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As shown in works (1?), Lagrange’ s principle can serve as a basis for construct-
ing more complicated models that take the properties of real bodies into account
more radically. In principle, any macroscopic system is completely described
by the Lagrange function A, ;. of all its microparticles, molecules, electrons,
etc. The macroscopic Lagrangian and éW*, which describe a nonequilibrium
system “in a large-structure way,” contain much less information than the func-
tion A, ;... There is yet another consideration that reveals the fundamental
difference between these two approaches to the study of real bodies. Macroscop-
ically nonequilibrium systems are described by irreversible equations, whereas
the evolution equation of each microparticle of the system is reversible. The
kinetic method of describing macroscopic systems synthesizes these contradic-
tions. In the present article an attempt is made to trace the process by which ir-
reversibility appears when a system is described by Wigner quantum-mechanical
functions in the language of the variational formalism.

Let a macroscopic system occupy a volume V' and consist of NV identical particles:
bosons or fermions. We shall study the asymptotic behavior of this system in
time as N — 0o, V' — oo, and N /V tends to a finite value. In kinetics the system
may be regarded as a kind of continuous medium without surface forces; the
distribution function fx(qQq,...,dy,P1, - Py, t) will be considered the density
of this medium. In accordance with such an interpretation, fp must satisfy the
continuity equation in the 6/N-dimensional phase space:

Ofn 9(arfn) I(Prfn)
=4 + =0" 1
The functions obtained from fp by definition
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will obviously obey the equations
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The resulting chain will be determined only when it is possible to express q;
and p; through the density fy and the dynamical variables q; and p,. Below
it is shown how to obtain an equation for the quantum distribution function fp
phenomenologically, bypassing microscopic consideration. For classical systems
a similar idea was developed in paper (3).

* Of course, it does not follow a priori from anywhere that the quantum distri-
bution function introduced by Wigner obeys an equation of this kind. This is a
postulate justified a posteriori.

From the Eulerian point of view, the motion of the phase “fluid” is completely
determined if, at each instant of time ¢, in the phase space X there is constructed
a field of the 6 /N-component “velocity” vector X(qyy, - » G Prgs - s Prz)- If tO
the 6N coordinates one adjoins the time coordinate, then the streamlines of the
Vector (Gypy s ANzs Plas - s P2y 1) in the resulting (6N + 1)-dimensional space
Y will have the meaning of trajectories of small phase elements. Let us take an
arbitrary domain V' C Y and define on it the functional

k=1

N 2 1
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It is curious to note that if, in integrating over V, all the variables p;.,p;,. p;.
(i =1,...,n) vary from —oo to +oo, then the expression for R goes over into
Hamilton’ s action in classical kinetic theory (3). The true velocity field differs
from admissible ones by extremal properties. Let us perform an arbitrary de-
formation of the trajectories of the phase fluid in Y from some class G (it will
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be defined below). This means that a point x € Y passes into the point x’(x).
The condition of continuity of the configuration obtained can be expressed by
the equality

fn(dis s Pv) = v s PN) D@1 o Pvz) /D1 - Pivs)-

To find the true velocity field in the domain V', we formulate the principle: only
for the actual velocity field will the linear part of the increment of the functional
R on the domain V under an arbitrary deformation of Y from the class G, added
to the integral §W taken over the surface V — ), give zero. We define the class
G of admissible deformations by the relations

q; —q; = 5q7,(q17 7qut)7 p; —Pp; = 5pi(q17 7qNapi7t)a

i=1,..,n, ot =0.
In accordance with the formalism of paper (1), we write W in the form

3

N
/ lntéT + Z Z <nqw5Qiu + npw(sin> ds,
o

i=1 v=1

where 0T,0Q);,,0P,;, are certain functions depending linearly on the vector of
the admissible deformation dx, but, generally speaking, in a functional way, and
independent of the choice of V. From the equality dR + W = 0 we find the
explicit form of these functions:

N 00
O*op;,
0T = Z 5qu1fN7 6Qw = q.iu6T7 6Pw = pzu5T+Z apm Div
=1 pn=1 2
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where
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and the equations of motion

sovietrxiv.org/items/ru-196801.29185 Machine Translation


https://sovietrxiv.org/items/ru-196801.29185

N 1
. P; . 1 N R - _.
q; m7 pr7. 2(271')3 ot ‘é a/oo n; aT eXp[”(nz pz)}fN(nm p7,+pk nl)x

xf%[cp( )+of

Substituting the expressions for ¢; and p, into equation (1), we obtain

h O
q; —q; + -

aht
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It is interesting to note that the equations of the chain can be obtained without
resorting to the definition of the functions f, by formulas (2): the functions
fs(ayy -y dgy P1y -5 Py) (s =1,2,..., N—1), in turn, can be regarded as density
functions of the substance in the corresponding spaces X°. In accordance with
this, during the motion of the phase fluid for f, the continuity equation must
be satisfied,

h 0

Qi—Qk—inaipi

9 ~ ~
ils t 2o divg @+ Y divy, brf, = 0.
k=1 k=1

To find the trajectories of motion of small phase elements one may formulate a
variational principle (analogous to that used above), from which we obtain the
equations:

s 1
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Substituting into the continuity equation for f, the values found for q,; and p,,
we obtain the quantum equation for f,

Ofs  N~PiOfs |
ot +i:1m3qi+h;€: ®
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The property of macroscopic systems to tend irreversibly toward the most prob-
able (equilibrium) state is in contradiction with the reversibility of the chain of
kinetic equations. Therefore, the irreversibility of the behavior of a macro-object
can be explained kinetically only by consequences arising from the properties
of the truncated chain. In order to construct any closed kinetic model, it is
necessary to rely on information about the character of the interaction between
particles, on statistical hypotheses, and to take into account the degree

deviations of the system from the equilibrium state, etc. It is interesting to
note that the variational principle put forward in (1) also makes it possible in
kinetic theory to use information of this kind in a rational way. Let us obtain,
for example, the quantum kinetic equation for a system with weak interaction
(in the “kinetic” regime) in the second approximation with respect to the small
parameter £ (®(|g|) = e¥(|q|)). Here we regard the function f; as the density of
distribution of matter in the 6-dimensional phase space, satisfying the continuity
equation

Of1/0t+G0f,/0q+pdf;/0p =0. In the new situation the velocity field (q, p)
can be obtained from the variational principle

5/ Ladv® +6W+/ SAdVD
V(1) V(1)

by specifying the Lagrange function L and the coefficients of the linear form,
with respect to variations, 6 A, which is not the complete variation of some func-
tion. The essence of the appearance of dA is as follows: when approximate
expressions for f, are used, it is impossible simultaneously to satisfy the equal-
ities (f,dgydp,) = 0 and 0(fydqydp;) = 0 (g, and p, are nonvaried variables).
Therefore one has first to vary formally that part R") which contains f,, under
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the condition §(f,dg,dp;) = 0, and only then use the approximate expression
for f,. Let us write down the form of dA for a system of identical particles
obeying different statistics in the homogeneous case (it was obtained on the
basis of N. N. Bogoliubov’ s dynamical method (4)):

) } dqydps.

g[(q qz—@) ( —ap+ ?)][U(@)iwa_wpz)]
<[ B A= 5) £ 5 ()
x {exp[%&(ql - )| 5(%) — exp [—%&(ql - )| 54%

In this notation, for systems obeying Bose—Einstein statistics, in the terms
having two signs one must take the upper sign; for Fermi systems it is necessary
to take the lower sign; s is the spin number. In both cases the dissipative forces
compel the phase medium in momentum space to expand on average, ultimately
bringing the system to the most probable distribution. Indeed:

d .
i dp = div, pdp,

therefore, averaged over momentum space, the expansion rate of a unit volume
is

/f divppdp:/f div, Q" dp.

It is easy to show that this expression can be reduced to the form

d
G [ fmsdn

it is always greater than zero and is equal to zero in the limiting state of the sys-
tem. For the general inhomogeneous case, as Pauli noted (5), such an assertion
is not valid.

The author expresses his gratitude to L. I. Sedov for discussion of the questions
touched upon in this article.
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