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In the present note a positive answer is given to the question posed by P. S.
Aleksandrov: is the multiplicity of a base preserved under a perfect mapping?

Definition*. We say that the multiplicity of a family ® of subsets of a
set I’ does not exceed the cardinal number 7, if each point of the set F' is
contained in no more than 7 elements of the family ®.

In fact it turned out that even the following is true.

Theorem 1. Let f : X — Y be a pseudo-open bicompact mapping of a T} space
X, possessing a base of multiplicity < 7, onto the space Y. Then Y
also possesses a base of multiplicity < 7.*

Corollary. Let f: X — Y be a perfect mapping, and let X have a base of
multiplicity < 7. Then 'Y also has a base of multiplicity < T.

This is precisely the answer to P. S. Aleksandrov’ s question mentioned above.

In the present note we shall give a direct proof of the corollary and an outline
of the proof of Theorem 1.

We begin the proof of the corollary with the following lemma.

Lemma. Let Z' C Z be arbitrary sets, and let 0’, 0 be families of subsets,
respectively of Z' and Z, whose multiplicity does not exceed 7. Consider the sets

v = {0, 9 €0, D£0NZ T}
Under the assumptions made, the multiplicity of the family T' = {vy }yco does
not exceed T.

First of all, the set ¥ N Z’ cannot be contained in more than 7 elements of the
family 6’, since the multiplicity of 6" is not greater than 7. Therefore ¢ € 6
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occurs as a summand in no more than 7 sets v,4,. A point z € Z is contained
only in those elements v, € I' for which there is a ¥ € 0, contained in v, €T’
as a summand and containing z; and, by what has been said above, there are
no more than 72 = 7 such elements, as was required.

Let BX be a fixed base of the space X, whose multiplicity is < 7, and let B;X
(n=1,2,...) be the set of families of elements of the base BX

* All other definitions, as well as the necessary comments, may be found in (1).

** Here, and everywhere below, although this is not specially stated, we require
that the image space be a Tj-space, so that A. S. Mishchenko’ s theorem (2)
may be used. All mappings are assumed to be mappings onto.

*** Note added in proof. After submitting the article to the editors the author
obtained a stronger result:

Theorem. Let f: X =Y be a bifactorial T-mapping of a T} -space X, possess-
ing a base of multiplicity < 7, onto a space Y. Then Y also possesses a base of
multiplicity < 7.

A mapping f : X — Y is called bifactorial if from every cover {U,} of the
preimage f~!(y) of any point y € Y one can choose a finite number of elements
{Uy,...,U,} such that y € Int f(U; U---UU,), and it is called a 7-mapping if
the weight of the preimage of any point y € Y does not exceed 7.

B ={by,..., b, }, for which there exists a point y € Y such that the sets by, ..., b,
form a minimal covering® of its inverse image f~!(y). The inverse image of
each such point y € Y we shall call an essential element of the family 8. By
induction on n and on all possible triples f : X — Y, where the space X has a
base BX of multiplicity < 7, and the mapping f is perfect, we shall prove that
there exists a family ®:X of multiplicity < 7 of open subsets of the space X and
a one-to-one correspondence g-X : BX — ®X such that

gx(B) < b

bep

and ¢-X (/) contains all essential elements of 3. (Here, incidentally, a situation
may arise in which two elements o5, ¢, € ®:X coincide as sets lying in the space
X, but, being put into correspondence with different elements of the family B:X,
they will differ as elements of ®:X.)

As ® we take Bi¥ and as gi the identity mapping. The multiplicity of B:X < 7,
since BX C BX and the multiplicity of BX < 7.
Suppose the assertion has been proved for any space X and n = k. We prove

the assertion for n = k + 1. Take an arbitrary b € BX. Consider X’ =
X \b. As BX" we take the intersections of the elements of BX with X’. By the
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induction hypothesis** for X’ there has been constructed a family <I>kX/ and a
correspondence g,f/. To each set ¢’ € <I>kX/ assign the set

o =fTHXINTHX N ).

We apply the lemma, putting ¢/ = {p}, § = BX, 7/ = f1f(X), Z = X.
From A. S. Mishchenko’ s theorem (?) it follows easily that the multiplicity of
the family {¢} does not exceed 7, and hence we are in the conditions of the
lemma. The family {v,} = re 41 constructed in accordance with the lemma has

multiplicity < 7. As a sum of open sets, each element I‘ZH is open. Let AZ+1
be the part of B,iil consisting of the families containing the set b. Define the
correspondence
b . Ab b
JARRRAVIREL A%

as follows:

Let us note some properties of the correspondence g7 1. g7 1(8) € U, b—this
follows from the inclusions

e=[TTAX)NFIAX @) CbUY,

where

k k
¢ =g i N X' b X € o n X € o
i=1 i=1

Yo CXNF(X)Up CbUp CbU@ ChUb U= Uby.

We show that gzﬂ(ﬁ) contains all essential elements of 3. If y € Y and f~'(y)
is an essential element of {b, by, ..., b, }, then f~1(y)\b, evidently, is an essential
element of {b; N X”,...,b, N X'} (for f|x, the restriction of the mapping f to
X"), and therefore

SHNOC g ({b, N X, b N X7},

The set
X'Ngf({by N X', ... b, N X'}

is closed in X, and therefore the set
FHAX N g ({by N X7, b, N X' }))

is also closed in X and does not meet f~!(y). For each point z € f~1(y) there
is found a base element not meeting the set

PN G ({0 n X b N X)),
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All such elements will enter into

as summands, whence it follows that
f71<y) g gll;Jrl({ba bla ceey bk})

We construct the family @Y, in the following way. Let {b,...,b, 1} € B ;

then
k+1

b.
gkX+1({b15 7bk+1}> = U 91{41({617 crey bk+1}>'
=1

X _
Let, further, ®;%, | =

* A family of sets {m,...,m,,} is called a minimal covering of a set M if
M C U m;
i=1
and
1
Mg LJlmij
=

for any proper subfamily
{m; comy } C{my, ... ,my b

** As is easily seen, the restriction of a perfect mapping to a closed subspace is
perfect.

= {91§+1(5)7 ﬁ € Blﬁ—l :

By the properties of gz 41 and the definition of 91§+1 we have

gkX+1(6> g U b’

bep

and 91§+1<ﬁ) contains all essential elements of 5. We show that the multiplicity
of CIDi{+1 is < 7. Let

q’kXH(b) = {glﬁ,—l(ﬁ)ﬂ B> b}

Since the family <I>kX+1(b) is elementwise* inscribed in FZ +1, the multiplicity of
¥ (b) is < 7. It is easy to see that the family

o)

box
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exhausts all elements of <I>,€XJrl containing the point x € X. Each of the fami-
lies @fﬂ(b) has multiplicity < 7, and there are altogether < 7 such families;
consequently the multiplicity

<I>kX+1 <72=r
Let
oo
X = | o
n=1
We shall not give the verification that the family
Y\ f(X\g), pc@¥}

is a certain base of the space Y and that its multiplicity is < 7. In doing this
one must use the fact that the mapping f is perfect. This completes the proof
of the corollary.

We now give the plan of the proof of Theorem 1.
LLet Y CY, X' = f1(Y); then f([X']) = [f(X)].

ILIfY'CY, X' = f 1Y), and G = {g} is a family of multiplicity < 7 of
open subsets of X, then there exists a family H = {h} of multiplicity < 7
of open subsets of X and a correspondence n : G — H such that

a) n(g) N X" Cg;
b) ify €Y, f1(y)N[X'] # 0, and
) n[X'\Ng =0,
then
n(g) 2 [ (y).
ITI. Let B be a base of the space X of multiplicity < 7,
Bl = {filf(b% b € B}?
B, = {{by,...,b,}, by,...,b, € By},
and X’ = f~1(Y”), where Y’ C Y. Let, for
B= {bla 7bn} € Bn’

(X B U{f ), yeY, FFyNXT#0, fFynX N[ Jb=0

beps

and for every proper subfamily {b; , ..., bip} of the family {b,,...,b,},

(XN (b, U 0D )N fH(y) # 0}
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Then by induction on n it is proved that for every n there exists a family
®X" of multiplicity < 7 of open subsets of the space X and a correspon-

dence
g B, = &Y
such that
g% 2 q(X',B)
and
(80 (Xf\ (Ub)> 0.
bep
IV. Let

o0
o= J oy
n=1
Then the family
YNF(XNw), pc@}
is a certain base of the space Y, whose multiplicity is < 7.

By methods analogous to those developed in the proof of Theorem 1 and its
corollary, one can obtain the following results.

Theorem 2. Let f: X — Y be a perfect mapping, and let X possess a base
that decomposes into 7 point-finite families; then Y also possesses a base that
decomposes into 7 point-finite families.

Definition. A base that decomposes into 7 locally finite families will be called
an N.St-base.

Theorem 3. Let f : X — Y be a perfect mapping, and let X possess an
N STt-base; then Y also possesses an N.St-base.

In particular, for 7 = X, under the assumption that X is normal, we obtain
A. H. Stone’ s theorem (?), which states that the image of a metrizable space
under a perfect mapping is metrizable.

I express my deep gratitude to A. V. Arhangel’ skii, whose advice I continually
used.
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