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§ 1. Suppose we have the Cauchy problem for a system of ordinary differential
equations with a small parameter multiplying the highest derivative

edz/dt = F(z,y), dy/dt = G(z,y), (1)

v, =98 D)= 2/ (2> 0), )
where € > 0 is a small parameter; n—1 < m < n;n > 1, and F(z,y) and G(z,y),

as |z| = oo, grow respectively like |z|™ and |z|™; for simplicity of exposition we
assume that the functions F(z,y) and G(z,y) are represented in the form

F(z,y) =2" lfo(y) + ZJ%(@/)ZZ] . G(z,y) =2 lgo(y) + ZQ;(ZJ)ZI] ;

>0 >0

foly) <0, Jo(y) > 0. (4)

The solution of the nondegenerate system of equations (1), as ¢ — 0, will tend
to the solution of the degenerate system corresponding to (1):

0=F(zy), dy/dt=G(zy), y)|,_,=uv3+ Ay, (5)

where the quantity Ay will be called the initial jump of the function y(t).
Let us now find the length of the initial jump Ayj. Since in the jump zone the
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independent variable ¢ changes little, while y changes by a finite amount close
to Ayl, system (1), in view of (3), may be replaced by the system

edz/dt = fo(y)z", dy/dt = go(y)z™, (6)

whence

dz o fo(y)zn,m.

E e
dy  go(y)

Solving equation (7), we have:

y0+Ay0
m+1—n ’ 0 fO(

z =zmH (m4+1—n)

Y) gy /e, (8)

0 90(y)

where z and z denote, respectively, the initial and final values of the function
z(t). If we assume that z = O(1), then from (8) we obtain

z =

yy+Ay)
f(erl—n)/ 1o) 4 /e 9)

1/(m+1-n)
40 90(y) 1

Comparing now formula (9) with the initial condition (2), we find an expression
for computing the length of the initial jump Ay

O+AU
Bl g

=~ [ D (10)

To construct an asymptotic expansion of the solution of problem (1), (2), the
region of the boundary layer, where the solution of the nondegenerate problem
differs substantially from the solution of the degenerate problem, is divided into
two zones (see (1, 2)), and a third zone—the zone of limited variation of the
solution, where the solution of the nondegenerate problem already falls into a
small neighborhood of the solution of the degenerate problem. In the present
paper the asymptotics is constructed only in the first two zones.

§ 2. In the first zone we take the variable y as the independent variable and,
instead of the system of equations (1), we shall consider the equation

edz/dy = F(z,y)/G(z,y), (11)

and instead of (2) the initial condition:
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z(y)‘y:yg = 28/51/(m+1—n)_ (12)

The substitution
u(y) =e°z(y), s=1/(m+1-n) (13)

reduces problem (11), (12) to the problem

du _ u” [foly) + e frly)u™ + 2 fo(y)u? + -]
dy — um™[go(y) +esgi(y)ut + ¥ gy(y)u? + -]

(14)

u(y)|,_ 0 = 20- (15)

=y

We seek the solution of problem (14), (15) in the form of a formal series in €*

u(y) = ug(y) + %uy (y) + > uy(y) + - (16)
Substituting expansion (16) into (14), (15) and equating the coefficients of equal

powers of €°, we obtain a sequence of differential equations for determining the
coefficients u,(y) (i > 0) in (16):

% _ fo¥) im

0 0
= U, , ug(Yg) = 29, 17
dy go(y) 0 O( O) 0 ( )
duz’ fO(y) —m—1 0
—(n—m ug " u = Py, ugy e, Uiq )y U, =0. 18
dy ( )go(y) 0 (y,uo 1) (%o) (18)

The following estimates hold near y (y <y = yg + Ay)):

ui(y) = O [1/(y —y)H/mrmn] (i 2 0), (19)

Assume that the first zone ends at y = y?, where ¥ < 7

y—yl =0(e%), 0<o<l (20)

In this zone we shall prove the following proposition, which shows to what degree
the computed functions wu,(y) represent the exact solution of problem (14), (15).

Theorem 1. Every solution u(y, ) of differential equation (14), satisfying the
initial condition (15), in the first zone y§ < y < 3¥ < ¥ has the asymptotic
representation
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u(y,e) = ﬂN(ya 8) +RN(y75)7 ﬂN(y,€) = Zeisui(y)v (21)

Ry (y,€)] < Cne?™ /(5 —y)*, (22)

where Cy is a certain positive constant independent of e.

For the proof, take two curves:

u(y,e) = uy(y,e) + N uw(y), (23)

u(yv 6) - ﬂN(ya 5) - SS(NJrl)w(y)' (24)

Here by w(y) we denote the function

w(y) = My/(y—y)*~, (25)

where My is a certain sufficiently large constant independent of e. We compute
the derivative by virtue of equations (14) on the curve (23). We have

Tio3)(y) = lun(y, ) + N Daw(y)™ lgo(y) +) et (y) iy + eV Dw(y))
>0

x (diiy /dy + SN dw/dy) — [ty (y,€) + e* N Haw(y)]" x

< | foly) + > etg,(y) iy + €S(N“>w(y))"] :
>0

(26)
If the right-hand side of equality (26) is expanded in powers of &%, then all
terms of order % (0 < i < N) vanish and, consequently, expression (26) is
equal to zero up to a quantity of order e%V. Therefore, for sufficiently large
My, the sign of the function Tjy3(y) is determined by the term that is positive,
and consequently 7{53)(y) > 0. In an analogous manner one may verify that the
derivative by virtue of equation (14) on the curve (24) is negative, i.e. T, (y) < 0.
Thus every solution of equation (14) under conditions (15) passes between the
curves (23) and (24). Hence estimate (22) follows. In particular, at the end
of the zone y = y¥ estimate (22) takes the form Ry = O(e*N*1=No)) The
theorem is proved.

It is straightforward to verify that the value y = 4?9 corresponds to
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Fig. 1

Figure 1: Fig. 1

Ine? =1 1 — —1
t:t?: O(€|n€ |)’ " ’ Z:Z(B:O( )’ ngW>l
O(e%), n>1, m+1-—n

§ 3. In the second zone the Cauchy problem for the system of differential
equations (1) is solved under the initial conditions

y(t)’t:t(l) = y(l)’ Z(t)|t:t(1’ = Z(l) (27)

By the substitution 7 = (¢t — t?) /e, problem (1), (27) reduces to the problem

dz/dT = F(z,y), 2(7)] 0 =29 dy/dr = eG(z,y), y(’7'>‘7_:0 =Y.
(28)

Solving problem (28) in the first approximation, taking (4) into account, we
obtain
0(2(1)) exp(—(t—t(l))/e), forn=1,
2(t) = 1 (29)
O T | for n > 1.
((t—=19)/e+1/(z})"1)

Taking z in this zone as the independent variable, from (28) we obtain

dy/dz = eG(z,y), F(z,y),  y(z)|_, =9 (30)

zZ=zy

We shall seek the solution y(z,¢€) of problem (30) in the form of an expansion
in powers of the small parameter ¢:

y(z,6) = yol2) +eyi(2) + 2yp(2) + .o, yol2) = 0. (31)

Substituting now expansion (31) into (30) and equating coefficients of like pow-
ers of £, we obtain the following sequence of equations for y,(z), i > 0:

dy;/dz = Hi(z7y07yla e Y1) yz(Z(l)) =0. (32)
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Fig. 1

The solution of equation (32) has an estimate of the form:

y;(2) = O [(2)im+1-m] | i>0. (33)

Let the second zone now end at t = t3, where

O(e), ifn>1. (34)

o {O(q Inel), ifn=1,
ty =
Then it follows from formula (29) that z(t) at t = ¢ becomes a finite quantity.
Thus, in the second zone the variable z changes from a quantity of order 1/£51=)
to some finite quantity 2. Analogously to the first zone, one proves:

Theorem 2. Every solution y(z,e) of the differential equation (30) in the
second zone 29 < z < 2§ admits the asymptotic representation

y(2,8) = yo(2) +eys(2) + .. +eNyn(2) + Sy (2,0, (35)

[Sn(z,8)] < MyeN+he, (36)
where My is a positive constant independent of e.

Since at the end of the second zone the quantity z already becomes finite, the
further behavior of the integral curve of problem (1), (2) is studied by the
method of (3).

Remark. The investigations presented above carry over directly to the case
when the variable quantity y is vector-valued.

Appendix. As an application, consider the boundary-value problem

€y” = @(ta Y, y/>7 y(()) =0, y(1> =0. (37)

For e = 0 we obtain the degenerate problem

ety y)=0, y(1)=0 (38)

(the degenerate equation can also be solved at the point ¢ = 0). Denote by
y(t,€) the solution of the nondegenerate problem (37), and by 7(t) the solution
of the degenerate problem (38). Let y(t,e) — y(t) as € — 0. The resulting
geometric picture is presented in Fig. 1 (1—7(t), 2—y(t,e)). From the drawing
it is seen that y’(0,e) = g(e) — o0 as ¢ — 0 and y(t,e) — y(t), e — 0, for
all 0 < t9(e) <t < 1, t3(e) — 0, e — 0; the quantity y(0) — y(0,e) = Ayl
is called the initial jump of the function y(¢). Obviously, the order of growth
of the function g(¢) as € — 0 depends on the order of growth of the function
o(t,y,y") with respect to y'.
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Thus, in order to solve the boundary-value problem (37), one must first solve
the Cauchy problem with an initial jump for (37), i.e.

ey’ =p(t,y,y),  y(0)=0, y'(0) = g(e) — o0, € = 0. (39)

In the proposed article precisely the problem of the form (39), or the problem
of the form (39) for an equation of higher order, is considered.

In conclusion, the author expresses deep gratitude to Corresponding Member of
the Academy of Sciences of the USSR L. A. Lyusternik for his constant attention
to the work.
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