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ON SPACES OF CLOSED SUBSETS

(Presented by Academician P. S. Aleksandrov on 28 IV 1967)

Let X be a topological space. Denote by exp X the new topological space whose
points are the nonempty closed subsets F' of the space X, and whose open base
consists of the sets

Uy,...,U0,)=¢& (FGepr: FC UUk’ FnU, +0, k:1,2,...,n>,
k=1

where Uy, ..., U,
space X. Numerous properties of the space exp X are described in detail in (
It should be noted that the space exp X, endowed with the indicated topology, is
always a T,-space. If, however, X is normal, then exp X is completely regular (?).
Moreover, the conditions that X is (bi)compact and that exp X is (bi)compact

are equivalent (3).

is an arbitrary finite collection of nonempty open sets of the
2-5),

In this note the connection between the weight characteristics of the spaces X
and exp X is investigated, a topological description of exp X is given for certain
spaces X, and, finally, the connection between the dimensions of X and exp X
is studied.

Lemma 1. The system
B = {(Ual, ...,Ua">},

whose elements are all possible nonempty finite collections of sets of the open
base

b={U,}
of the bicompactum X, forms an open base of the bicompactum exp X.

Proof. Let F € (G4,...,G,,) C expX. Since Gy, ...,G,, are open in X, and b
is a base in X, we have

_ ¢ _
Gk—UUa(k>, k=1,2,...,n.
3
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From the definition of the topology in exp X it follows that in X
! ¢ .
FcC kL_Jl LEJan 1)

FﬂGk_Fm<L§JU§<k)>_ng(FﬂUﬁ(k))#@, k=1,2,...,n. (2)

For each k = 1,2, ..., n choose from the covering {U(i(k)} of the bicompactum

F C X those Ui(k) for which F' N in #+ (. As (2) shows, such U(EW exist for
every k = 1,2, ...,n and together form an open covering of F'. Choose from this
covering a finite one. If, however, there is a k, 1 < k < n, such that not a single
in C @G, participates in the obtained covering, then adjoin to the covering

an arbitrary element Ui( k) for which F'N U§< %) =+ (). We obtain a covering

(UL gy US o UL o U Y

of the bicompactum F, where

Ué(k) CGy, k=12,..,n, 1i=12,..,p.. (3)

Obviously,

1 P1 1 Pn
Fe (Ul U o UL U,

e

By virtue of (3) one obtains the inclusion

(UL UBt oo UL o U Y CHG, -, G

[e3

The lemma is proved.

A system o = {U,} of open sets of the space X is called dense (Ponomarev) in
this space if, for every open G C X, there exists U, € o such that U, C G.

Lemma 2. The system ¥ = {(U,,,...,U, )}, whose elements are nonempty
finite collections of sets from the system o = {U,}, dense in the space X, is
dense in exp X.

The least cardinal number that is the cardinality of an open base of the space
X is called the weight of the space X and is denoted by wX.

Theorem 1. The weight of the space exp X coincides with the weight of X, if
X is a bicompactum and wX > N,.
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The least cardinal number that is the cardinality of a system of open sets dense
in X is called the m-weight of the space X and is denoted by w, X (Ponomarev).

Theorem 2. For an arbitrary topological space X,

w, X =w,(expX), ifw, X >N,

Let B, = {O,z} be some fundamental system of neighborhoods of a point
x € X. The cardinal number inf, (wO_,x) is called the local weight of the
point z in the space X.

The space X is called homogeneous with respect to local weight if w(x, X)
is constant on X (6).

Theorem 3. The bicompactum exp X is homogeneous with respect to local
weight and w(F,exp X) = 7 for every point F' € exp X, if X is homogeneous
with respect to local weight and w(z, X) = wX =7 > N,.

Proof. A bicompactum X is homogeneous with respect to local weight and
w(z, X) = wX = 7 if and only if for every point € X and any of its neighbor-
hoods Ox there exists a bicompactum B, such that x € B, C Oz, wB, = 7.

Take a point F' € exp X and any of its neighborhoods (Uy, ..., U,,) from the base
of exp X. Since exp X is a bicompactum, there exists a smaller neighborhood
V1, ..., V,) of the point F', for which

F € <V17"'7‘/s> g <7177v5> = <V17~-~7Vs> g <U17~--7Un>'

Ineach V,,i=1,2,..., s, there is contained a bicompactum B, of weight 7; hence
wV,; = 7. To obtain a base B of the bicompactum (V,...,V,), one must in
each exp V; choose a base 9B, from sets of the form (UL, UL )i =1,2,0 s,
where b, = {U¢} is a base of V;, and unite them over i = 1,2, ..., s into common
brackets:

(Uél, ...,Uép(l), --~’U31’~-~7U53p(5)> €B.

If B, =7* i=1,2,...,s, then |B| = 7, and therefore

w(Vy, .., V) <.

Since all V; are distinct, among them there will be some V;, and in it a bicom-
pactum B;, such that B,NV; = () for ¢ # 4, wB; = 7. The bicompactum exp B,

is topologically contained in (V,..., V). Since
wB; = w(exp B;) =7,

it follows that

The theorem is proved.
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The neighborhood character x(F, X) of a set F' in the space X is the min-
imum of the cardinalities of fundamental systems of neighborhoods of F in X
(7). The space X is called homogeneous with respect to neighborhood
character if y(z, X) is constant on X (). The pseudocharacter ¢(F, X) of
a set F'in X is the least number m such that

F= {0,

acA

where all O,, are open and |A| =m (7).
It is known that ¢(F, X) = x(F, X) if F is closed and X is a bicompactum.
Theorem 4. For an arbitrary topological space X and a closed F' C X,

X(F,X) <7, if x(F,expX) <.

In (7) the following problem is formulated: does there exist a bicompactum with
the first axiom of countability, having cardinality > ¢, where ¢ is the cardinality
of the continuum?

Theorem 5. Any bicompactum Y = exp X satisfying the first axiom of count-
ability has cardinality < c.

* The symbol |A| denotes the cardinality of the set A.

Proof. Assuming the contrary, by means of Theorem 4 we conclude that the
bicompactum X is perfectly normal*. In that case |X| < ¢ (7). Since in X
there are as many closed sets as open sets, and every open set, being of type F_,
is the sum of no more than a countable number of closed sets, it follows that
| exp X| < ¢. The contradiction obtained proves the theorem.

A caliber of a space X is a cardinal number m such that every system of
nonempty open sets of the space X of cardinality m has an equicardinal subsys-
tem that has a nonempty intersection (Shanin).

It is known that every regular cardinal number m > N, is a caliber of any dyadic
bicompactum (6).

Theorem 6. A regular cardinal number m > X is a caliber of the space exp X
if and only if m is a caliber of X.

Proof. We shall carry it out for a system of sets of an open base of the space
exp X. Let
E={{Ua,,:Ua)}

be a system of nonempty open sets in exp X of regular cardinality m > X,. It
is assumed that the order of the elements in the brackets is fixed. The length
of a set

(Un,s Uy ) EX
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is the number s > 0. By virtue of the regularity of the number m, there is a

number n > 0 such that the system Y contains an equicardinal subsystem 2510 ),

all elements of which have the same length n. From each

w, ..U, yexy

IR A

the first element U, is selected, and the system

0] = {Ual}

of the selected sets is considered in the space X. Since m is a caliber of X, there
exists
o1 oy, oif=loyl=m,

having a nonempty intersection in X. In exp X we consider the system

2 ¢ 50

;1)

for whose elements U, € o} in X. With the system X, the same is done as

with 259, but with respect to the second elements U, . As a result one obtains
a system
o2 c i,

Continuing the process described, at the n-th step we obtain a system

ESzn) C Eglnfl)

)

all n-th elements of whose sets belong to the system

o, = {Uan}7

which has a nonempty intersection in X. Thus:

soxP ol 0. o (4)
S=18l=m,  k=01,..,n; (5)
S0 = {{Upys s Up VY, U, €0y k=1,2,..,n. (6)
In the space X, for each k =1,2,...,n, choose a point
Ty € ﬂUak
%

Then
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Hence, and from (4), (5), the necessity of the condition follows. For the proof
of sufficiency only the formula

e=(0%)

is needed (2).

A topological space X satisfies the Suslin condition if every system of disjoint
open sets from X is at most countable (see (6)).

Corollary 1. The spaces X and exp X simultaneously satisfy the Suslin condi-
tion if Ry is a caliber of one of them.

Corollary 2. The space X satisfies the Suslin condition if the space exp X
satisfies it.

* A space X is called perfectly normal if it is normal and each of its closed
sets is of type Gj.

A topological space X satisfies the Knaster condition if every uncountable
system of nonempty open subsets of X contains an uncountable subsystem every
pair of whose sets has nonempty intersection (see (9)).

Theorem 7. The topological space exp X satisfies the Knaster condition if and
only if X satisfies this condition.

The density sX of a space X is the least cardinality of everywhere dense subsets
of the space X.

Theorem 8. The densities of the spaces X and exp X coincide.

Denote by T, the discrete T} -space of cardinality 7 > N, and by byT, its one-
point compactification with vertex b, (the Alexandrov space) (see (1)).

Theorem 9. The bicompactum expbyT, is a compactification of b1, with
remainder bT \ T, homeomorphic to D for every 7 > N,,.

Proof. Denote
X=E8FecexpbyT,:by¢ F), Y =E(F€cexpbyT,:byeF).
Obviously, XUY =expb,T., XNY =0, X is open, and Y is closed in exp b,T’,.
It is not hard to see that X is homeomorphic to T,.. Renumber the points ¢ € T
Tr = {tataealdl =7

and represent
D= D"
acA
The mapping f : Y — D7 consists in assigning to each point F' € Y the point
x € D7 with coordinates

x, =1, ift, e F CbT,, z, =0, ift, ¢&F.

@
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It is easy to see that f is a homeomorphism onto all of D”.

Let Xy <m < 7. The ¥m-product is the set
XDTcCc D

consisting of those points x = {z,} € D" for which z, # 0 for at most a set of
indices of cardinality < m (6). Denote

exp, X =E(F cexpX : [F| <m)

for any cardinal number m > N,.

Corollary. In expb,T,

(expbyT, \T,) Nexp, byT, =X D".

The dimension of the space Y sometimes allows one to judge whether Y is
representable in the form exp X.

Theorem 10. The compactum exp X is infinite-dimensional 4f dim X > 1.

Proof. The mapping
fo: X" —exp, X

is (4) open-and-closed and n!-to-one. Therefore
dim X" = dim(exp,, X).
Using results from (8), it is easy to obtain the inequality, for any n < N:
dim(exp, X) = dim X" >n, if dimX > 1.
Since exp,, X is closed in exp X for every n = 1,2,... and dim(exp,, X) > n, the
space exp X is an infinite-dimensional compactum.

Corollary. The space
expy X = E(F €exp X : [F| <)

of all finite subsets of the compactum X is weakly infinite-dimensional.

It remains an open question: will exp X be a strongly infinite-dimensional com-
pactum if dim X > 17

The author expresses gratitude to P. S. Aleksandrov for his attention to this
work and to B. A. Efimov for discussion and a number of valuable comments.

Moscow State University
named after M. V. Lomonosov

Received
12 IV 1967

sovietrxiv.org/items/ru-196801.26932 Machine Translation


https://sovietrxiv.org/items/ru-196801.26932

REFERENCES

1. P. S. Aleksandrov, Introduction to the General Theory of Sets and
Functions, Moscow—Leningrad, 1948.

2. K. Kuratowski, Topology, 1, Moscow, 1966, pp. 168-181.

3. V. M. Ivanova, The General Theory of the Space of Closed Subsets,
Candidate’ s dissertation, Mathematical Institute named after V. A.
Steklov, Academy of Sciences of the USSR, 28 XII 1950.

4. E. Michael, Trans. Am. Math. Soc., 71 (1), 152 (1951).

5. A. Pelczynski, Bull. Acad. Polon. (math.), 13, No. 2, 85 (1965).

6. B. A. Efimov, Tr. Mosk. matem. obshch., 14, 211 (1965).

7. P. S. Aleksandrov, P. S. Uryson, Tr. Matem. inst. im. V. A. Steklova
AN SSSR, 31 (1950).

8. W. Hurewicz, Ann. Math., Ser. 2, 36, No. 1, 194 (1935).
9. V. Knaster, Matem. sborn., 16 (58), 281 (1945).

10. V. Gurevich, G. Volmen, Dimension Theory, IL, 1948.

* DT
is the generalized Cantor set, i.e. the Tikhonov product of 7 discrete two-point
spaces, T > Nj.
Note: Figure translations are in progress. See original paper for figures.
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