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PHYSICS

V. I. KURILKO

ON THE THEORY OF THE RADIATION Q-
FACTOR OF A DIELECTRIC RESONATOR*
(Presented by Academician M. A. Leontovich on 26 VI 1967)

The effect of total internal reflection leads to the existence of “trapped”types
of oscillations in a dielectric resonator even in the absence of conducting walls
(1). In the approximation of geometrical optics for a transparent dielectric,
the attenuation of these oscillations is equal to zero; therefore their Q-factor is
determined by radiation from the edges of the resonator. In the case 𝑙 ≫ 𝜆 (𝑙 is
the linear dimension of the resonator), the loss powers can be found by knowing
the radiation intensity of a plane wave incident on the edge of a rectangular
dielectric wedge under conditions of total internal reflection. Below we shall
consider this problem for plane geometry in the limiting case of a large refractive
index 𝑛2 ≡ 𝜀𝜇 ≫ 1 (𝜀 and 𝜇 are the dielectric and magnetic permeabilities of
the dielectric; here we have introduced 𝜇 ≠ 1 only to facilitate the transition
from one polarization to the other).

We begin with an 𝐻-polarized wave (the magnetic field of the wave is parallel
to the edge of the wedge). In the geometrical-optics approximation the fields of
this wave inside the wedge (𝑥 < 0, 𝑧 < 0, −∞ < 𝑦 < +∞) have the form

𝐻(1) = exp(𝑖𝑘𝑥𝑥 + 𝑖𝑘𝑧𝑧) + 𝑅2 exp(−𝑖𝑘𝑥𝑥 + 𝑖𝑘𝑧𝑧) + 𝑅3 exp(𝑖𝑘𝑥 − 𝑖𝑘𝑧𝑧) +
𝑅2𝑅3 exp(−𝑖𝑘𝑥𝑥 − 𝑖𝑘𝑧𝑧);

𝑘𝑥 ≡ 𝑘𝑛 cos 𝜃; 𝑘𝑧 ≡ 𝑘𝑛 sin 𝜃; 𝑛2 ≡ 𝜀𝜇;
𝑅𝑠 ≡ (1 − 𝛿𝑠)/1 + 𝛿𝑠; 𝛿2(𝜃) ≡ 𝑖𝑘2𝜀/𝑘; 𝛿3(𝜃) ≡ 𝛿2(𝜋/2 − 𝜃);

𝑘2(𝜃) ≡ (𝑘2
𝑧 − 𝑘2)1/2.

(1)

As is evident from (1), for 𝑛2 ≫ 1, 𝜃 ≠ 0, 𝜋/2, to accuracy up to quantities
of order 𝑛−2, the faces of the wedge may be regarded as perfectly reflecting.
Since for a perfectly reflecting wedge the solution (1) is exact, the amplitude
of the field scattered into the wedge, arising as a result of the violation of the
conditions of applicability of geometrical optics near the edge, is proportional to
𝑛−2 (the error with which the faces of the wedge may be regarded as perfectly
reflecting), and the resulting loss power is proportional to 𝑛−6.**

sovietrxiv.org/items/ru-196801.28265 Machine Translation

https://sovietrxiv.org/items/ru-196801.28265


Outside the wedge, the fields corresponding to (1) decrease exponentially in
the directions normal to the faces of the wedge and, near the edge, undergo
discontinuities in the directions tangent to these faces.

We shall seek the scattered field outside the wedge in the form of the sum of two
terms, each of which compensates the discontinuities of the fields (1) penetrating
into the vacuum through one of the faces of the wedge. Thus, the field excited
by the face

* Reported at the IV All-Union Symposium on Diffraction, Kharkov, February
1967.

** The loss power into a wedge with opening angle 𝛾 = 𝜋/𝑚 (𝑚 = 3, 4, …) is of
the same order (2). For 𝛾 ≠ 𝜋/𝑚, this power is proportional to 𝑛−2.

𝑥 = 0, 𝑧 < 0, we shall seek in the form

𝐻(2) = 𝑇2 exp(𝑖𝑘𝑧𝑧 − 𝑘2𝑥) + 𝐻(2), 𝑥 > 0, −∞ < 𝑧 < +∞;
𝐻(3) = 𝐻(3),

𝐻(𝑠) ≡ ∫
+∞

−∞
𝑑𝑡 ℎ𝑠(𝑡) exp[𝑖𝑡𝑧 − (−1)𝑠𝑣𝑠(𝑡)], 𝑠 = 2, 3, Re 𝑣𝑠(𝑡) > 0;

𝑣𝑠(𝑡) ≡ (𝑡2 − 𝑘2𝑛2
𝑠)1/2; 𝑛2

𝑠 ≡ 𝜀𝑠𝜇𝑠; 𝑇2 ≡ 2/(1 + 𝛿2).

(2)

The unknown Fourier amplitudes ℎ𝑠(𝑡) are determined from the boundary con-
ditions on the half-planes 𝑧 < 0, 𝑥 = 0; 𝑧 > 0, 𝑥 = 0 and 𝑥 < 0, 𝑧 = 0. From
the first two conditions, with the aid of the Wiener–Hopf lemma (3), one can
express ℎ𝑠(𝑡) in terms of the boundary values of functions analytic in the upper
(+) and lower (−) half-planes of the complex variable 𝑡:

ℎ3(𝑡) = 1
Δ3

{𝑣+ + 𝑍𝑢+ − 𝑇2𝑘𝑧
𝜋𝑖

𝑧0 − 𝑧
𝑡2 − 𝑘2𝑧

} ;

ℎ2(𝑡) = 1
Δ3

{𝑣+ − 𝑍𝑢+ − 𝑇2𝑘𝑧
𝜋𝑖

𝑧0 + 𝑧
𝑡2 − 𝑘2𝑧

} =

= 1
Δ1

{𝜓− − 𝑍1𝜑− + 𝑇2𝑅3
𝜋𝑖 𝑘𝑧

𝑧0 + 𝑍1
𝑡2 − 𝑘2𝑧

} ;

(3a)

Δ𝑠(𝑡) ≡ 𝑍𝑠(𝑡) + 𝑍(𝑡); 𝑍𝑠(𝑡) ≡ 𝑖𝑣𝑠(𝑡)/𝑘𝜀𝑠; 𝑍3 = 𝑍2 = 𝑍;
𝑍0 ≡ 𝑍(𝑘)𝑧. (3b)

The boundary condition on the half-plane 𝑥 < 0, 𝑧 = 0 in the zeroth approxi-
mation in 𝑛−1 has the form 𝐸(3)

𝑥 (𝑥 < 0, 𝑧 = 0) = 0 and leads to the relation
(4)
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ℎ3(𝑡) − ℎ3(−𝑡) = 0. (4)

Adding and subtracting (3b) with its mirror reflection at the point 𝑡 = 0 and
substituting (3a) into (4), with the aid of the Sokhotskii–Plemelj formulas (5,6),
in the same approximation (ℎ ≫ 1) we obtain an equation determining the
unknown function 𝑣(𝑡) ≡ 𝑣+(𝑡) − 𝑣+(−𝑡):

̂𝐼𝑣′ + 𝑍
3

̂𝐼 𝑣′

𝑍′ = 𝐹0 ≡ 2𝑇2
3𝜋𝑘𝑘2

𝑧
1 + 2𝑅3
𝑡2 − 𝑘2𝑧

, (5)

where primes denote functions depending on the integration variable in the
operator

̂𝐼𝑓 ′ ≡ 1
𝜋𝑖 ∫

+∞

−∞

𝑑𝑡′

𝑡′ − 𝑡 𝑓(𝑡′),

while unprimed functions depend on 𝑡.
The index of this equation is zero; therefore its solution, satisfying the condition
𝑣(∞) = 0, which ensures finiteness of the field energy near the wedge edge (the
Meixner condition), exists and is uniquely determined by the right-hand side.
To determine the field in the far zone, according to (2), it is sufficient to know
the solution of (5) only in the region 𝑡 ≤ 𝑘 ≤ 𝑘𝑛. Setting 𝑣 = 𝑣0 + 𝑣1, where

̂𝐼𝑣′
0 ≡ 𝐹0, we obtain for 𝑣1 equation (5) with right-hand side 𝐹1 ≪ 𝐹0. From

the last inequality it follows that for 𝑡 ≤ 𝑘𝑛 the contribution of 𝑣1 to 𝑣 may be
neglected. Thus, for 𝑡 ≤ 𝑘𝑛 we shall have:

𝑣+
0 = − 𝑇2𝑧

3𝜋𝑘 ; 𝑢+
0 = 0; ℎ(0)

2 = ℎ(0)
3 = 2𝑇2

3𝜋𝑘
1

𝑍(𝑡) . (6)

Hence, with the aid of (2), we obtain an expression for the total radiation field
in the far zone

𝐻(2) = 𝐻(3) = 8
3𝜀

1
cos 2𝜓

√ 2
𝜋𝑘𝑟 exp(𝑖𝑘𝑟 + 𝜋𝑖

4 ) ; 𝜓 = 𝜋/4−𝜃; 𝑟2 ≡ 𝑥2+𝑧2; 𝑘𝑟 ≫ 1; 𝜀 cos2 2𝜓 ≫ 1.
(7)

The total energy flux of this field 𝑆 and the resonator quality factor 𝑄 deter-
mined by it are equal to

𝑆 = 16
3𝜋

𝑐𝜆
𝜀2 cos2 2𝜓 ; 𝑄 = 3

128
𝜎
𝜆2 𝜀2 cos2 2𝜓, (8)

where 𝜎 is the area of the face parallel to the wave vector of the oscillation.
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The equations for the scattered fields of an 𝐸-polarized wave (with nonzero
components 𝐸𝑦, 𝐻𝑧, and 𝐻𝑥) can be obtained from (1)—(3) by making the sub-
stitutions 𝜀 → 𝜇; 𝜇 → 𝜀; 𝐻 → 𝐸; 𝐸𝑖 → −𝐻𝑧; 𝐸 → −𝐻𝑥. The condition
analogous to (4) in this case has the form 𝑒3(𝑡)+𝑒3(−𝑡) = 0. The final equation
for 𝑣, analogous to (5), is

̂𝐼𝑣′ + 𝑍
3

̂𝐼 𝑣′

𝑍′ = 2𝑇2
𝜋𝑘

𝑘2
𝑧

𝑡2 − 𝑘2𝑧
, (9)

and from its solution in the region 𝑡 ≪ 𝑘𝑛, 𝑣+
0 = −𝑇2/𝜋𝑘, it follows that, in the

first approximation in 𝑛−1, the scattered field vanishes,

𝐸(2) = 𝐸(3) = 0, 𝑘𝑟 ≫ 1, (10)

so that radiation appears only in the next approximation in this parameter.

The dependence of this field (7) on the refractive index of the wedge 𝑛 can be
explained as follows. Near the wedge in vacuum, the largest amplitude, of order
𝑛−1, is possessed by the component of the electric field normal to the surface of
the face, corresponding to (1). Therefore the polarization currents compensating
the discontinuity of this field component are equivalent to a surface magnetic
current, parallel to the edge of the wedge, with density of the order of the
discontinuity, i.e., 𝑛−1. Since this current flows over a distance of the order
of the wavelength in the medium, 𝜆𝑑 ≡ 𝜆/𝑛, the total equivalent magnetic
current and its field (7) are proportional to 𝑛−2. In the case of an 𝐸-polarized
wave, the magnetic field undergoes a discontinuity of order unity; therefore the
total equivalent electric current is proportional to 𝑛−1. Since this current flows
on the surface of a dielectric with a large refractive index, which screens this
current (the screening coefficient in an unbounded dielectric is equal to 𝑛−2,
and for a dielectric half-space to 2𝑛−1), the radiation field, according to (10), is
absent in the first approximation in 𝑛−1 and differs from zero only in the next
approximation in 𝑛−1.

The author expresses his gratitude to L. A. Vainshtein for suggesting the topic,
for constant interest in the work, and for discussing the results, and also to A.
V. Gaponov and M. A. Miller for useful discussions.
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University
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