manifold 𝛾 of torus
type, which we shall call a homoclinic torus.* With respect to this intersection
suppose that it is rough, i.e., for an arbitrary point 𝑀 ∈ 𝛾,

dim(𝑊 +
𝑀 ∩ 𝑊 −

𝑀) = 𝑙, (4)
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where 𝑊 +
𝑀 and 𝑊 −

𝑀 denote the tangent spaces to 𝔐+ and 𝔐− at the point 𝑀 .

The presence of a homoclinic torus 𝛾 leads to the existence of a count-
able set of homoclinic tori 𝛾𝑖 = 𝑇 𝑖𝛾, 𝑖 = 0, ±1, ±2, …. The sequence
Γ0 = (… , 𝛾−1, 𝛾0, 𝛾1, … , 𝛾𝑖, …) will be called a homoclinic tube of the torus 𝜏 .
Let 𝛾− = 𝑇 −𝑝1𝛾 and 𝛾+ = 𝑇 𝑝2𝛾 be two homoclinic tori of the tube Γ0, lying
entirely in a sufficiently small neighborhood of 𝜏 . We shall suppose that their
equations can be written in the form

𝛾− ∶ 𝑥 = 0, 𝑦 = 𝜑−(𝜃); 𝛾+ ∶ 𝑥 = 𝜑+(𝜃), 𝑦 = 0, (5)

where 𝜑− and 𝜑+ are smooth functions, periodic in 𝜃 with period 1.
The aim of the paper is to determine the possible types of invariant tubes lying
entirely in a neighborhood of the tube Γ0.

* The existence of an intersection of stable and unstable manifolds of saddle-
type tori was considered by V. I. Arnold (4) in a problem illustrating the effect
of instability of conservative systems with many degrees of freedom.

2. Consider the system

𝑥𝑘 = 𝐴𝑘𝑥0 +
𝑘

∑
𝑗=0

𝐴𝑘−𝑗𝑓(𝑥𝑗, 𝑦𝑗, 𝜃𝑗), 𝑦𝑘 = 𝐵𝑘−𝑁𝑦𝑁 −
𝑁

∑
𝑗=𝑘

𝐵𝑘−𝑗𝑔(𝑥𝑗, 𝑦𝑗, 𝜃𝑗),

𝜃𝑘 = Ψ𝑘(𝜃0), (6)

where

𝐴𝑘−𝑗 = 𝐴(𝜃𝑘−1) … 𝐴(𝜃𝑗), 𝐵𝑘−𝑗 = 𝐵−1(𝜃𝑘) … 𝐵−1(𝜃𝑗−1).

Ψ𝑘 = Ψ(… Ψ⏟
𝑘

(𝜃0))

and it is assumed that 𝐴0𝑓 = 0, 𝐵𝑘−𝑁𝑔 = 0, 𝐴0 = 𝐸𝑚, 𝐵0 = 𝐸𝑛.

Lemma 1. There exists an 𝑟 such that, for ‖𝑥0‖ < 𝑟/2, ‖𝑦𝑁‖ < 𝑟/2, system (6)
has a unique solution

(𝑥𝑘(𝑥0, 𝑦𝑁 , 𝜃0), 𝑦𝑘(𝑥0, 𝑦𝑁 , 𝜃0), 𝜃𝑘 = Ψ𝑘(𝜃0))𝑘=𝑁
𝑘=0 ,

where ‖𝑥𝑘‖ < 𝑟, ‖𝑦𝑘‖ < 𝑟.
The proof follows from the contraction mapping method.

Lemma 2. The estimates
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‖𝑥𝑁‖ + ‖𝜕𝑥𝑁/𝜕𝑥0‖ + ‖𝜕𝑥𝑁/𝜕𝑦𝑁‖ < 𝐿(max ‖𝐴(𝜃)‖)𝑁 ,

‖𝑦0‖ + ‖𝜕𝑦0/𝜕𝑥0‖ + ‖𝜕𝑦0/𝜕𝑦𝑁‖ < 𝐿(max ‖𝐵−1(𝜃)‖)𝑁 , (7)

‖𝜕𝑥𝑁(𝑥0, 𝑦𝑁 , Ψ−1
𝑁 (𝜃𝑁))/𝜕𝜃𝑁‖ < 𝐿 ̄𝜌𝑁 , ‖𝜕𝑦0/𝜕𝜃0‖ < 𝐿 ̄𝜌𝑁 ,

hold, where 𝐿 is some constant.

Let
𝑈0 = [𝑀0(𝑥0, 𝑦0, 𝜃0); ‖𝑥0 − 𝜑+(𝜃0)‖ ≤ 𝜀0, ‖𝑦0‖ ≤ 𝜀0, 𝜃0 ∈ 𝜏]
𝑈1 = [𝑀1(𝑥1, 𝑦1, 𝜃1); ‖𝑥1‖ ≤ 𝜀1, ‖𝑦1 − 𝜑−(𝜃1)‖ ≤ 𝜀1, 𝜃1 ∈ 𝜏].

Choose 𝜀0 so small that, for the neighborhood 𝜏 under consideration, 𝑇 𝑖𝑀
0 ∩𝑈0 =

∅, where 𝑖 ≠ 0 and 𝑀0 ∈ 𝑈0. We impose an analogous restriction on 𝜀1.

Lemma 3. For any 𝑘 greater than some 𝑘̄1, the mapping 𝑇 𝑘𝑈
0 into 𝑈1 is defined

and is written in the form

𝜃1 = Ψ𝑘(𝜃0),

𝜉1 = 𝑥𝑘(𝜉0 + 𝜑+(𝜃0), 𝜂1 + 𝜑−(Ψ−1
𝑘 (𝜃0)), 𝜃0), (8)

𝜂0 = 𝑦0(𝜉0 + 𝜑+(𝜃0), 𝜂1 + 𝜑−(Ψ−1
𝑘 (𝜃0)), 𝜃0), (9)

where

𝜉0 = 𝑥0 − 𝜑+(𝜃0), 𝜂0 = 𝑦0, 𝜉1 = 𝑥1, 𝜂1 = 𝑦1 − 𝜑−(𝜃1).

Denote by 𝜎0
𝑘 the domain of definition of 𝑇 𝑘 ∶ 𝑈0 → 𝑈1. From the form of 𝑇 𝑘

it follows that 𝜎0
𝑘 fibers into the surfaces (9), which tend smoothly to 𝑦0 = 0 as

𝑘 → ∞. Note that

𝜎0
𝑘1

∩ 𝜎0
𝑘2

= ∅, 𝜎1
𝑘1

∩ 𝜎1
𝑘2

= ∅, where 𝜎1
𝑘 = 𝑇 𝑘𝜎0

𝑘 and 𝑘1 ≠ 𝑘2.

The mapping 𝑇 𝑝1+𝑝2 in a neighborhood of 𝛾−, which may be taken to be 𝑈1, in
the variables 𝜉, 𝜂, 𝜃 is written in the form

̄𝜉0 = 𝐹(𝜉1, 𝜂1, 𝜃1), ̄𝜂0 = 𝐺(𝜉1, 𝜂1, 𝜃1), ̄𝜃0 = Φ(𝜉1, 𝜂1, 𝜃1). (10)

By assumption, 𝔐+ and 𝔐− intersect transversely, and the equations of 𝛾− and
𝛾+ are written in the form (5). For these conditions to hold it is sufficient that

sovietrxiv.org/items/ru-196801.32493 Machine Translation

https://sovietrxiv.org/items/ru-196801.32493


‖𝐺𝜂1
(0, 0, 𝜃1)‖ ≠ 0, ∥𝐺𝜂1

𝐺𝜃1
Φ𝜂1

Φ𝜃1

∥
𝜉1=0
𝜂1=0

≠ 0. (11)

When (11) is fulfilled, the equation of 𝔐− can be written in the form

𝜉0 = 𝜑0
0(𝜂0, 𝜃0), (12)

where 𝜑0
0 is a smooth function, defined for ‖𝑦0‖ ≤ 𝜀′

0, periodic in 𝜃0 with period
1, and

max(‖𝜕𝜑0
0/𝜕𝜂0‖, ‖𝜕𝜑0

0/𝜕𝜃0‖) < 𝐿0.

Introduce the space 𝐻0 of surfaces 𝑃 0 with norm 𝑐0, whose equations are written
in the form

𝜉0 = 𝜑0(𝜂0, 𝜃0),
where the functions 𝜑0 are defined for ‖𝜂0‖ ≤ 𝜀′

0/2, periodic in 𝜃0 with period
1, and satisfy the conditions

‖𝜑0(0, 𝜃0)‖ < 𝜀0/2, ‖𝜑0(𝜂′
0, 𝜃′

0)−𝜑0(𝜂″
0 , 𝜃″

0 )‖ < (𝐿0 +1)(‖𝜂′
0 −𝜂″

0 ‖+|𝜃′
0 −𝜃″

0 |).

Denote by 𝐻0
𝑘 the set of surfaces

𝑃 0
𝑘 = 𝑃 0 ∩ 𝜎0

𝑘.

Theorem 1. There exists a 𝑘̄2 ≥ 𝑘̄1 such that for all 𝑖, 𝑗 ≤ 𝑘̄2:
1) 𝑇 𝑗+𝑃1+𝑃2𝜎0

𝑗 ∩ 𝜎0
𝑖 ≠ ∅;

2) the operators 𝒯+
𝑖𝑗 ∶ 𝐻0

𝑗 → 𝐻0
𝑖 are defined;

3) in some metric equivalent to 𝐶0,

𝜌(𝒯+
𝑖𝑗𝜑′

0, 𝒯+
𝑖𝑗𝜑″

0) < 𝑞𝜌(𝜑′
0, 𝜑″

0),

where 𝑞 < 1.
3. Let

𝜋 = (… , 𝑖−1, 𝑖0, 𝑖1, … , 𝑖𝑝, …) (13)

be a sequence infinite in both directions, composed of integers 𝑖𝑝 ≥ 𝑘̄2. To
the sequence 𝜋 we assign the sequence

→ 𝐻0
𝑖𝑝−1

𝒯+
𝑖𝑝𝑖𝑝−1

−−−−−→ 𝐻0
𝑖𝑝

𝒯+
𝑖𝑝+1𝑖𝑝

−−−−−→ 𝐻0
𝑖𝑝+1

→ … (14)

Lemma 4 (6). Let there be given a sequence of complete metric spaces 𝑋𝑖
with metric 𝜌𝑖, 𝑖 = 0, ±1, ±2, …, and a sequence of operators 𝐴𝑖 satisfying the
following conditions:
1) sup 𝜌𝑖(𝑥″

𝑖 , 𝑥′
𝑖) < 𝐷;
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2) 𝐴𝑖(𝑋𝑖) ⊂ 𝑋𝑖+1;
3) 𝜌𝑖+1(𝐴𝑖𝑥′

𝑖, 𝐴𝑖𝑥″
𝑖 ) < 𝑞𝜌𝑖(𝑥′

𝑖, 𝑥″
𝑖 ), where 𝑞 < 1.

Then there exists a unique sequence (… , 𝑥∗
−1, 𝑥∗

0, … , 𝑥∗
𝑖 , …), 𝑥∗

𝑖 ∈ 𝑋𝑖, satisfying
the conditions 𝑥∗

𝑖+1 = 𝐴𝑖𝑥∗
𝑖 .

Applying this lemma to (14), we obtain that to the sequence 𝜋 there corresponds
a unique stable sequence of surfaces {𝑃 𝜋

𝑖𝑝
}, whose equations

𝜉0 = 𝜑𝜋
𝑖𝑝

(𝜂0, 𝜃0),

satisfy the conditions
𝑇 −𝑖0−𝑝1−𝑝2𝑃 𝜋

𝑖𝑝+1
⊂ 𝑃 𝜋

𝑖𝑝
. (15)

In an analogous way it is established that to any sequence 𝜋, where 𝑖𝑝 ≥ 𝑘̄′
2,

there corresponds a unique sequence of surfaces {𝑄𝜋
𝑖𝑝

} stable in the negative
direction, whose equations are

𝜂0 = 𝜓𝜋
𝑖𝑝

(𝜉0, 𝜃0),

where 𝜓𝜋
𝑖𝑝

are defined for ‖𝜉0‖ ≤ 𝜀0, are periodic with respect to 𝜃0, their graphs
lie in 𝜎0

𝑖𝑝
, and 𝜓𝜋

𝑖𝑝
→ 0 as 𝑖𝑝 → ∞, together with the Lipschitz constants.

For all 𝑖𝑝 ≥ 𝑘̄ ≥ max(𝑘̄2, 𝑘̄′
2), 𝑃 𝜋

𝑖𝑝
and 𝑄𝜋

𝑖𝑝
intersect in a unique 𝑙-dimensional

torus 𝛾𝜋
𝑖𝑝
. It follows from the construction that

Γ0 = (… , 𝛾𝜋
𝑖𝑝

, … , 𝛾𝜋
𝑖𝑝+1

, …)

is an invariant tube.

As a result we arrive at the following theorem.

Theorem 2. The set of invariant tubes lying entirely in a sufficiently small
neighborhood of Γ0 and not asymptotic to 𝜏 is in one-to-one correspondence
with the set of all sequences 𝜋, where 𝑖𝑝 ≥ 𝑘∗ ≥ 𝑘̄.
Corollary. In any neighborhood of Γ0 there is contained a countable set of
periodic tori.

Concerning the existence of asymptotic tubes in a small neighborhood of Γ0,
the following holds.

Theorem 3. The set of invariant tubes asymptotic to 𝜏 only in the negative
(positive) direction is in one-to-one correspondence with the set of all infinite
sequences 𝜋 = (𝑖1, 𝑖2, … , 𝑖𝑝, …), where 𝑖𝑝 ≥ 𝑘∗ ≥ 𝑘̄.
The set of homoclinic tubes of the torus 𝜏 , excluding Γ0, is in one-to-one corre-
spondence with the set of all segments (𝜈1, … , 𝜈𝑞), where 𝜈𝑞 ≥ 𝑘∗, 𝑞 ≥ 1.
Remark 1. In the case when 𝑇 has a fixed point of saddle type, whose stable
and unstable manifolds intersect transversely in a homoclinic point, Theorems
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2 and 3 give a description of the structure of a neighborhood of the homoclinic
trajectory. A somewhat different proof was earlier proposed by the author (5,6 )
in the study of continuous dynamical systems.

Remark 2. Conditions (3) are automatically fulfilled when the motions on the
torus are quasiperiodic. However, in the general case this is not so.

In particular, conditions (3) may fail when the mapping on the invariant torus
has a 𝑌 -structure in the sense of D. V. Anosov (1−3).*
Remark 3. Although the paper carried out the study under the assumption
that the invariant manifold of the mapping 𝑇 is a torus, the results are also
valid for any smooth manifold under analogous assumptions with respect to 𝑇 .
Examples of such invariant manifolds may be 𝑅1, 𝑅1 × 𝑆1, etc.

4. Consider a system of 𝑚 + 𝑛 equations

𝑑𝑥𝑖/𝑑𝑡 = 𝑓𝑖(𝑥1, … , 𝑥𝑚+𝑛, 𝑡), (16)

where the 𝑓𝑖 are defined and continuous, together with the derivatives
𝜕𝑓𝑖/𝜕𝑥𝑗, in the domain 𝐺 × 𝑅1, where 𝐺 is a bounded closed domain in
𝑅𝑚+𝑛, and are quasiperiodic functions of 𝑡 with frequency basis 𝜔1, … , 𝜔𝑘.
Let 𝑥 = 0 be a solution, and let the system

𝑑𝜉𝑖
𝑑𝑡 = ∑ 𝑎𝑖𝑗(𝑡)𝜉𝑗, (17)

where 𝑎𝑖𝑗 = 𝜕𝑓𝑖(0, 𝑡)/𝜕𝑥𝑗, have a fundamental matrix representable in the
form

(Ψ+(𝑡) 0
0 Ψ−(𝑡)) , (18)

where Ψ+ and Ψ− are matrices of orders 𝑚 and 𝑛, respectively, satisfying
the conditions

‖Ψ+(𝑡)(Ψ+(𝜏))−1‖ < 𝑘̄𝑒−𝜆(𝑡−𝜏), 𝑡 − 𝜏 ≥ 0,
‖Ψ−(𝑡)(Ψ−(𝜏))−1‖ < 𝑘̄𝑒𝜆(𝑡−𝜏), 𝑡 − 𝜏 ≤ 0, (19)

where 𝑘̄ and 𝜆 are some positive constants. Then the solution 𝑥 = 0
is a solution of saddle type and has a stable integral manifold 𝔐+

𝑚+1 of
dimension 𝑚 + 1 and an unstable 𝔐−

𝑛+1 of dimension 𝑛 + 1. Suppose that
there exists a solution 𝑥 = 𝜑(𝑡), doubly asymptotic to 𝑥 = 0, and that
𝔐+

𝑚+1 and 𝔐−
𝑛+1 intersect along 𝑥 = 𝜑(𝑡) transversally.

Theorem 4. System (16) has a countable set of quasiperiodic motions of saddle
type with frequency basis 𝜔1, … , 𝜔𝑘.

The proof is based on the following

Lemma 5. The stable and unstable manifolds 𝔐+
𝑚+𝑘 and 𝔐−

𝑛−𝑘 of the torus
𝑥 = 0 of the system

𝑑𝑥𝑖/𝑑𝑡 = 𝑔𝑖(𝑥𝑖, … , 𝑥𝑚+𝑛, 𝜃1, … , 𝜃𝑘), 𝑑𝜃𝑗/𝑑𝑡 = 𝜔𝑗, (18’)
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where 𝑔𝑖(𝑥, 𝜔1, 𝑡, … , 𝜔𝑘𝑡) = 𝑓(𝑥, 𝑡), intersect transversally along a 𝑘-dimensional
homoclinic tube.

Applying the results obtained above to system (18′), we obtain that (18′) has
a countable set of periodic tori. Consequently, system (16) has a countable set
of quasiperiodic motions.

In conclusion I express my gratitude to Academician L. S. Pontryagin for his
attention to the work.
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