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Let g be an N-dimensional domain (N > 2), T" its boundary, and let

{u; ()}, i=1,2,..., (1)

be an orthonormal system of classical eigenfunctions of the Laplace operator
in the domain g, corresponding to the system of eigenvalues {\;}; A1 > A,
A; = +o00. Thus, the problem under consideration is:

{Au+Au=01in g, ulp =0. (2)

All the results presented here are also valid for the eigenfunctions of the second
boundary-value problem.

In considering questions of convergence of Fourier series with respect to the
system (1) for functions f € L,(g), 1 < p < 2, almost everywhere or in the
metric L,(g), estimates are needed for the norms of functions of the system (1)
in L, (g9), ¢ > 2. Estimates of the same kind for ¢ < 2 are necessary for studying
the question of the c-property of the system (1). It is said that the system (1)
possesses the c-property if from the convergence almost everywhere in g of the
series ). a;u;(x) it follows that a; — 0 (i — 00) (see (%)).

It had previously been assumed that for any domain g admitting the existence
of a classical system of eigenfunctions, this system possesses the c-property and
has bounded norms in L,(g), ¢ > 2.

In this paper it is shown that, in the general case, one cannot expect positive
results in this direction. Namely, examples are given of domains with arbitrar-
ily smooth boundaries for which the systems (1) do not possess the indicated
properties (Theorem 1). In Theorem 2, the existence is shown for the first time
of a domain in almost all points of which there is no boundedness, uniform in 3,
of the eigenfunctions {u,(z)}.
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Let g; be an N-dimensional domain obtained as the metric product of the disk
K, by the (N — 2)-dimensional cube Py_, ={0<z; <7}, j=1,2,...,N — 2,

Let K be an N-dimensional ball. The radii of K, and K (N > 2) are assumed
equal to 1.

Theorem 1. There exists a monotonically increasing sequence of indices n;, —
oo such that for the eigenfunctions (1) in the domain g; the estimate

—2)/6 —2)/6
e A2 < (2) 10 < 2 2, (3)

holds, where g > 2 is arbitrary and the constants ¢, > ¢; > 0.

Remark. For the eigenfunctions of the N-dimensional ball K, for ¢ > 2 the
left-hand side of estimate (3), i.e., the lower estimate, is valid, and for ¢ < 2 the
right-hand side of (3) (the upper estimate) is valid.

The eigenfunctions K can be written explicitly. Let (r,£2) be a spherical
coordinate system. Then

u (7‘, Q) =

n,m

1 1/2
= n+(N—2)/2(Tﬂzl+(N72)/2)Pn(Q) JrN=D/2 {/0 J§+(N_2)/2(Wf+(zv72)/2)7"dr
(4)

where P, () is the normalized angular part; I’y (N—2)j2 18 the m-th zero of
the Bessel function of index v = n + (N — 2)/2 (the zeros are numbered by m
in increasing order). We shall consider the subsequence of eigenfunctions with

m = 1 (n — oo). For the proof of the theorem we shall need the following
lemma.

Lemma 1. Let

1
1l — /
0

where ¢ 2 1; N > 2 is fized; v =n+ (N —2)/2, n=1,2,.... Then, asn — oo
(v — ), the estimate

1 q
T (v—2)/2(T iy (v—2)/2) N1 g, 5)

F(N-2)/2

e1/ () T2 <T@ ey / () T3, (6)

holds, where ¢, > ¢f > 0.

sovietrxiv.org/items/ru-196801.25405 Machine Translation


https://sovietrxiv.org/items/ru-196801.25405

The proof of Lemma 1 is based on the use of V. A. Fock’ s asymptotic formulas
(see (3)) for Bessel functions J,(z) of large positive order.

ForO0<z<v

J, (v secha)f:l\/a ctha —1 K 3v(a —tha)], (7)
7r

where 0 < o < 00, K 3[z] is the Macdonald function, and secha = 1/cha. For
=,

J,(vsec B) ~ W{cos - Jyyslv(te B — B)]-

—51n6Y1/3[ (tgﬁ—ﬁ)]}, (8)

where 0 < 8 < 7/2, and J; /3 and Y 3 are the Bessel and Neumann functions,

respectively. (For the properties of Bessel functions see (1).) Formulas (7) and
(8) hold uniformly for x < v and = > v, respectively.

Make in '@ (see (5)) the change of variables = ru}. Then

!
a(N—2)/2—N i |J, (z)|? dz
190 = (pl)aN=2/ /O AN DT )

It is known that ul > v.
Splitting
1

Ho v mt
[ =+ =t+n (10)
0 0 v

we make in I; the substitution z = v sech, and in I, the substitution z =
vsec 3, and obtain

I _  N—q(N-2)2 /Oo |J, (v secha)|? shada (1)
' b (cha)N-1-a(N-2)/2ch? o
Fo®) |J,(vsecB)|9sin 5 dS
12 = Z/qu(N72)/2 v (12)
A (cos B)N—1-a(N=2)/2 cos2 3’

where sec 3, (v) = ul/v.

Since it is known that
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pl=v+c'?4+0 (v 13) (13)

(see (1)), we have sec By(v) ~ 1 + ¢/v?/?, and B,(v) ~ ¢/v!/3.

The estimate of the integral (11) is carried out with the aid of formula (7). In
doing so one must take into account that K, () ~ ¢'/z/3 for 0 < z < z,

Kl/g(;v) ~ /7/2x e " for x > x4, and split the region of integration correspond-
ingly into two:

1) 0<a< o), (14)

where v[ay(v) —thay(v)] =z, and

2) ay(v) <a< oo (15)

In the region (14) one can obtain a two-sided estimate, while in the region (15)
an upper estimate is sufficient. After some calculations, for I; one obtains the
estimate

JuN—aN=2)/2 (@23 < [ < effyN=aN=2)/2 [ (a+2)/3, (16)

To estimate I, (see (12)) one must use (8) and take into account that [V} j5(z)| ~
¢ Jx'3 for 0 < & < xy; Jys(x) < cx/? for 0 < x < x. Then for I, we obtain

12 < C//Vqu(N72)/2/y(q+2)/2. (17)

From (16) and (17), taking into account (13) and (9)—(10), we easily prove the
principal estimate (6). Lemma 1 is proved.

For the proof of Theorem 1, let us write out the eigenfunctions of the domain
91

J,

maSIn7
() 0

cos Ny

c [/01 Jﬁ(rynm)rdrl

where ¢ is the normalizing constant, and (i) is the set of indices: (i) =
{n,m,ky..ky_o}

Uy = 73 sinkyxy ...sinky_oTn_o, (18)

Put m =k, = ... = ky_y = 1, i.e. consider the subsequence (i;). Then
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N—-2
My = 2+ 3K Ny, = (uh)? + (N —2). (19)

Jj=1

By Lemma 1 (N = 2) we have the estimate:

’ 1 1/2 /
1 / 20,1 Ca
— JA(rug,) rdr < —= (20)
(un)?/3 [ b (1 )?/3
The estimate is also valid

27 1/q
0< Clll < [/ | sin npl|? dcp‘| < cg’ n=12.. (21)
0

Then, estimating in (18) the normalizing factor by (20), and applying Lemma 1
and estimate (21) to the numerator, we immediately arrive at the assertion of
the theorem (3).

The fact noted in the remark follows from Lemma 1, formula (4), and the
inequalities

IPu(D)lp, ) > >0 forg>2, (22)

1P ()L, 0) < ¢ <oo forg<2, (23)

where (22) and (23) follow from Holder’ s inequality for integrals and from the
fact that | P, ()] 1, @) = 1.

Corollary 1. The eigenfunctions of the Laplace operator in the domain g, and
in the ball Ky do not possess the c-property (N > 2).

Indeed, it is known (see (?)) that for a system to possess the c-property it is
necessary and sufficient that lim |u,, (z), 4 > 0, which is not fulfilled in view
n

of estimate (3) and the remark to Theorem 1 for ¢ = 1.

Corollary 2. There exist functions f(z) € L, (for any 1 < p < 2) whose
Fourier coefficients with respect to the system of eigenfunctions of the domain
g1 or of the ball Ky are unbounded. The set of such functions has, in L,, a
complement of first category.

Let us note that the Fourier coefficients

enlf) = / f (@) () da
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form a sequence of linear bounded functionals in L, with norm |lc, | = ||u,| L,
where 1/p 4+ 1/q = 1. But by Theorem 1 (¢ > 2) we have

T |, = oc.

It remains to refer to the Banach-Steinhaus theorem (see, for example, (?), §
5).

Corollary 3. Let {m,} be any sequence of indices for which

pn ™ —— 1.
n—o0
Then the eigenfunctions (18) of the domain g, for any kq, ..., ky_o andm =m,,,
converge uniformly to zero as n — oo in every strictly interior closed subdomain
g Eg.
The proof of this fact is obtained by applying formula (7), taking into account
the estimate of the normalizing factor:

/1 ) 1 ™ ) 1 Ha ) c
Briyrdr = e [ \R@0ds > e [ R@)sde >
(0} (Nn " )2 0 (Mn " )2 0 nt/3

which follows, for example, from (16) (N =2, ¢ = 2).

The question remains open as to what conditions on a domain ensure the exis-
tence of the c-property for the eigenfunctions of the Laplace operator.

Theorem 2. For almost every point x € g, one can choose a subsequence of
indices (i), depending on x, so that at this point the estimate

1/12
‘u(ik)<$)| > C)‘(i/k) ) (24)

holds, where ¢ > 0 is a constant (depending on x).

In conclusion I express my gratitude to V. A. II’ in for supervising my work, and
also to Sh. A. Alimov and E. M. Nikishin for useful discussion of the results.
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