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Applying the operation of taking the curl to the Navier—Stokes equations, we
obtain equations in Helmholtz form, containing only projections of the veloc-
ity and their derivatives. As usual, we represent the true velocity in turbulent
motion as the sum of the averaged components U; and the fluctuating com-
ponents u;. Averaging the Helmholtz equations, subtracting these “averaged”
equations from the original ones, and retaining only terms linear with respect
to the fluctuating velocities and their derivatives, we find, for a uniform flow:

Puy  O%u, v, < 0%, 92u, ) Uy duy _ 3 6722 <8u3 3u2),

Ot dxy Ot Oy Ox,0xy Ox,0x5) Oy Oz, 022 \ 0wy  Oxy

J=1

Puy  uy U Puy  PPug\ | OU; duy 23: 2 (Ou;  Oug
Otdzxy Otdx, *\0x,0ry 022 ’

0%u, 0%u, U (82u2 0%u, ) U, Ouy 0%U,

0tor,  0toz, '\ 012  0z,01,)  Ox, 0zs 2 022
3,92 (Ou ou
_ N9 (Ouy 1)
; dx3 (8m1 Oz,

In deriving system (1), the incompressibility condition for an incompressible
fluid was used.

The direction oz, (denoted by ox) coincides with the direction of the flow; the
axis ox, (denoted by oy) is directed upward from the flow axis. To simplify the
notation, let us assume that the turbulence is plane, i.e. u3 = 0 and du,;/dz; = 0
(this assumption is not necessary). For a plane flow,
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System (2) is solved under the following boundary conditions. On the smooth
solid boundary, the time-averaged shear stress at the wall 7, = pU2 and the
space-time spectrum of the shear stresses at the wall S (w, x) are assumed to
be known.

For solving system (2), it is convenient to use an operator method. Applying to
both equations (2) the two-dimensional Fourier transform with respect to time
and to the coordinate x, we find
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Here u* and v* are two-dimensional “images” of the velocity fluctuations “in
Fourier space” ; w and x are the parameters of the Fourier transform in time
and in the coordinate z, respectively

(u* - ;ﬁ /OO / w(z, y, 1) expl—i(wt + ya)] dt d:z:) .

In the viscous sublayer, the shear stresses in the mean velocity field substantially
exceed the turbulent stresses. According to experimental data (1) this is the
case at least for

Inside the viscous sublayer the mean velocities obey the linear law

U=Uy,. (5)
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Fig. 1. Distribution of the standards of longitudinal (u’) and transverse (v”)
fluctuations in the viscous sublayer at a smooth wall. Experimental data: a—B.
A. Fiedman 9| pressureless flow of water; b—J. Laufer (®), pressure flow of
air; c—V. V. Orlov | pressureless flow of water

Figure 1: Fig. 1. Distribution of the standards of longitudinal (u’) and trans-
verse (v') fluctuations in the viscous sublayer at a smooth wall. Experimental
data: a—B. A. Fiedman (®9 | pressureless flow of water; b—J. Laufer (), pressure
flow of air; ¢c—V. V. Orlov ), pressureless flow of water

Immediately at a smooth wall, equation (3) becomes

=3 (24, (6)

vp v

dBu
dy3

y=0

where 7§ = vp du*/dy is the image of the fluctuations of shear stress at the wall.
Owing to the slow variation of the fluctuations inside the “viscous” sublayer,
relation (6) may approximately be regarded as satisfied not only at the boundary,
but also at a small distance from the wall inside the layer. In this case

d%*/dyﬂyzo =0
and, differentiating (3), we find as y — 0

d3v*/dy3]y:0 = By15 +1B,y7], (7)
where
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Linear dimensions, wave numbers Yy, and frequencies w here and below are mea-
sured in units that are combinations of the parameters v, p, U,

*9

[L]=v/U,,  [=v/U2  [r]=pU

Fig. 1. Distribution of the standards of longitudinal (v’) and transverse (v”)
fluctuations in the viscous sublayer at a smooth wall. Experimental data: a—B.
A. Fiedman (®% pressureless flow of water; b—J. Laufer (), pressure flow of air;
c—V. V. Orlov ¥, pressureless flow of water.

Representing the images of the fluctuations in the form of power series in vy,
multiplying the complex conjugate values of the images and calculating the

sovietrxiv.org/items/ru-196801.28901 Machine Translation


https://sovietrxiv.org/items/ru-196801.28901

mathematical expectation, we find the spectra of the components of velocity
fluctuations and of turbulent stress:
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Integrating expressions (8)—(10) over the limits from —oco to oo, we can find the
relative values of the standards of the fluctuations and the turbulent friction:

o =) ~ ayy, (11)
v = V%) ~ agy?, (12)

(uv) ~ —agy*. (13)
The proportionality coefficients have the following physical meaning:

o= [ suna] - (14

the standard deviation of fluctuations of the shear stress on the wall (according
to experimental data a; = 0.3, see Fig. 1);

1/2

1y = % U:/ﬁsm(w,x) dwdm} _ % (%T;)/, (15)

one half of the standard deviation of the gradients of the fluctuations of the
shear stress on the wall (a, = 0.020 + 0.005, see Fig. 2);

a3:

(0°m,/02%)2) — o (9m00)%). (16)
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The form of the spectrum of the shear stress at the boundary S (w,z) can
be very roughly estimated from the measurement data of Klebanoff and Laufer
(Fig. 3), assuming that up to values y = 3 = 6 the representation

Sulw, z,y) = e(y) S, (w, ),

valid for small y, is permissible.

Fig. 2. Distribution of the standard deviations of transverse fluctuations in
the viscous sublayer. The notation is the same as in Fig. 1

Fig. 3. Normalized spectra of longitudinal velocity fluctuations: 1 —according
to measurements by J. Laufer (3), y, = 3.05; 2 —according to measurements
by P. Klebanoff (2), y, = 5.95; 3 —assumed normalized spectrum of the shear
stress on the wall

To pass from frequency spectra (Fig. 3) to longitudinal spectra, which are
necessary for calculating the coefficients a, and a3, we shall use the hypothesis
of “frozen turbulence,” transported with velocity U, ~ y (in fractions of U,).
Integrating the spectrum shown in Fig. 3, we find

2a 1 > > V2
20 1 { / WS (w) dus / / S, (w) dw] — 0.03;
aq Uk 0 ’ 0 ’

this ratio corresponds to estimates obtained by another method from the data
of Figs. 1 and 2,

2a,/a; = 0.10 + 0.03.

Using Fig. 3, we also find
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Hence, from (16) we obtain ag = —2.9 - 107%(75)? < 0.

Thus, immediately at the wall the turbulent stresses have the opposite sign.
This may mean, in particular, that in the viscous sublayer the mean flow receives
energy from turbulent fluctuations, and not the other way around, as is usually
the case in turbulent flows. This conclusion does not contradict the results of
careful measurements performed by B. A. Fidman (%).
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