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In the present note the concept of a group of generalized motions of an n-
dimensional Riemannian space is introduced; it includes the definition of a group
of motions. Generalized Killing equations are obtained, making it possible to
clarify the geometric meaning of generalized motions. The question of the clas-
sification of solutions of the Einstein equations by groups of generalized motions
is considered.

Let us consider a local Lie group H of point transformations of N-dimensional
Euclidean space EN (z) into itself. A manifold 9 C E¥ () is called an invariant
manifold of the group H if, for any point z € 9t and any transformation T' € H,
one has Tz € M. Denote by

0
oz’

X, =& ()

v (a=1,...,m5i=1,...,N)

the infinitesimal operators of the group H, and by R the common rank of the
matrix |&,(z)], where 7 is the order of the group H. The rank of an invariant
manifold 90 is the number p = dim 9 — R. A manifold R C EV () is called a
partially invariant manifold of the group H if R C 9, where 91 is some invariant
manifold of this group not coinciding with E™V (x). If as 9t one takes the smallest
invariant manifold containing R, then one can introduce the concepts of the
rank and defect of invariance of a partially invariant manifold: the rank of the
partially invariant manifold fR is the rank of 9, and the defect of invariance is
the number (1) § = dim 9 — dim K.

Let V,, be an n-dimensional Riemannian space with metric tensor given by the
equations

G935 = 9ij(95>~ (1)

We shall regard transformations of the points of V,, as transformations of the
points of the space E™(x); the Lie group of transformations will be denoted by
H, and the infinitesimal operator will be written in the form
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0

X =)

(i=1,...,n).

In addition, introduce the space E™"™(x,g), whose points are the coordinates
z* and the m = n(n + 1)/2 components of the tensor g;;. Then to the group

H of transformations of the points of E™(x) there corresponds a group H of
transformations of the points of E"*™(z, g), and the infinitesimal operator will
have the form

— ) 0 0
X = fl(x)@ + m‘j(l’,g)@
1]

Let us express the quantities 7,;(z, g) in terms of &(z). We proceed from the
transformation law for the components of a tensor

o, 02" 92"
%5 = 9 s

where the primes denote the transformed quantities (containing the transforma-
tion parameter ¢). Applying to both sides of this equality the operator

0

Otli—t,

(to corresponds to the identity transformation), which commutes with the oper-
ator —, we obtain
ox*
ok ok
m-j(l"vg) = —gm‘@ _gkj@'
The equalities (1) define a certain manifold in the space E™"™(x, g).

Definition. The group H is called a group of generalized motions of the
Riemannian space V,, if the manifold (1) is a partially invariant manifold of
the group H. The numbers p and ¢ will be called, respectively, the rank and
the defect of the space V,, with respect to the group H.

Lemma. In order that the manifold
M:  (x,9)=0 (v=1,...,u; p<m) (2)

be an invariant manifold of the group H, it is necessary and sufficient that the
generalized Killing equations
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D9 0k gk o
(5 der i ogi T gai ) By,
m

=0 (v=1,..,p). (3)

Proof. From the condition p < m and the invariance of the manifold 97 it
follows that

k k v] _ —
(5 8a:k 5 ag” aa:""') *0 (V* 17"'7#)7 (4)
_ ok gk dp”
= |gk X _ > . = =
X ’ - |:£ (gk‘l a.’L’j + gk] 8.131) ag” o 0 (V 17 . aﬂ) (5)

Subtracting (5) from (4), we obtain (3). Conversely, from (3) and (4) follows
(5), which is a necessary and sufficient condition for invariance of the manifold
(2). The lemma is proved.

The smallest invariant manifold (assumed nonsingular) containing (1) can be
given by the system of equations (V)

v ) =Y (e g) =0 (v=1,.,p), (6)

where I'(z,g), ..., I*(x,g) is a complete set of invariants of H and

t=n+m—R, p=0+n—R, Lw=m—29,

max{R —n,0} <4 < min{R—1,m — 1}, (7)

‘3g~

t]

R = rank”@(a:), nf‘j(w, g)H7 rank

The manifold (6) will be called the defining manifold of the space V,, with
metric tensor (1). Introduce the notation

k gz] afk 87516
5 +g kzaxj +gkjaxi'

The metric tensor of the space ‘N/n, obtained from V,, by infinitesimal transfor-
mations of the group H, has the form (%)
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Gij = gij + hi;AtL.
The following corollaries follow from the lemma.

Corollary 1. If H is a group of generalized motions of the space V,, with
defining manifold (6), then for (1) the equations

a v
h; (;ZJ =0 v=1,..,p).
9i (1)

are satisfied.

Corollary 2. In order that H be a group of motions of the space V,,, it is
necessary and sufficient that the manifold (1) be invariant with respect to the

group H.

It follows from (8) that y quantities h,;; are expressed linearly in terms of the
remaining § of them with variable coefficients. This means that the “distortion”
of the space V,, occurs at the expense of an arbitrary change of these

Table 1

No. R t 1 p ¢ No. R t 1 p I
1 1 13 0 3 10 21 7 7 5 2 5
2 2 12 0 2 10 22 7 7 6 3 4
3 2 12 1 3 9 23 8 6 4 0 6
4 3 11 0 1 10 24 8 6 5 1 5
5 3 11 1 2 9 25 8 6 6 2 4
6 3 11 2 3 8 26 8 6 7 3 3
7 4 10 0 0 10 27 9 5 5 0 5
8 4 10 1 1 9 28 9 5 6 1 4
9 4 10 2 2 8 29 9 5 7 2 3

10 4 10 3 3 7 30 9 5 8 3 2
11 5 9 1 0 9 31 10 4 6 0 4
12 5 9 2 1 8 32 10 4 7 1 3
13 5 9 3 2 7 33 10 4 8 2 2
14 5 9 4 3 6 34 10 4 9 3 1
15 6 8 2 0 8 35 11 3 7 0 3
16 6 8 3 1 7 36 11 3 8 1 2
17 6 8 4 2 6 37 11 3 9 2 1
18 6 8 5 3 5 38 12 2 8 0 2
19 7 7 3 0 7 39 12 2 9 1 1
20 7 7 4 1 6 40 13 1 9 0 1

0 quantities h;;. For 6 = 0 the group H becomes a group of motions and
the “distortion” is absent. In other words, if under motions all components of
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the tensor g,; are “carried along” without change (there are t > m invariants
IY(x,9), ..., I*(x, g) of the group H, from which all g;; can be found), then under
generalized motions there are only p < m invariants W” (I, ..., I'), which make
it possible to find u components of the tensor g,;, if the remaining 6 components
are prescribed.

Suppose we wish to determine whether there exists a subgroup H’ of the group
of generalized motions H that is a group of motions of the space V,,. For this it
is enough to check whether ¢ quantities h,;; vanish for the coordinates &(x) of
the operators of the subgroup H’. If they vanish, then the others will be equal
to zero by virtue of (8), i.e., the Killing equations h;; =0 will be satisfied.

As an example, let us consider the question of finding particular solutions of the
Einstein equations in empty space

Ry =0  (i,k=1,..,4). (9)

Calculations show that the broadest Lie group of transformations of the form

xﬂ:fi(xvg>v gz/'j:Fij<"Evg)7

admitted by equations (9), is limited to tensor transformations and one stretch-
ing gz’-j = ag,;, a = const. If one considers only tensor transformations, then,
according to the above-introduced definition, the classification of invariant or
partially invariant solutions of (9) can be discussed as the classification of Ein-
stein spaces by

groups of motions or generalized motions. In finding an Einstein space, the
defect 0 and rank p are involved: there are ¢ functions that cannot be found
from the defining manifold (6), while the rank p indicates how many invariants
in (6) will be independent variables. Therefore, the larger these two numbers
are, the more difficult is the problem of finding the corresponding Einstein space.
This approach makes it possible to speak of automodel solutions of the Einstein
equations—solutions obtained on Abelian groups of motions !. For example, the
cylindrical Einstein-Rosen waves constitute an automodel solution, while the
Schwarzschild solution is non-automodel.

Table 1 gives the possible types of defining manifolds (6) of spaces V, admitting
groups of generalized motions. This table was obtained by applying (7) for
n = 4. Types 1, 2, 4, 7 of the table give groups of motions studied in 3.

The author expresses sincere gratitude to L. V. Ovsyannikov for posing the
problem and for his constant attention to the work.
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