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Tt is known that, in the case of an arbitrary function f(¢,u), the Cauchy problem
for equation (1) is not globally solvable for every right-hand side h(t), i.e., for
every time ¢ > 0. The question of how large the set of functions h(t) is for
which global solvability holds has, roughly speaking, the following answer: the
codimension of this set in the space £,(0, 00) is equal to one. This fact is proved
in § 1. In § 2 an analogous result is established for an equation of order n.

§ 1. Equation of the first order. Consider on the half-axis the Cauchy
problem for the equation

u + f(t,u) = h(t), u(0) = 0. (1)

Notation:

I(;'(”)(O, 00) = {u(t)

0

Theorem 1. Let f(t, £) be differentiable with respect to ¢ and locally summable
with respect to £, and suppose that for any finite function u(t) on the half-axis

/ flt,u)u/ dt > —K,
0

where K > 0 is a constant.
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Then for any function h(t) € £4(0,00) there exist a constant C' and a function

0
u(t) € HV(0,00) such that

u + f(t,u) =h(t) +C. (2)

In other words, equation (1) is globally solvable up to an additive constant.
Proof. Let v;(t),v,(t), ... be an orthonormal in £,(0,00) sequence of smooth

0
functions finite on the half-axis, complete in H1)(0,T) for every finite 7. (As
such a sequence one may take, for example, the union of sequences complete in

0
HW(0,T), where T is a natural number, and normalize it in £,(0, 00).)

We seek an approximate solution u,,(¢) in the form

U, (t) = Z Cknvk(t>’
k=1

where the constants c,, are determined from the system of equations

/ u;v;dtJr/ f(t,un)v;fdt:/ hv,dt, k=1,..,n. (3)
0 0 0

The solvability of system (3) follows from a lemma of M. I. Vishik (!); moreover,
for the approximate solutions the a priori estimate holds

/ |u;|2dt§K(/ h2dt+1>.
0 0

0
This means that there exists a function u(t) € H(0, 00) such that some sub-

0
sequence ug(t) — u(t) weakly in H1)(0,00). Since, at the same time, the func-
tions u,(t) themselves converge to u(t) uniformly on any finite interval [0, T, it
follows from (3) that for any finite function v(t)

/Oo(u’ + f(t,u) —h)v' dt =0,
0

which is equivalent to (2). The theorem is proved.

Remark 1. It is clear that the proof may be regarded as an actual process of
finding an almost-solution u(t).
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Remark 2. It is also clear that if on some interval (a,b) h(t) € H®(a,b)
and f(t,€) is sufficiently smooth, then u(t) € H**Y(a,b). In particular, if
h(t) € C>=(a,b), then u(t) € C*(a,b).

Remark 3. Theorem 1 is valid for any initial condition u(0) = u,. For the
proof it suffices to put w(t) = u(t) — uy and to apply the theorem just proved
to the equation w’ + f(t,w — uy) = h.

Corollary 1. Under the conditions of Theorem 1, for any h(t) € £5(0,T) the
Cauchy problem (1) is almost solvable, i.e., there exist C' and u(t)

T
(u(O) =0, / lu'|? dt < oo)
0
such that (2) holds.

Indeed, let h*(t) be the extension by zero of the function h(t) to the whole half-
axis [0,00). By Theorem 1 there exists an almost-solution u*(t) € H™(0,0).
Then the restriction of u*(t) to the interval [0,T] gives the answer.

The following theorem on the solvability of the boundary-value problem is also
valid.

Theorem 2. Under the conditions of Theorem 1, for any h(t) € £,(0,T) there
exist a constant C and a function u(t) € HY(0,T) such that

u + f(t,u) = h(t)+ C.

§ 2. The general case. Consider on the half-axis [0, c0) the Cauchy problem

u™ + f(t,u, ..., u™ V) = h(t), (4)

u(0) = 0,...,u"1(0) = 0. (5)

Theorem 3. Let f(t,&,...,&,_1) be locally summable in each variable, and for
any finite function u(t) on the half-axis

/ ftu, .,y dt > K, (6)
0

where K > 0 is a constant.

Then for any h(t) € £4(0,00) there exists a polynomial

P

n—1

(t)=Cy+ Cit+ ...+ C,_t" 1
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0
and a function u(t) € H"™ (0, 00) such that

u™ + f(t o, u Y)Y = h(t) + P, (1). (7

The proof of this theorem repeats the proof of Theorem 1.

Remark 4. Simple examples show that, if condition (6) is violated, Theorem
3, generally speaking, does not hold.

Corollary 2. Under the conditions of Theorem 3, for any h(t) € £4(0,T) there
exist a polynomial P, ,(t) and a function u(t) (u(0) = 0, ...,u™ 1 (0) =0,

T
/ |u(™ |2 dt < 00)
0

such that (7) holds.

Corollary 3. If on some interval (a,b), h(t) € H®)(a,b) and f(t,&,, ..., &, ;) is
sufficiently smooth, then u(t) € H**™(a,b). In particular, for h(t) € C*(a,b)
the almost-solution u(t) € C*(a,b).

Theorem 4 (boundary-value problem). Under the conditions of Theorem
3, for any h(t) € £4(0,T) there exists a polynomial P, ;(¢) such that equation

0
(7) is solvable in H™(0,T).

We give the simplest examples of equations for which the conditions of the
preceding theorems are fulfilled.

1.
u’ + ag(u) = h(t).
2.
u” + ag(u') + aq(u) = h(t).
3.

u™ 4 ag(u™ V) + a; (W) + azu 4 -+ a,u = h(t).
Here the function a, (&) is arbitrary, a, (§) is a nonincreasing function, a;, (k > 2)
are numbers, with (—1)"a,,, > 0, while a,,, ; are arbitrary.
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