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CYBERNETICS AND CONTROL THEORY

Yu. Ya. Breitbart

ON COMPARING THE COMPLEXITY OF
REALIZATIONS OF BOOLEAN FUNCTIONS
BY AUTOMATA AND TURING MACHINES
(Presented by Academician P. S. Novikov on 1 IX 1967)

1. In the present note the role of the external memory of Turing machines in
computing Boolean functions on them is clarified. Namely, the question
of comparing the complexities of realizations of Boolean functions by Tur-
ing machines (T.M.) and by Turing machines without external memory
(automata) is considered. Here, by the complexity of a realization of a
function 𝑓(𝑥1, … , 𝑥𝑛) by an automaton (respectively, a T.M.) is meant
the product of the minimally necessary number of internal states of the
automaton (respectively, T.M.) realizing the function obtained from 𝑓 by
some permutation of the variables, by the maximum time for comput-
ing 𝑓(𝛼1, … , 𝛼𝑛), where the maximum is taken over all possible tuples

̃𝛼 = (𝛼1, … , 𝛼𝑛) of 0 and 1 of length 𝑛.
In particular, it is established that the ratio of the complexities of realiza-
tions is not less than 2𝑐𝑛−𝜑(𝑛), where 𝑐 and 𝜑(𝑛) depend only on the set of
possible permutations of the variables of the original function, and moreover
lim𝑛→∞ 𝜑(𝑛)/𝑛 = 0; 1/8 ≤ 𝑐 ≤ 1.
For a precise statement of the problem and formulation of the results, we intro-
duce the necessary definitions and notation.

𝑃𝑎 is some permutation of the numbers (1, 2, … , 𝑛). We shall henceforth call
any such permutation a direction.

Definition. We shall say that an automaton 𝔄 = ⟨𝑄, 𝜑, 𝑞0, 𝑇 ⟩ (2) with input
alphabet (0, 1) realizes the Boolean function 𝑓(𝑥1, … , 𝑥𝑛) in the direction 𝑃𝑛 =
(𝑖1, … , 𝑖𝑛), if

𝜑(𝑞0; 𝛼𝑖1
, … , 𝛼𝑖𝑛

) ∈ 𝑇 ⟺ 𝑓(𝛼1, … , 𝛼𝑛) = 1,

where 𝑛 ≥ 1; 𝛼𝑖 = 0, 1. 𝐿𝑃𝑛
𝔄 (𝑓) is the number of internal states of the automaton

𝔄 realizing 𝑓 in the direction 𝑃𝑛.

𝐿′𝑃𝑛
𝐴 (𝑓) is the minimal number of states of an automaton sufficient for realizing
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𝑓 in the direction 𝑃𝑛. We shall further call

𝐿𝑃𝑛
𝐴 (𝑓) = 𝑛𝐿′𝑃𝑛

𝐴 (𝑓)

the complexity of the realization of 𝑓 by automata in the direction 𝑃𝑛. Let Π𝑛
be some set of directions. Put

𝐿Π𝑛
𝐴 (𝑓) = min

𝑃𝑛∈Π𝑛
𝐿𝑃𝑛

𝐴 (𝑓).

In what follows we shall be interested in the following sets of directions Π1
𝑛:

{(1, 2, … , 𝑛); (𝑛, 𝑛 − 1, … , 2, 1)};

Π2
𝑛: 𝑃𝑛 ∈ Π2

𝑛 ⟺ 𝑃𝑛 is some cyclic permutation of (1, 2, … , 𝑛) or (𝑛, 𝑛−1, … , 1);
Π3

𝑛 is the set of all possible directions.

Let 𝔐 be a T.M. realizing 𝑓(𝑥1, … , 𝑥𝑛) (see (1)). Let 𝑡𝑓,𝔐( ̃𝛼) be the number
of steps which 𝔐 expends to compute 𝑓(𝛼1, … , 𝛼𝑛), ( ̃𝛼 = (𝛼1, … , 𝛼𝑛); 𝛼𝑖 =
0, 1; 𝑛 ≥ 1), and let 𝐿′

𝔐(𝑓) be the number of internal states of the T.M. 𝔐
realizing 𝑓 . We shall call

𝐿′
𝔐(𝑓)max

𝛼̃
𝑡𝑓,𝔐( ̃𝛼)

the complexity of the realization of the function 𝑓 on the T.M. 𝔐, and denote
it by 𝐿𝔐(𝑓). We shall further call

𝐿T.M.(𝑓) = min
𝔐 realizes 𝑓

𝐿𝔐(𝑓)

the complexity of the realization of 𝑓 on a T.M. Further, everywhere 𝑓 is a
Boolean function of 𝑛 variables, and ℱ2 is the set of all such functions.

Let

𝐿(𝑛) = max
𝑓∈𝔓2

𝐿Π1
𝑛

𝐴 (𝑓)
𝐿M.T(𝑓) , 𝐾(𝑛) = max

𝑓∈𝔓2

𝐿Π2
𝑛

𝐴 (𝑓)
𝐿M.T(𝑓) , 𝑀(𝑛) = max

𝑓∈𝔓2

𝐿Π𝑖
𝑛

𝐴 (𝑓)
𝐿M.T(𝑓) .

The problem consisted in estimating the functions 𝐿(𝑛), 𝐾(𝑛), 𝑀(𝑛). In the
paper it is proved that 𝐿(𝑛) ≥ 2𝑛/𝑛 log𝑛*. It is further proved that log𝐾(𝑛) ∼
𝑛 and log𝑀(𝑛) ≍ 𝑛.
2. Let 𝑓(𝑥1, … , 𝑥𝑛) be a Boolean function and let 𝑃𝑛 = (𝑖1, … , 𝑖𝑛) be some
direction. Denote by 𝜇(𝑓, 𝑠, 𝑃𝑛) the number of distinct Boolean functions that
can be obtained from 𝑓(𝑥𝑖1

, … , 𝑥𝑖𝑛
) by all possible substitutions of constants in

place of the first 𝑠 arguments of 𝑓(𝑥𝑖1
, … , 𝑥𝑖𝑛

), where 1 ≤ 𝑠 ≤ 𝑛.
Lemma 1. Let 𝑓(𝑥1, … , 𝑥𝑛) be a Boolean function and let 𝔄 be an automaton
realizing 𝑓 in the direction 𝑃𝑛. Then
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𝐿′𝑃𝑛
𝔄 (𝑓) ≥ max

1≤𝑠≤𝑛
𝜇(𝑓, 𝑠, 𝑃𝑛).

The proof is essentially contained in (1).

Following (3), call a set 𝐺 of square matrices of order 𝑛, 𝑛 > 1, whose entries
are 0 and 1, complete if any two matrices from this set have no common rows,
every vector of length 𝑛 occurs as a row in at least one matrix of the set 𝐺, and
no matrix contains identical rows.

Lemma 2. Whatever 𝑛 = 2𝑚+1, 𝑚 ≥ 1, there exists a complete set of symmetric
matrices of order 𝑛.

Let 𝐺𝑚+1 be a complete set of symmetric matrices of order 𝑛 = 2𝑚+1, existing
by Lemma 1. Obviously, the number of matrices in 𝐺𝑚+1 is equal to 22𝑚+1−𝑚−1.
We next number the matrices in 𝐺𝑚+1 by the numbers from 0 to 22𝑚+1−𝑚−1 and
denote by 𝑎𝑖𝑗𝑘 (1 ≤ 𝑖, 𝑗 ≤ 2𝑚+1, 0 ≤ 𝑘 ≤ 22𝑚+1−𝑚−1) the element of the matrix
with number 𝑘 lying at the intersection of the 𝑖-th row and the 𝑗-th column.

Let 2𝑚 + 𝑚 < 𝑛 ≤ 2𝑚+1 + 𝑚 + 1; then 𝑛 = 2𝑚 + 𝑚 + 𝑟, where 1 ≤ 𝑟 ≤ 2𝑚 + 1.
Define

𝐹𝑛(𝛼0, … , 𝛼𝑚, 𝛽0, … , 𝛽2𝑚−𝑚+𝑟−3, 𝛾0, … , 𝛾𝑚) = 𝑎𝑖𝑗𝑘,
where

𝑖 − 1 = | ̃𝛼|, 𝑗 − 1 = | ̃𝛾|, 𝑘 − 1 = | ̃𝛽|∗∗,
̃𝛼 = (𝛼1, … , 𝛼𝑚), ̃𝛾 = (𝛾0, … , 𝛾𝑚),

̃𝛽 = (0, … , 0⏟
2𝑚−3

, 𝛽0, … , 𝛽2𝑚−𝑚+𝑟−3).

Lemma 3. 𝐿Π1
𝑛

𝐴 (𝐹𝑛) ≥ 2𝑛.
Lemma 4.

𝐿M.T(𝐹𝑛) ≤ 𝑛 log𝑛.

Remark 1. If one assumes that an M.T. realizing 𝐹𝑛1
for some 𝑛1 > 1 realizes

𝐹𝑛, whatever 𝑛 may be, then from (6) it follows that

𝐿M.T(𝐹𝑛) ≤ 𝑛 log𝑛.

From Lemmas 2–3 it follows that

Theorem 1. 𝐿(𝑛) ≥ 2𝑛/𝑛 log𝑛.
3. In obtaining the results of this section, E. I. Nechiporuk’s method (see (5))
for obtaining a “complex”function is generalized.

sovietrxiv.org/items/ru-196801.22137 Machine Translation

https://sovietrxiv.org/items/ru-196801.22137


* Here and below logarithms are considered to base 2.

** | ̃𝛼| is the natural number whose binary representation is the tuple ̃𝛼 =
(𝑎0, … , 𝑎𝑚).
Let

Φ1(𝑥1, … , 𝑥𝑛) = ̄𝑥𝑘

𝑘−1
⋁

|𝛾̃|=0
𝑥|𝛾̃|+1 ⋅ 𝑥𝛾1

𝑘+1 ⋯ 𝑥𝛾𝑛−𝑘𝑛 , where 𝑛 − 𝑘 = ⌊log(𝑘 − 1)⌋,

̃𝛾 = (𝛾1, … , 𝛾𝑛−𝑘); 𝛾𝑖 = 0, 1, 1 ≤ 𝑖 ≤ 𝑛 − 𝑘; 𝑛 > 1, 𝑘 > 1.

Next let

Φ𝑖(𝑥1, … , 𝑥𝑛) = Φ1(𝑥𝑖, 𝑥𝑖+1, … , 𝑥𝑛, 𝑥1, … , 𝑥𝑖−1), where 2 ≤ 𝑖 ≤ 𝑛.

Put

Φ𝑛(𝑥1, … , 𝑥𝑛) =
𝑛

∑
𝑖=1

Φ𝑖(𝑥1, … , 𝑥𝑛) ∗ .

Lemma 5. If, instead of all variables of Φ𝑛 except the variables
𝑥𝑖, 𝑥∗∗

𝑖+1, … , 𝑥∗∗
𝑖+(𝑛−𝑘), 1 ≤ 𝑖 ≤ 𝑛, distinct sets of constants are substituted, then

the number of distinct functions thereby obtained is ≥ 2𝑘−2.

Hence, using Lemma 1, we obtain that 𝐿Π2
𝑛

𝐴 (Φ𝑛) ≳ 2𝑛.

Remark 2. Let 𝑙(Φ𝑛) be the number of contacts minimally necessary for real-
izing Φ𝑛 by a contact circuit. Then, by Lemma 5 and Theorem 2 from (5), we
have 𝑙(Φ𝑛) ≳ 𝑛2/ log2 𝑛. Next let 𝑚(Φ𝑛) be the minimally necessary number
of input variables for realizing Φ𝑛 in some basis. Then 𝑚(Φ𝑛) ≳ 𝑛2/ log𝑛 by
Lemma 4 and Theorem 1 from (5).
Lemma 6. 𝐿M.T(Φ𝑛) ≲ 𝑛2 log𝑛.
From Lemmas 5 and 6 we obtain that 𝐾(𝑛) ≳ 2𝑛/𝑛2 log𝑛, whence it easily
follows

Theorem 2. log𝐾(𝑛) ∼ 𝑛.
4. Let 𝑆𝑘

𝑖 ( ̃𝑆𝑘
𝑖 ) be an elementary symmetric function of the variables 𝑥1, … , 𝑥𝑘,

(𝑥𝑘+1, … , 𝑥2𝑘) (𝑘 > 1) with working number 1 ≤ 𝑖 ≤ 𝑘 (see (4)). Let
𝑛 = 2𝑘, 𝑘 > 1.
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Put

𝜓𝑛(𝑥1, … , 𝑥𝑘, 𝑥𝑘+1, … , 𝑥2𝑘) =
𝑘

∑
𝑖=1

𝑥𝑖 ̃𝑆𝑘
𝑖 ⊕

𝑘
∑
𝑖=1

𝑥𝑘+𝑖𝑆𝑘
𝑖 .

Let 𝑛 = 2𝑘 + 1. Put

𝜓𝑛(𝑥1, … , 𝑥2𝑘, 𝑥2𝑘+1) = 𝜓𝑛−1(𝑥1, … , 𝑥2𝑘) & (𝑥2𝑘+1 ∨ ̄𝑥2𝑘+1).

Lemma 7. 𝐿Π3
𝑛

𝐴 (𝜓𝑛) ≳ 2[𝑛/8].

Lemma 8. 𝐿M.T(𝜓𝑛) ≲ 𝑛2.

Hence it follows

Theorem 3. log𝑀(𝑛) ≍ 𝑛.
The author considers it his pleasant duty to express profound gratitude to P. S.
Novikov for posing the problem and supervising the present work, and to A. A.
Muchnik for discussion of the results of the work and valuable advice.
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Note: Figure translations are in progress. See original paper for figures.
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