Soviet-era science, translated into English

QUASISPIN
FORMALISM IN THE
THEORY OF A STRONG
CRYSTAL FIELD

PHYSICS
1968

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196801.28145

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196801.28145

Abstract

Full Text

UDC 539.27+4548.1

PHYSICS

D. T. SVIRIDOV, Yu. F. SMIRNOV

QUASISPIN FORMALISM IN THE THEORY
OF A STRONG CRYSTAL FIELD

(Presented by Academician A. V. Shubnikov, July 5, 1967)

In 1943 Racah (1) introduced, for the classification of the states of many-electron
atoms, the quantum number of seniority v. The concept of seniority enabled
him to establish a connection between the wave functions of n electrons and
v electrons (n > v). Relations were found between the matrix elements of
operators of various physical quantities for the corresponding states of n and v
particles, and new selection rules with respect to the quantum number v were
obtained. Subsequently this idea of Racah found wide application and further
development in the theory of nuclear spectra (2-7). In the present work we
generalize the concept of seniority to the case of a system of n electrons in
a strong cubic crystal field. For this purpose we shall use a very convenient
mathematical apparatus—the quasispin formalism—which makes it possible to
treat equally simply both the case of n electrons in one shell (configuration
™ (-%)) and mixed configurations, for example {71152, where the electrons fill
two shells (7). This circumstance is essential, since, for example, a d-shell in
a strong cubic field is split into two subshells v, and 5, corresponding to the
two-dimensional and three-dimensional irreducible representations of the cubic
groups (E and T, in the case of the group T,); we are dealing with mixed
configurations ], 2.

Let us first consider, by analogy with (2-%), the case of the configuration ™.
Introduce the operators a%g and a.,,,, the creation and annihilation operators
of an electron in the state |yuo), where p is the row index of the irreducible
representation v of the cubic group according to which the wave function of
this state transforms, and o is the projection of the electron spin. For these
operators the usual anticommutation relations hold:

[a:;ua_7a’t/#/0_/}+ = [a71A07a’Y/M/J/]+ = 0’ [a,mma"'/ , /} = (S,Y,Y/(s

Yo

' 500’ . (1)

We now construct from the operators a* and a the operators
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where 7 is the particle-number operator; ng is the total number of places in
the shell v, equal to 2[y] ([y] is the dimension of the representation 7). These
operators satisfy the same commutation rules as the three components I, =
I+, I_=1,—1l, I,=1I, of the ordinary angular-momentum operator:

(1.1 ] =21, Lo 1] =1, Lol ] =—1_. 3)

The wave functions of the configurations v" can be chosen so that they are
eigenfunctions of the operators I? and I, and are characterized by the quantum
numbers I (quasispin) and M, (quasispin projection). We note that the operator
I, (I_)isproportional to the operator for creation (annihilation) of two electrons
in the state |y?I'S) with I' = 0 and S = 0 (' = 0 corresponds to the totally
symmetric representation A; of the cubic group). The concept of the seniority
number v for the state of n electrons in a cubic field is generalized as follows. It
denotes the number of electrons among n that are not coupled into pairs with
I' =0 and S = 0. Since in the state |7y?vI'S) there is no such pair, we have

I_|v¥oT'S) = 0.

Moreover, from (2) it follows that

1 1
MI:§<U—§TL0).

These equalities mean that in the given state M; = —I, and the function |y?vI'S)
is characterized by the quasispin % (%no — v)

[v*ulS) =

1/1 1 1
1= (gro-v) =5 (r=gm)rs). @

States with other values of M, for a given I are obtained from the functions (4)
by the action of the raising operator I
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Relation (5) shows that between the functions of states with different numbers
of particles and the same seniority (quasispin) there exists a simple connection,
which makes it possible to find a number of relations for matrix elements of
operators over these states.

()

Let us consider, for example, the reduced matrix element ) of the operator a*

"ol |at |y o' TS e (DS TS (6

(T S]a*y )=~/ e OorSh ) ©

From the commutation relations [Iy,a},] = 3a),, [I\,af,] =0, [I_,a},] =
(—1)Y/?77a,_,, it follows that a*a and (—1)Y??q, , are two components of

the tensor operator t'/2 of rank 2 5 in quasispin space. Introducing into (6)
the quantum numbers I M; and using the Wigner—Eckart theorem in quasispin
space, we obtain

n ’ /7 n n— ’ 4 ’ ’
GRS ("ol S|y 1ol S") = (3" IM TS|ty 5ly™ 1 MT'S") =

__(I’M} 1/2 1/2|1M;)
Vv2I +1

Here the matrix element with three bars is the matrix element of the operator
172 reduced in the orbital, spin, and quasispin spaces; (I’ Mj1/21/2|IM;) is
the usual Clebsch—Gordan coefficient. With the aid of formula (7), for example,
for v = v — 1 we readily find

(7 ITS|t 2|y I'T"S"). (7)

(y"uI'S|y" o —11'S)
(youlS|yv—1v — 1TS)
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This relation is a generalization, to the case of electrons in a cubic field, of
formula (58h) obtained by Racah (V) for free atoms and ions. It is not difficult
to generalize, by an analogous method, other results of Racah’ s work as well.

Let us turn to the case of mixed configurations. In this case one can introduce
two quasispin operators: I; for the shell v, and I, for the shell v, which will
commute with one another. We then deal with antisymmetric wave functions
of the form

Iy 4TSy, 79 2syS, : TS) = |7?111MIIF1,S’1, 73212MI2F252 :TS).  (9)

The procedure for calculating matrix elements with such functions and the cal-
culation of genealogical coefficients for them were described in °~1%). Using a
relation of type (7) for each of the shells v;, 75, one can obtain a number of new
relations between matrix elements in the case of mixed configurations. However,
in considering certain questions it is more convenient to pass from the functions
(9) to other functions, for which the total quasispin I = I; + I, is specified; we
shall denote it in the following way:

|(v1,72)" 111y, 15158y « IMT'S) =

= (v, 72)" 01 Sy, vol'y Sy : 0 T'S). (10)
Here n = ny +ny, I = 5 (5(ng; +1n90) —v), My = 5 (n—3(ng; +1g2)),
I = 3 (3ngy—wn), I, = %(% —y), ng; is the number of places in the

shell ;.

Obviously, the functions (10) are obtained from (9) by ordinary vector addition
of the quasispins I; and I, into the total quasispin /

[(71,72)" "1 TSy, vl Sy« vI'S) =

= Z (I1M11[2M12|IM1)|’Y;I1V1F1S1, 7;2V2F252 : I'S). (11)
My, +M,=M,;

The sum over M; , M, includes terms with different n; and n, satisfying the
condition ny = vy, v +2,...5 Ny =y, Vg +2,...; Ny + Ny =0

It is important to note that, since |I; — I,| < I < I; + I, the total seniority
number v for a mixed configuration is not the arithmetic sum of v, and v,, but
assumes several values for given v, and v,.

It is not hard to verify that the total seniority number v for n d-electrons in
a cubic field coincides with the seniority number v for the configuration d™ in
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a spherically symmetric field. Indeed, taking into account the relation between
cubic and spherical harmonics 1V, we find

'y,ua Z almalma’ (12)

where a;  is the creation operator of an electron in the state with orbital
angular momentum [ and with its projection on the z-axis equal to m. Since

TYHRE YR TYHE m . TH
Zalm Ay = Omm/ > A, _( 1) Qs

then, substituting expression (12) for a™ into formula (2), we can write I, =

I, + 1, in the form

1 1 1
_72:_ Lo + 2: AT (L1)500 of =
I+ - 2 ( 1)2 a”yuo’a”yu o almalm 1)2 Umom/ e =
Yo wwmm
— 1 (_ 7—¢7+ma+ a+
- 2 Imo ™~ l—m-*

The right-hand side of this equality coincides with the component of the qua-
sispin I, in the case of a free atom or ion ®. The coincidence of the total v in
the case of n

d-electrons in cubic and spherically symmetric fields makes it possible, in par-
ticular, to obtain a number of simplifications in considering the question of the
relation between the wave functions of n d-electrons in the strong-cubic-field
scheme and in the scheme of the intermediate crystal field.

The expansion coefficients of the intermediate-field functions |d"vLI'S) in terms
of the functions (10) will be the overlap integrals

(d"vLDlS | (1172)" 01151, vol'5S; 2 0l'S) . (13)

These integrals are diagonal in the total quasispin I (the total v in both parts
is the same and does not depend on the projection of the total quasispin M,
i.e., on n for a given v). Therefore we have

(d"vLT'S | (7172)" 0111 S, 03198, : 0I'S) =
= (d"0 LTS | (y172) "o "0 TSy, 098, 2 0'S) =
= (d"vLLS | (1172)" 011151, 0I5 85 = 0l'S)
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This result substantially simplifies the calculations, since in practice it is neces-
sary to consider only the case n < %no with n = v.

In conclusion, we give the recurrence formula for the coefficient (13) in one of
the simplest cases

(d™vLDS | y53l'S) = Z (d™wLS | d" YW L' S") (y3ol'S | v /T’ S") (d" W/ L'T' S | vy 'T7S”)
o LTS
Tpx Ty Vi 77
x Z aL%LaL/RI/LGZYﬁf(L Mplm | LMp) (T @ yop | D).
My Mj,

pp!

(14)

Similar relations for the general case are more cumbersome, but in principle do
not differ at all from (14).

The authors express their gratitude to A. V. Shubnikov and V. G. Neudachin
for their attention to the work.
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