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Fig. 1. Lines of equal value of the characteristic exponent u

Figure 1: Fig. 1. Lines of equal value of the characteristic exponent p
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By the characteristic exponent u for the Mathieu equation

d?y/d&? + [a — 2qcos 2€]y = 0 (1)

is meant the exponent in the general solution of equation (1), written in Floquet
form (p # 0)

y(&) = AerS f1(€) + Age # fo ().

Here A, and A, are arbitrary constants; f;(£) and f,(§) are periodic functions
of £. The lines of equal value of p corresponding to the case u =0

Fig. 1. Lines of equal value of the characteristic exponent p

are the lines separating the regions of stability and instability; moreover, in the
stability regions p assumes only imaginary values. The lines of equal value of p
for the regions of stable solutions of the Mathieu equation are well known and,
for the first two regions, are given, for example, in the book (1).

However, in solving many physical and technical problems (%2), it becomes
necessary to know the behavior of the lines of equal value of u in the instability
zones. The nature of these lines is also of independent mathematical interest
(). In the literature (*7°), up to now only lines of equal value of u have
been known that lie in portions of the instability zones corresponding to small
modulation depths h = ¢/a < 1; moreover, in the third zone only two lines (?)
are known, corresponding to the values p = 0.05 and p = 0.10. For the indicated
modulation depths, the search for the lines is carried out with the aid of Hill’ s
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Fig. 2. Values of 1, as a function of the number n of the instability zone

Figure 2: Fig. 2. Values of pu,,. as a function of the number n of the instability
zone

determinant. For values h > 1 the problem becomes sharply more complicated
mathematically and can be solved only by numerical methods. In the present
work, with the aid of an electronic computer, lines of equal value of ;1 have been
found for the first three instability zones of the solutions of Mathieu’ s equation
(1). The calculation was carried out by the method set forth in (). The results
of the computations are presented in Fig. 1.

Fig. 2. Values of u,,,, as a function of the number of the instability zone n

At small modulation depths (h <« 1), as is known, the width of the parametric
resonance decreases with increasing number n of the instability zone as h™,
and correspondingly the values of the characteristic exponent p also decrease
from zone to zone (for h = const). At large modulation depths (h = 1) the
picture changes: with increasing number of the instability zone, at one and the
same value of h, the maximum value of the characteristic exponent ., for
the zone n is less than the maximum value of the characteristic exponent .
for the zone n + 1. This tendency could have been expected by analyzing the
results given in (**). From Fig. 1 the noted feature follows with obviousness.
This means that, at large modulation depths, the resonances corresponding to
large values of n become the principal ones, and nonlinearity in a real physical
system approximately described by equation (1) will manifest itself the sooner,
the higher the order of the parametric resonance realized in it.

It is curious that, if one computes p,,,, for different zones at a constant value
of h, then in the plane (p,,,.,n) (Fig. 2), for the given h, they lie practically
on straight lines (see also (7)).
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