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Taking “trapped” particles into account in the kinetic theory of plasma stability
in toroidal magnetic traps has led to the discovery of a branch of low-frequency
instabilities developing over many periods of oscillation of trapped particles
between local magnetic mirrors (173). The shear of the magnetic-field lines (
“shear” ), as it turned out, does not prevent the development of the instability.
We shall show that in a sufficiently dense plasma, when the electron-ion collision
frequency becomes sufficiently large, the growth rate of the drift-dissipative
instability of trapped particles considered by B. B. Kadomtsev and O. P. Pogutse
(?) decreases, and then Landau damping on passing ions, omitted in (%), can
stabilize the instability.

As in (173), we use a model of an axially symmetric magnetic field

H = Hy{(1—¢)cosve,+Oey}, e=r/R<1, O©=i(r)r/2rR < e, (1)

where 7, ¢ are polar coordinates in the cross section of the toroidal tube; R is the
major radius of the torus; ¢ is the angular coordinate along the torus; i(r)/27
is the magnitude of the rotational transform of the magnetic-field lines.

The equilibrium of a low-pressure plasma in such a system was studied in (4?).
The distribution of passing particles fi(g) may, with sufficient accuracy, be taken

as Maxwellian, while the distribution of trapped particles ft(?) is described by
the expression
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where vp; = ,/QT]»/mj is the thermal speed of particles of species j; ‘ch =
€jH, /mjc is the cyclotron frequency of the particles in the toroidal magnetic

field; p = m?% /2H is the magnetic moment of a particle; ®,(r) is the potential
of the unperturbed electric field.

The perturbations imposed on the equilibrium state of the plasma will be chosen
in the form of electrostatic oscillations with potential

OW(r,t) = dW) (Y)ewttilc) 1=0,4+1,42, ..., (3)

and special attention will be paid to perturbations with a frequency much
smaller than the frequency of circulation of trapped particles along a closed
trajectory,

w < 17 = 00V2e 1. (4)

To describe such oscillations it is convenient to use the drift kinetic equation
with the collision term in the Landau form. After li-

linearization the latter takes the form
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where the drift velocities of particles in the magnetic field (1) are determined
by the expressions:

r% =0v +vg — (Z; cos t; (6)
g
J*ej je
v (r,9) = (2m; Y [E — pHy(1 — e cosd) — e,0(r)] )% ®)
E is the particle energy; v, = _Ijoaf:) is the velocity of the electric drift.
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Because of the smallness of the number of trapped particles, the collision integral
can be linearized and only derivatives with respect to the longitudinal velocity
retained in it (6):

2mAese ( ny \ d?
=2 ) e (9)
7 J,U J’ 21‘ -/ a'UH
where
“ di(z) v?
— — 9. —1/2 - r_ _
nj:n(asj)fQW / /0 eVt dt, n = dr xj*%~

In the first approximation in equation (5) one may neglect the slow change in
the particle distribution and their drift. As a result we obtain

Afy = [ftj () + ejq>(1)(19)ft(?)/7}] e~ = const, (10)

where ¢ = —27/¢ is the so-called safety factor in Tokamak-type systems @),

In order to take into account the slow oscillations of the plasma, we must now
average equation (5) over the period of the rapid oscillations of the trapped
particles. It is first convenient to pass to the new variables y, ¥, and

X2 =m, (’UH (r,0)0 — UE>2 JAuH 62, (11)

in which the equation describing the rapid motion of trapped particles (6) takes
the simple form

rdd/dt = ovl\/2e (22 — 1 + cos ), o=+l (12)

Averaging over the period of the rapid oscillations is equivalent to averaging
over the angle ¢ according to the rule

FOON = 2 | (13

Y0 4/x? —sin 19/2

where K () is the complete elliptic integral of the first kind. After averaging
equation (5), we obtain the linear differential equation

v, . V; )
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where the drift velocity of the particles along the ( axis is found from the
condition that the mean velocity (d¥/dt) vanishes:

j vy 2uHge [E(x) 1 dlni (E 2)
=B AP0 N -y ~ 1
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E(x) is the complete elliptic integral of the second kind. The collision frequen-
cies of particles of species j are denoted by

16/ ne* 3nl/? Ny | -3/2
=V Alz.) = Ly, — Rl 16
Vi 3\/TT; Vi () 4 ; T 2y i (16)

We shall be interested in the case of frequent electron and rare ion collisions

v, /e > w >y /e (17)

In this case, ion collisions may be completely neglected and equation (5) reduced
to the algebraic form

0 l 9 — /
£ ey () — 2= Yl +vp) el / ¢ M(9)etha?
T w = e{vg) 0 1/x? —sin 19/2

In equation (5) for electrons, collisions play the dominant role. Taking into ac-
count that the distribution of trapped electrons in the field of a slow wave (with
phase velocity much smaller than the electron thermal velocity) is Boltzmann,
we solve equation (5) under the boundary conditions

(1) ) (1)
W2 1y €27 00 fre
fte (X - )_ T te (X~ = )a axz

e

— 0. (19)

As a result we find
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Finally, the expression for the phase-volume element of trapped particles is
obtained by using the expression for the longitudinal velocity vy (u, x2,9) in the

(20)

variables y, x2, 9, following from equations (6) and (14):

H.d
21
m

2 2

‘M dvy (1, X2, 9) = 2mv [(& + 1;5) s] dv dx —> . (1)
J 2[x? —sin“¥/2] ©

We shall give the plasma quasineutrality equation, which serves to determine
the spectrum of frequencies and amplitudes of the arising oscillations, only for
the case of a weak equilibrium electric field, when terms of order [vg/Ovy;] < 1
may be neglected. In addition, expanding the function ®)(9)) in a Fourier
series,

eV = Y B, em? (22)

m=—0o0

and substituting expressions (18) and (20) into the quasineutrality condition,
we reduce the latter to a system of algebraic equations for the coefficien-

of $m

s’
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Here the last term takes into account the resonant interaction of passing ions
with slow oscillations; moreover, the phase velocity of the long-wavelength oscil-
lations turns out to be so small that only a small number of slow ions with veloci-
ties v/vp; ~ wt;/|s| < 1 are in resonance with the wave. Restricting ourselves in
solving equation (23) to a system of third-order equations (for ®, ;) and using
the numerical values of the matrix elements H,,, v ., A, for m = m® ~ g
and m = m© £ 1: Hyy =1, Hy, = 1/3, Hy; ~ 0.28; vyq = 4/9, vy =~ 0.142,
vi; =~ 0132, Ayg =~ 9.1, Ay; =~ 1.9, A;; ~ 0.68, we find the eigenvalue of the
oscillation frequency:

e e3 -3
— e . Wet o Wit Ty
w=13uw5 {1 +i {0.96 e 18 |5<0>|3] } (24)

We see that Landau damping has the weakest stabilizing effect on the long-

wavelength oscillations, which, however, are suppressed by weak collisions of
the trapped ions under the condition

vive/e? > [wi]*. (25)

Combining (24) and (25), we find the stability criterion

v, m " T
T ) e —€ 1m0 —q]. 2
ETZ>037<mi> Tl\m ql (26)
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