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MATHEMATICS

A. A. SAPOZHENKO

ON THE ORDER OF THE NEIGHBORHOOD
OF MAXIMAL INTERVALS FOR ALMOST
ALL FUNCTIONS OF THE ALGEBRA OF
LOGIC
(Presented by Academician M. A. Lavrentiev on 16 VI 1967)

In papers (1,2) the definition of a local algorithm for computing information was
formulated. In this note we estimate the order of the principal neighborhood
of a maximal interval (2). The magnitude of this parameter characterizes the
complexity of the algorithm in the minimization of Boolean functions. It will
be shown that, for almost all functions, the order of the neighborhood of any
interval of nonzero dimension is asymptotically equal to 𝑛 log2 log2 𝑛.
Let 𝑃𝑛 denote the set of all functions of the algebra of logic in 𝑛 arguments.
If 𝑓 ∈ 𝑃𝑛, then 𝑁𝑓 is the set of vertices 𝛼 of the 𝑛-dimensional cube 𝐸𝑛 such
that 𝑓(𝛼) = 1, and 𝔐𝑓 is the set of all maximal intervals of the function 𝑓 (see
(3)). We shall regard the 𝑛-dimensional cube 𝐸𝑛 as a graph whose vertices are
the strings of zeros and ones of length 𝑛, and whose edges are pairs of strings
differing in exactly one coordinate. By 𝐺(𝑓) we denote the subgraph (see (4)) of
the cube 𝐸𝑛 generated by the set 𝑁𝑓 , and by Γ(𝑓) the graph whose vertices are
the maximal intervals from 𝔐𝑓 , and whose edges are pairs of maximal intervals
intersecting as faces of the cube 𝐸𝑛 (see (3)).
Let 𝐻 be some graph. An ordered set of edges of the graph 𝐻[(𝛼, 𝛽1), (𝛽1, 𝛽2), … , (𝛽𝑙−1, 𝛾)]
will be called a chain connecting the vertices 𝛼 and 𝛾. We shall denote this
chain by the symbol [𝛼, 𝛽1, … , 𝛽𝑙−1, 𝛾] or [𝛼, 𝛾]. The length 𝑙[𝛼,𝛾] of the chain
[𝛼, 𝛾] will be the number of edges of this chain. The distance between vertices
𝛼 and 𝛽 of the graph 𝐻 will be the length of the shortest chain connecting
these vertices, and will be denoted by 𝜌𝐻(𝛼, 𝛽). If 𝐻 is disconnected and the
vertices 𝛼, 𝛽 lie in different components, then the distance 𝜌𝐻(𝛼, 𝛽) is not
defined. Denote by 𝑅(𝐻) and 𝐷(𝐻), respectively, the radius and diameter of
a connected graph 𝐻 (see (4)). The radius (diameter) of a disconnected graph
will be the maximum of the radii (diameters) of its components.

Definition 1 (see (2)). Let 𝑓 ∈ 𝑃𝑛. The principal neighborhood of order zero of
a maximal interval 𝑀 from 𝔐𝑓 is the set ℰ0(𝑀, 𝔐𝑓), consisting of the interval
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𝑀 itself.

The principal neighborhood of order 𝑘 is the set ℰ𝑘(𝑀, 𝔐𝑓) of intervals 𝐿 from
𝔐𝑓 satisfying one of the following conditions:

1∘. There exists a maximal interval 𝐾 from ℰ𝑘−1(𝑀, 𝔐𝑓) and a vertex 𝛼 of the
cube 𝐸𝑛 such that 𝛼 ∈ 𝐾 ∩ 𝐿.
2∘. There exist intervals 𝐾1, 𝐾2, … , 𝐾𝑠 satisfying 1∘, such that every vertex 𝛼
of the interval 𝐿 belongs to at least one of these intervals.

The least number 𝜋(𝑀) = 𝜋(𝑀, 𝔐𝑓) such that, for all 𝑖 > 𝜋(𝑀),
ℰ𝑖+1(𝑀, 𝔐𝑓) = ℰ𝑖(𝑀, 𝔐𝑓), will be called the largest order of the princi-
pal neighborhood of the maximal interval 𝑀 .

We shall say that almost all functions of the algebra of logic possess property 𝐴
if

lim
𝑛→∞

Φ𝑛(𝐴)/22𝑛 = 1.

Here Φ𝑛(𝐴) —
the number of functions from 𝑃𝑛 possessing property 𝐴. For example, it is well
known that almost all functions of the algebra of logic satisfy the condition*

2𝑛−1 − √𝑛 2𝑛/2 ≤ |𝑁𝑓 | ≤ 2𝑛−1 − √𝑛 2𝑛/2.

In (5) it is proved that almost all functions of the algebra of logic have the
following properties:

1∘. The graph 𝐺(𝑓) consists of no more than 𝜂(𝑛) components, where 𝜂(𝑛) is
an arbitrary function such that lim

𝑛→∞
𝜂(𝑛) = ∞ and 𝜂(𝑛) ≤ 𝑛/2 log2 𝑛. One of

the components of the graph 𝐺(𝑓), which we shall call the principal component
and denote by 𝐾1, satisfies the condition

|𝑁𝑓 | − 𝜂(𝑛) ≤ |𝐾1| ≤ |𝑁𝑓 |.

Roughly speaking, this means that the principal component contains almost all
vertices of the graph 𝐺(𝑓). The remaining components, if there are any, are
isolated vertices of the graph 𝐺(𝑓).
2∘. 𝑛 − 2 ≤ 𝑅(𝐺(𝑓)) ≤ 𝑛 − 1, 𝐷(𝐺(𝑓)) = 𝑛 + 1.
3∘. If 𝛼, 𝛽 are nonisolated vertices of the graph 𝐺(𝑓) and 𝜌𝐸𝑛(𝛼, 𝛽) < 𝑛/ log2 𝑛,
then

𝜌𝐺(𝑓)(𝛼, 𝛽) ≤ 𝜌𝐸𝑛(𝛼, 𝛽) + 4.

4∘. By the sphere 𝑆𝑛
𝑙 (𝛼) of radius 𝑙 in the cube 𝐸𝑛 we mean the set of vertices

of the cube lying at distance 𝑙 from 𝛼 in the metric 𝐸𝑛. The graph 𝐺(𝑓) is
arranged so that, whatever sphere 𝑆𝑛

𝑙 (𝛼) one takes such that 2 ≤ 𝑙 ≤ 𝑛 − 2,
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there exists a vertex 𝛽 of the principal component of the graph 𝐺(𝑓) belonging
to the sphere 𝑆𝑛

𝑙 (𝛼).
It follows from property 1∘ that, for almost all functions of the algebra of logic,
the graph Γ(𝑓) consists of no more than 𝜂(𝑛) connected components. One
of the components of the graph Γ(𝑓) contains at least 𝔐𝑓 − 𝜂(𝑛) maximal
intervals, while the remaining ones are maximal intervals of zero dimension. By
the dimension of an interval we mean its dimension as a face of the cube 𝐸𝑛.

It is also clear that for a maximal interval 𝑀 of zero dimension 𝜋(𝑀) = 0. For
maximal intervals of nonzero dimension, the inequalities

𝑅(Γ(𝑓)) ≤ 𝜋(𝑀) ≤ 𝐷(Γ(𝑓)) + 1

are evidently valid.

Theorem. For almost all functions of the algebra of logic, for every maximal
interval 𝑀 of nonzero dimension,

𝜋(𝑀) ∼ 𝑛/ log2 log2 𝑛.

For the proof of the theorem it is enough to verify the validity of the following
two assertions.

Assertion 1. For almost all functions of the algebra of logic

𝑅(Γ(𝑓)) ≥ (𝑛 − 2)/[log2 log2 𝑛 + log2 log2 log2 𝑛 + 1].

Assertion 2. For almost all functions of the algebra of logic

𝐷(Γ(𝑓)) ≤ 𝑛
log2 log2 𝑛(1 + 𝑂(1)).

Let 𝛼, 𝛽 be vertices of the cube 𝐸𝑛, and let 𝜌𝐸𝑛(𝛼, 𝛽) = 𝑘. The set 𝐸𝑘(𝛼, 𝛽) of
vertices 𝛾 satisfying the condition

𝜌𝐸𝑛(𝛼, 𝛾) + 𝜌𝐸𝑛(𝛾, 𝛽) = 𝜌𝐸𝑛(𝛼, 𝛽)

is, obviously, a 𝑘-dimensional face of the cube (see (3)). The subgraph of the
cube 𝐸𝑛 generated by the set 𝐸𝑘(𝛼, 𝛽) will be called the 𝑘-dimensional sub-
cube spanned by the vertices 𝛼, 𝛽, and will be denoted by the same symbol
𝐸𝑘(𝛼, 𝛽).**

* If 𝑄 is some set, then by the symbol |𝑄| we shall denote the number of elements
in 𝑄.

** Everywhere, a subset of vertices of the 𝑛-dimensional cube and the subgraph
generated by this set will be denoted by the same symbol. It will be clear from
the context which of the concepts is meant.
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Definition 2. Let 𝛾0, 𝛾1, … , 𝛾𝑞 be a sequence of pairwise distinct vertices of the
cube 𝐸𝑛, 𝑑𝑖 = 𝜌𝐸𝑛(𝛾𝑖−1, 𝛾𝑖), ∑𝑞

𝑖=1 𝑑𝑖 = 𝑚, and let 𝐸𝑑𝑖(𝛾𝑖−1, 𝛾𝑖) be the subcube
spanned by the vertices 𝛾𝑖−1, 𝛾𝑖. We shall denote by

𝔷𝑚(𝛾0, 𝛾1, … , 𝛾𝑞)

or, if this causes no misunderstanding, by

𝔷𝑚(𝛾0, 𝛾𝑖1
, … , 𝛾𝑖𝑘

, 𝛾𝑞),

where some of the 𝛾𝑖 are omitted, the set
𝑞

⋃
𝑖=1

𝐸𝑑𝑖(𝛾𝑖−1, 𝛾𝑖).

We shall call this set an (𝑚, 𝑞)-chain connecting the vertices 𝛾0, 𝛾𝑞, if two con-
ditions are satisfied: 1)

𝐸𝑑𝑖(𝛾𝑖−1, 𝛾𝑖) ∩ 𝐸𝑑𝑖+1(𝛾𝑖, 𝛾𝑖+1) = {𝛾𝑖}

for all 𝑖 = 1, 2, … , 𝑞 − 1; 2)

𝐸𝑑𝑖(𝛾𝑖−1, 𝛾𝑖) ∩ 𝐸𝑑𝑗(𝛾𝑗−1, 𝛾𝑗) = ∅

if |𝑖 − 𝑗| > 1. We shall call the vertices 𝛾0, 𝛾𝑞 the ends, and the vertices
𝛾1, 𝛾2, … , 𝛾𝑞−1 the nodal vertices of the (𝑚, 𝑞)-chain 𝔷𝑚(𝛾0, 𝛾𝑞). If 𝑓 ∈ 𝑃𝑛 and
𝔷𝑚(𝛾0, 𝛾𝑞) ⊆ 𝑁𝑓 , then we shall say that the set 𝑁𝑓 contains the chain 𝔷𝑚(𝛾0, 𝛾𝑞),
or that 𝔷𝑚(𝛾0, 𝛾𝑞) is an (𝑚, 𝑞)-chain of the function 𝑓 .
Let us note the connection between the chains defined earlier in the graphs 𝐺(𝑓),
Γ(𝑓), and (𝑚, 𝑞)-chains. Obviously, every non-self-intersecting chain [𝛼, 𝛽] of
length 𝑚 in the graph 𝐺(𝑓) is an (𝑚, 𝑚)-chain. If [𝑀1, 𝑀𝑞+1] is a shortest
chain in Γ(𝑓) connecting the maximal intervals 𝑀1, 𝑀𝑞+1, then for every pair of
vertices 𝛼, 𝛽 such that 𝛼 ∈ 𝑀1, 𝛽 ∈ 𝑀𝑞+1, there exists an (𝑚, 𝑞′)-chain 𝔷𝑚(𝛼, 𝛽)
(𝑚 = 𝜌𝐸𝑛(𝛼, 𝛽), 𝑞′ ≤ 𝑞 − 1) such that every vertex of the chain 𝔷(𝛼, 𝛽) belongs
to the chain [𝑀1, 𝑀𝑞+1]. On the other hand, for every (𝑚, 𝑞)-chain 𝔷(𝛼, 𝛽) there
exists a chain [𝑀1, 𝑀𝑞′ ] such that 𝑞′ ≤ 𝑞, 𝛼 ∈ 𝑀1, 𝛽 ∈ 𝑀𝑞′ , and every vertex
of the chain 𝔷(𝛼, 𝛽) belongs to the chain [𝑀1, 𝑀𝑞′ ]. If the set 𝑁𝑓 contains an
(𝑚, 𝑞)-chain 𝔷(𝛼, 𝛽) and 𝑚 > 𝑞, then for every 𝑞′ (𝑞 ≤ 𝑞′ ≤ 𝑚) there exist
(𝑚, 𝑞′)-chains connecting 𝛼, 𝛽.
Lemma 1. Let 𝑚, 𝑛 be integers, 𝑚 ≥ 𝑛 − 2,

𝑞0 = 𝑞0(𝑛) = [(𝑛 − 2)/(log2 log2 𝑛 + log2 log2 log2 𝑛 + 1)].

Denote by Φ𝑛(𝑚, 𝑞0) the number of functions 𝑓 from 𝑃𝑛 such that 𝑁𝑓 contains
an (𝑚, 𝑞0)-chain, and let

Φ𝑛(𝑞0) = ∑
𝑚≥𝑛−2

Φ𝑛(𝑚, 𝑞0).
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Then
lim

𝑛→∞
Φ𝑛(𝑞0)/22𝑛 = 0.

Let 𝔎1(𝑛) be the class of functions from 𝑃𝑛 possessing the following properties:

1∘. The set 𝑁𝑓 contains not a single (𝑚, 𝑞0)-chain, 𝑚 ≥ 𝑛 − 2,

𝑞0 = [(𝑛 − 2)/(log2 log2 𝑛 + log2 log2 log2 𝑛 + 1)].

2∘. The graph 𝐺(𝑓) consists of no more than 𝜂(𝑛) components, 𝜂(𝑛) < 𝑛/ log2 𝑛.
There exists a principal component 𝐾1, containing not fewer than |𝑁𝑓 | − 𝜂(𝑛)
vertices from 𝑁𝑓 ; all other components are isolated points, and |𝑁𝑓 | ∼ 2𝑛−1.

3∘. For every vertex 𝛼 from 𝐾1 there exists a vertex 𝛽 ∈ 𝐾1 such that

𝜌𝐸𝑛(𝛼, 𝛽) = 𝑛 − 2.
From the preceding it is clear that

lim
𝑛→∞

|𝔎1(𝑛)|/22𝑛 = 1.

Proof of Assertion 1. We shall show that for every function 𝑓 ∈ 𝔎1(𝑛) and
any of its maximal intervals 𝑀 of nonzero dimension there exists a maximal
interval 𝑀 ′ such that

𝜌Γ(𝑓)(𝑀, 𝑀 ′) ≥ 𝑞0.
Thereby Assertion 1 will be proved.

Let 𝑓 ∈ 𝔎1(𝑛), 𝑀 ∈ 𝔐𝑓 , and let the dimension of 𝑀 be greater than 0. Let
𝛼 ∈ 𝑀 . By properties 2∘, 3∘ of functions from the class 𝔎1(𝑛), 𝛼 ∈ 𝐾1, and there
exists a vertex 𝛽 ∈ 𝐾1 such that 𝜌𝐸𝑛(𝛼, 𝛽) = 𝑛 − 2. Let 𝑀 ′ be an arbitrary
maximal interval from 𝔐𝑓 such that 𝛽 ∈ 𝑀 ′. We shall show that

𝜌Γ(𝑓)(𝑀, 𝑀 ′) ≥ 𝑞0.
Suppose the contrary. Then there exists a chain [𝑀, 𝑀 ′] of the graph Γ(𝑓) of
length 𝑞 < 𝑞0, and hence also an (𝑚, 𝑞0)-chain 𝔷(𝛼, 𝛽) such that 𝑚 ≥ 𝑛 − 2,
which contradicts property 1∘ of functions from 𝔎1(𝑛). Assertion 1 is proved.

Definition 3. Let 𝑓 ∈ 𝑃𝑛, 𝛼, 𝛽 ∈ 𝑁𝑓 , 𝜌𝐸𝑛(𝛼, 𝛽) = 𝐾. The pair (𝛼, 𝛽) will be
called a bad 𝑘-pair of the function 𝑓 if 𝛼, 𝛽 are not isolated and 𝑁𝑓 contains no
(𝑚, 𝑞1)-chain connecting 𝛼 with 𝛽 such that

𝑘 ≤ 𝑚 ≤ 𝑘 + 12, 𝑞1 = 𝑞1(𝑘) ≤ [𝑘/(log2 log2 𝑘 − log2 log2 log2 𝑘)] + 12.

Lemma 2. Let 𝔎2(𝑛) be the number of functions in 𝑃𝑛 that have at least one
bad 𝑘-pair, and let

Φ𝑛 = ∑
𝑛/ log2 𝑛≤𝑘≤𝑛−√𝑛 log2 𝑛

Φ𝑛(𝑘).
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Then
lim

𝑛→∞
Φ𝑛/22𝑛 = 0.

Let 𝔎2(𝑛) be the class of functions 𝑓 from 𝑃𝑛 having the properties:

10. For any nonisolated vertices 𝛼, 𝛽 from 𝑁𝑓 such that

𝜌𝐸𝑛(𝛼, 𝛽) ≤ 𝑛/ log2 𝑛, 𝜌𝐺(𝑓)(𝛼, 𝛽) ≤ 𝜌𝐸𝑛(𝛼, 𝛽) + 4.

20. In every sphere 𝑆𝑙
𝑛(𝛼) such that 2 ≤ 𝑙 ≤ 𝑛 − 2, there exists a vertex 𝛽

belonging to the principal component of the graph 𝐺(𝑓).
30. There are no bad 𝑘-pairs (𝑛/ log2 𝑛 ≤ 𝑘 ≤ 𝑛−√𝑛 log2 𝑛). From the preceding
it is clear that

lim
𝑛→∞

|𝔎2(𝑛)|/22𝑛 = 1.

Proof of Assertion 2. It suffices to show that, for every function 𝑓 from 𝔎2(𝑛)
and any two maximal intervals 𝑀 and 𝑀 ′ of nonzero dimension from 𝔐𝑓 ,

𝜌Γ(𝑓)(𝑀, 𝑀 ′) ≤ 𝑛
log2 log2 𝑛(1 + 𝑜(1)).

Let 𝑓 ∈ 𝔎2(𝑛), and let 𝑀 and 𝑀 ′ be maximal intervals of nonzero dimension
from 𝔐𝑓 , and let 𝛼0, 𝛽0 be vertices of the set 𝑁𝑓 such that 𝛼0 ∈ 𝑀, 𝛽0 ∈ 𝑀 ′,
and

𝜌𝐸𝑛(𝛼0, 𝛽0) = min
𝛼∈𝑀, 𝛽∈𝑀′

𝜌𝐸𝑛(𝛼, 𝛽).

Three cases may occur:

a) 𝜌𝐸𝑛(𝛼0, 𝛽0) < 𝑛/ log2 𝑛;
b) 𝑛/ log2 𝑛 ≤ 𝜌𝐸𝑛(𝛼0, 𝛽0) ≤ 𝑛 − √𝑛 log2 𝑛;
c) 𝑛 − √𝑛 log2 𝑛 ≤ 𝜌𝐸𝑛(𝛼0, 𝛽0) ≤ 𝑛.

Case a). By property 10 of the function 𝑓 from 𝔎2(𝑛),

𝜌𝐺(𝑓)(𝛼0, 𝛽0) ≤ 𝜌𝐸𝑛(𝛼0, 𝛽0) + 4 ≤ 𝑛/ log2 𝑛 + 4.

Hence it easily follows that

𝜌Γ(𝑓)(𝑀, 𝑀 ′) ≤ 𝑛/ log2 𝑛 + 5.

Case b). By property 30 of the function 𝑓 from 𝔎2(𝑛), there exists an (𝑚, 𝑞1)-
chain connecting 𝛼0 with 𝛽0, where

𝑚 ≤ 𝑘 + 12, 𝑞1 = 𝑞1(𝑘) ≤ [𝑘/(log2 log2 𝑘 − log2 log2 log2 𝑘)] + 12,
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where 𝑘 = 𝜌𝐸𝑛(𝛼0, 𝛽0).
Hence it easily follows that

𝜌Γ(𝑓)(𝑀, 𝑀 ′) ≤ 𝑛
log2 log2 𝑛(1 + 𝑜(1)).

Case c). By property 20 of the function 𝑓 from 𝔎2(𝑛), there exists a vertex 𝛾
of the principal component of the graph 𝐺(𝑓) such that

𝜌𝐸𝑛(𝛼0, 𝛾) =]√𝑛 log2 𝑛[,

𝜌𝐸𝑛(𝛾, 𝛽0) = 𝜌𝐸𝑛(𝛼0, 𝛽0)−]√𝑛 log2 𝑛[.

Since
𝜌𝐸𝑛(𝛼0, 𝛾) < 𝑛/ log2 𝑛,

by property 10, in 𝐺(𝑓) there exists a chain [𝛼0, 𝛾] of length

≤]√𝑛 log2 𝑛[,

and by property 30 of the function 𝑓 there exists an (𝑚, 𝑞2)-chain connecting 𝛾
with 𝛽0,

𝑚 ≤ 𝑘 + 12, 𝑞1 = 𝑞1(𝑘) ≤ [𝑘/(log2 log2 𝑘 − log2 log2 log2 𝑘)] + 12,

where
𝑘 = 𝜌𝐸𝑛(𝛾, 𝛽0).

Hence it is clear that

𝜌Γ(𝑓)(𝑀, 𝑀 ′) ≤ 𝑛
log2 log2 𝑛(1 + 𝑜(1)).

Assertion 2, and therefore also the theorem, are proved.

The author expresses his gratitude to V. V. Glagolev for a number of useful
remarks.
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