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MATHEMATICS

L. I. RONKIN

ON THE GROWTH OF PLURISUBHAR-
MONIC FUNCTIONS

AND ON THE DISTRIBUTION OF VALUES
OF ENTIRE FUNCTIONS

OF SEVERAL VARIABLES
(Presented by Academician V. I. Smirnov, 13 V 1967)

In the works of M. Sire (1), P. Lelong (2), and the author (3) it was shown
that, in a certain sense, the growth of an entire function 𝑓(𝑧1, … , 𝑧𝑛, 𝑤) with
respect to the variable 𝑤 is the same for almost all 𝑧1, … , 𝑧𝑛. It is natural to
suggest that an analogous situation also holds for the function 𝑛𝑓(𝑡; 𝑧1, … , 𝑧𝑛),
equal to the number of zeros of the function 𝑓(𝑧1, … , 𝑧𝑛, 𝑤) in the disk |𝑤| ≤ 𝑡.
Let us note that the methods by which, in (1−3), the growth of the function
𝑓(𝑧1, … , 𝑧𝑛, 𝑤) was investigated are not suitable for the investigation of the
function 𝑛𝑓(𝑡; 𝑧1, … , 𝑧𝑛), since they are based on the expansion of the function
𝑓(𝑧1, … , 𝑧𝑛, 𝑤) in a power series in 𝑤. In the special case when

𝑓(𝑧1, 𝑤) = 𝜑(𝑧1) − 𝑤,

the behavior of the function 𝑛𝑓(𝑡; 𝑧1) was studied in the theory of the distri-
bution of values of entire and meromorphic functions of one variable. In this
note we introduce and investigate a certain special class of plurisubharmonic
functions. From the results obtained thereby there follow, in particular, both
some of the theorems contained in (1−3) on the growth of an entire function and
the corresponding assertions on the growth of the function 𝑛𝑓(𝑡; 𝑧1, … , 𝑧𝑛).
Let us introduce the following notation and definitions.

We denote by 𝐶𝑛 the space of complex variables 𝑧1, … , 𝑧𝑛. By 𝐶(𝐸), where
𝐸 ⊂ 𝐶1, we denote the inner capacity of the set 𝐸.

By Δ(𝐸; 𝑧′
1, … , 𝑧′

𝑛−1), where the set 𝐸 ⊂ 𝐶𝑛, we denote the intersection of 𝐸
with the plane {(𝑧1, … , 𝑧𝑛); 𝑧1 = 𝑧′

1, … , 𝑧𝑛−1 = 𝑧′
𝑛−1}.
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For 𝑛 > 1, by Γ1
𝑛−1(𝐸), where the set 𝐸 ⊂ 𝐶𝑛, we denote the set of those points

(𝑧1, … , 𝑧𝑛−1) for which 𝐶(Δ(𝐸; 𝑧1, … , 𝑧𝑛−1)) > 0. We also put Γ1
1(𝐸) = 𝐸 and

Γ1
𝑛(𝐸) = Γ1

2(Γ2
3(… (Γ𝑛−1

𝑛 (𝐸) …)) for 𝑛 > 1. The set Γ1
𝑛(𝐸) will be called the

Γ-projection* of the set 𝐸.

By 𝔄 we denote the class formed by those functions Φ(𝑧1, … , 𝑧𝑛, 𝑡) for which
the functions Φ(𝑧1, … , 𝑧𝑛, |𝑧𝑛+1|) are plurisubharmonic in 𝐶𝑛+1.

We shall also denote, for Φ ∈ 𝔄,

Φ+(𝑧1, … , 𝑧𝑛, 𝑡) = max{0, Φ(𝑧1, … , 𝑧𝑛, 𝑡)},

𝑀Φ(𝑟1, … , 𝑟𝑛, 𝑡) = max
|𝑧𝑖|≤𝑟𝑖, 𝑖=1,…,𝑛

Φ+(𝑧1, … , 𝑧𝑛, 𝑡),

𝜌(𝑧1, … , 𝑧𝑛; Φ) = lim
𝑡→∞

lnΦ+(𝑧1, … , 𝑧𝑛, 𝑡)
ln 𝑡 ,

𝜌∗(𝑟1, … , 𝑟𝑛; Φ) = lim
𝑡→∞

ln𝑀Φ(𝑟1, … , 𝑟𝑛, 𝑡)
ln 𝑡 ,

̂𝜌 = ̂𝜌(Φ) = sup
0≤𝑟𝑖<∞, 𝑖=1,…,𝑛

𝜌∗(𝑟1, … , 𝑟𝑛; Φ).

* For more details on Γ-projections see (4).

𝜎(𝑧1, … , 𝑧𝑛; Φ) = lim
𝑡→∞

Φ1(𝑧1, … , 𝑧𝑛, 𝑡)
𝑡 ̂𝜌 ,

𝜎∗(𝑟1, … , 𝑟𝑛; Φ) = lim
𝑡→∞

𝑀Φ(𝑟1, … , 𝑟𝑛, 𝑡)
𝑡 ̂𝜌 .

Theorem 1. Let the function Φ(𝑧1, … , 𝑧𝑛, 𝑡) ∈ 𝔄, and let the inequality

𝜌(𝑧1, … , 𝑧𝑛; Φ) < ∞
hold on a set 𝐸 satisfying the condition

𝐶(Γ1
𝑛(𝐸)) > 0.

Then ̂𝜌(Φ) < ∞, and the equality

𝜌(𝑧1, … , 𝑧𝑛; Φ) = ̂𝜌(Φ)
holds everywhere in 𝐶𝑛, except possibly for some set 𝑁Φ belonging to 𝐺𝛿𝜎 and
satisfying the condition: the intersection of 𝑁Φ with any analytic plane

{𝑧𝑖 = 𝑎𝑖𝑤 + 𝑏𝑖, 𝑖 = 1, … , 𝑛},
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not contained entirely in 𝑁Φ, has capacity zero.

Theorem 2. Let the function Φ(𝑧1, … , 𝑧𝑛, 𝑡) ∈ 𝔄, and let the function
𝑀Φ(𝑟1, … , 𝑟𝑛, 𝑡) have order 𝜌 < ∞ with respect to the variables jointly∗.
Suppose further that on some set 𝐸 satisfying the condition

𝐶(Γ1
𝑛(𝐸)) > 0,

for some 𝛾 < ∞ the inequality

𝜎(𝑧1, … , 𝑧𝑛; Φ) ≤ 𝛾

holds. Then for every 𝑅 > 0 the inequality

𝜎∗(𝑅, … , 𝑅; Φ) ≤ 𝛾𝐶Φ𝑅𝜌− ̂𝜌,

is valid, where 𝐶Φ is a certain constant.

Theorem 3. Let the function Φ(𝑧1, … , 𝑧𝑛, 𝑡) ∈ 𝔄, let the function
𝑀Φ(𝑟1, … , 𝑟𝑛, 𝑡) have finite order with respect to the variables jointly,
and let a set 𝐾 ⊂ 𝐶𝑛 satisfy the condition

𝐶(Γ1
𝑛(𝐾)) > 0,

Φ(𝐾, 𝑡) def= sup
𝐾

Φ(𝑧1, … , 𝑧𝑛, 𝑡).

Then, if

∫
∞ Φ(𝐾, 𝑡)

𝑡 ̂𝜌+1 𝑑𝑡 < ∞,

then
∫

∞ 𝑀Φ(𝑟1, … , 𝑟𝑛, 𝑡)
𝑡 ̂𝜌+1 𝑑𝑡 < ∞

for all 𝑟1 ≥ 0, … , 𝑟𝑛 ≥ 0.
Remark 1. As is not hard to see, the class 𝔄 contains the function
ln𝑀𝑓(𝑧1, … , 𝑧𝑛, 𝑡), where the function 𝑀𝑓(𝑧1, … , 𝑧𝑛, 𝑡) is defined for an entire
function 𝑓(𝑧1, … , 𝑧𝑛, 𝑤) by the equality

𝑀𝑓(𝑧1, … , 𝑧𝑛, 𝑡) = max
|𝑤|=𝑡

|𝑓(𝑧1, … , 𝑧𝑛, 𝑤)|.

Therefore Theorems 1, 2, 3 are valid, with the obvious changes in formulation,
also for entire functions.

∗ The order 𝜌 of a positive function Φ(𝑡1, … , 𝑡𝑚) with respect to the variables
jointly is defined by the equality

𝜌 = lim
𝑅→∞

lnΦ(𝑅, … , 𝑅)
ln𝑅 .

sovietrxiv.org/items/ru-196801.28496 Machine Translation

https://sovietrxiv.org/items/ru-196801.28496


Remark 2. It is not hard to see that the class 𝔄 contains the function

ℒ𝑓(𝑧1, … , 𝑧𝑛, 𝑡) = ∫
2𝜋

0
ln ∣𝑓(𝑧1, … , 𝑧𝑛, 𝑒𝑖𝜑𝑡)∣ 𝑑𝜑.

The functions ℒ𝑓(𝑧1, … , 𝑧𝑛, 𝑡) and 𝑛𝑓(𝑡; 𝑧1, … , 𝑧𝑛) have, with respect to the
variable 𝑡, one and the same order, type (minimal, normal, or maximal), and
belong to the same convergence class. Therefore Theorems 1, 2, 3 remain valid
when the function Φ ∈ 𝔄 is replaced by the function 𝑛𝑓(𝑡; 𝑧1, … , 𝑧𝑛).
Without stopping here to prove the theorems stated above, we shall only point
out that we have essentially used the following assertion, which, in our opinion,
has independent significance.

Theorem 4. Let 𝐸 be a closed plane set lying in the disk |𝑧1| < 𝑅 and having
positive capacity; let 𝐸∗ be a connected component of the complement of 𝐸,
containing the point at infinity, and let 𝜕𝐸∗ be the boundary of the domain 𝐸∗.
Further, let 𝜔(𝑧1) be a function harmonic in 𝐸∗ ∩ (|𝑧1| < 𝑅), taking the value 0
everywhere on the circle |𝑧1| = 𝑅 and the value 1 at all points 𝑧1 ∈ 𝜕𝐸∗, except,
possibly, for a certain set of capacity zero. Then, if the function Φ(𝑧1, 𝑡) ∈ 𝔄*
and Φ(𝑧1, 𝑇2) ≤ 𝐴 for 𝑧1 ∈ 𝜕𝐸∗, Φ(𝑧, 𝑇1) ≤ 𝐵 for |𝑧1| = 𝑅, then for every
𝑧1 ∈ 𝐸∗ ∩ (|𝑧1| ≤ 𝑅) the inequality

Φ (𝑧1, 𝑇 𝜔(𝑧1)
2 𝑇 1−𝜔(𝑧1)

1 ) ≤ 𝐴𝜔(𝑧1) + 𝐵(1 − 𝜔(𝑧1)).

holds.
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* Instead of requiring that the function Φ(𝑧1, 𝑡) belong to the class 𝔄, it is
enough to require that the function Φ(𝑧1, |𝑧2|) be plurisubharmonic in the do-
main {(𝑧1, 𝑧2); 𝑧1 ∈ 𝐸∗ ∩ (|𝑧1| < 𝑅), 𝑇1 < |𝑧2| < 𝑇2}.
Note: Figure translations are in progress. See original paper for figures.
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