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Abstract
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MATHEMATICS

E. T. IVLEV

ON A MULTIDIMENSIONAL SURFACE IN
PROJECTIVE SPACE
(Presented by Academician A. D. Aleksandrov on 14 IX 1967)

One of the fundamental problems of the differential geometry of a multidimen-
sional surface is the problem of invariant equipment. A sufficiently complete
survey of works on this problem was given by G. F. Laptev in (1) (see also
(2−10)). As G. F. Laptev notes, following the problem of the invariant equip-
ment of a multidimensional surface there arises the problem of constructing a
canonical frame. In the present paper a canonical frame is constructed for an
𝑚-parametric manifold 𝑆𝑚(𝑙𝛼), consisting of 𝑚-surfaces 𝑆𝑚, through each point
𝑆 of which pass 𝑚 lines Γ𝛼 belonging to it, with tangents 𝑙𝛼 in general position.
It is assumed here that 2 < 𝑚 < 𝑛 − 2. The canonical frame of the manifold
𝑆𝑚(𝑙𝛼) is a semicanonical frame in the sense of (14,16) of an arbitrary 𝑚-surface
𝑆𝑚 in 𝑃𝑛.

We shall write the derivation formulas of a certain frame {𝐴𝑖} of the manifold
𝑆𝛼(𝑙𝑚) in 𝑃𝑛 in the form 𝑑𝐴𝑖 = 𝜔𝑘

𝑖 𝐴𝑘 (𝑖, 𝑘 = 0, 1, … , 𝑛), where 𝜔𝑘
𝑖 are

Pfaffian differential forms satisfying the structure equations 𝐷𝜔𝑘
𝑖 = [𝜔𝑗

𝑖𝜔𝑘
𝑗 ]

(𝑗 = 0, 1, … , 𝑛) and the relation 𝜔𝑖
𝑖 = 0. Put 𝑘𝑎 = 𝑚𝑎 − 𝑚𝑎−1 = 𝐶𝑎+1

𝑚+𝑎.
Introduce the system of indices 𝛼, 𝛽, 𝛾, 𝛼0, 𝛽0, 𝛾0, 𝛼𝑞, 𝛽𝑞, 𝛾𝑞 (𝑞 ≥ 1) =
1, 2, … , 𝑚; 𝛼𝑎, 𝛽𝑎, 𝛾𝑎, 𝛼𝑞

𝑎, 𝛽𝑞
𝑎, 𝛾𝑞

𝑎 = 𝑚𝑎−1 + 1, … , 𝑚𝑎 (𝑎, 𝑏, 𝑐 = 1, … , 𝑝; 𝑚 =
𝑚0); 𝛼𝑝, 𝛽𝑝, 𝛾𝑝 = 𝑚𝑝−1 + 1, … , 𝑛; 𝛼𝑎…𝑏 = 𝑚𝑎−1 + 1, … , 𝑚𝑎, … , 𝑚𝑏−1 + 1, … , 𝑚𝑏
(𝑎 ≤ 𝑏); 𝛼𝑎…𝑎 = 𝛼𝑎; 𝛼, 𝛽, 𝛾 = 𝑚+1, … , 𝑛. Let 𝐴0 = 𝑆, 𝑙𝛼 = (𝐴0𝐴𝛼). Then the
systems of differential equations 𝜔𝛼̂

0 = 0 and 𝜔𝛽
𝛼 = Λ𝛽

𝛼𝛾𝜔𝛾 (𝛼 ≠ 𝛽) determine
the 𝑚-surface 𝑆𝑚 and the system of lines Γ𝛼 on it, respectively. Successive
prolongations of the system 𝜔𝛼̂

0 = 0 lead to a sequence of fundamental objects
{Λ𝛼̂

𝛼1𝛼2…𝛼𝑟} (17), whose components are symmetric with respect to the lower
indices and satisfy the system of differential equations (1,3) in (4). The fixing
of the frame, carried out analytically, gives

Λ 𝑏+1…𝑝
𝛼1𝛼2…𝛼𝑏+1 = 0, 𝑏̄𝛼𝑎

𝛽𝑎
= 𝛿𝛼𝑎

𝛽𝑎
, Λ𝛼̂

0𝛽 = 0, Λ𝛼
0𝛽 = 𝛿𝛼

𝛽 ,

Λ𝜏
12 = Λ1

𝑚−1,𝑚 = Λ2
𝑚−1,𝑚 = 1, Λ0

0𝛼 = 0, Λ𝛽
(𝛼𝛾) = 0, Λ𝑖

𝑖𝛼 = 0,
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Λ𝛼
𝛼1…𝑝−2𝛽 = 0, Λ𝛼+1−𝑝

𝛼−1𝛽 = 0, Λ0
𝛼1…𝑝−2𝛽 = 0,

Λ𝛼𝑝−1
𝛼𝑝−2[𝛼Λ0

1𝛽𝑝−1|𝛽] = 0, Λ𝛼𝑝−1
𝛼𝑝−2[𝛼Λ𝛾

1𝛽𝑝−1|𝛽] = 0, Λ𝛼𝑓
𝛽𝑓+1…𝑔𝛼 = 0,

Λ𝛽𝑓
𝛼1…𝛼𝑓+1Λ𝛼𝑓

𝛽𝑓𝛼 = 1
𝑓!Λ

𝛼𝑓
𝜎(𝛼1…𝛼𝑓 Λ𝜎

𝛼𝑓+1)𝛼, Λ𝛼𝑝−1
𝛼𝑝−2[𝛼Λ𝛼1…𝑖

1𝛽𝑝−1|𝛽] = 0,

Λ𝛽𝑓
𝛼1

𝑝−1
= 0 (𝑛 ≤ 𝑚𝑝−1 + 𝑘𝑝−1); Λ𝛽𝑓

𝛼1
𝑝−1

= Λ𝛽𝑓
𝛼𝜈+1

𝑝−1
= 0

(𝑞(𝑝 − 1, 𝑠) < 𝑛 ≤ 𝑞(𝑝 − 1, 𝑠 + 1)).

Here and in what follows the following notation and numbering of indices are
adopted:

1) 𝑏̄𝛼𝑎
𝛽𝑎

= Λ𝛼𝑎
𝛼1…𝛼𝑎+1 , where the system of quantities Λ𝛼𝑎

𝛼1…𝛼𝑎+1 , symmetric in
any pair of lower indices, for each fixed upper index consists of 𝑘𝑎 inde-
pendent components Λ𝛼𝑎

𝛼1…𝛼𝑎+1 , in which to each value of the collection
of indices there is assigned a definite value of the index 𝛽𝑎, i.e. 𝛽𝑎 ↔
(𝛼1 … 𝛼𝑎+1), and the indices 𝛼1, … , 𝛼𝑎+1 are arranged successively so that
each subsequent index is not less than the preceding one;

2) 𝑓 = 1, 2, … , 𝑝 − 1; 𝑔 = 𝑓 + 1, … , 𝑝;
3) 𝛼0

𝑝−1 = 𝑚𝑝−2 + 1, … , 𝑚𝑝−2 + 𝑛 − 𝑚𝑝−1; 𝛽0
𝑝 ↔ (𝛼0

𝑝−11), 𝛼0
𝑝−1 ↔

(𝛼1 … 𝛼𝑝), 𝛽0
𝑝 = 𝑚𝑝−1 + 1, … , 𝑛 (in the case 𝑚𝑝−1 < 𝑛 ≤ 𝑚𝑝−1 + 𝑘𝑝−1);

4) 𝛼𝜈
𝑝−1 = 𝑞(𝑝 − 2, 𝜈) + 1, … , 𝑞(𝑝 − 2, 𝜈 + 1), 𝛼𝑠

𝑝−1 = 𝑞(𝑝 − 2, 𝑠) + 1, …

… , 𝑚𝑝−2+𝑛−𝑞(𝑝−1, 𝑠), 𝛽𝜈
𝑝 ↔ (𝛼𝜈

𝑝−1, 𝜈+1), 𝛼𝜈
𝑝−1 ↔ (𝛼1 … 𝛼𝑝), 𝛽𝜈

𝑝 = 𝑚𝑝−1+𝑘𝑝−1+1, … , 𝑛,

𝛽∗
𝑝 ↔ (𝛼∗

𝑝−11), 𝛼∗
𝑝−1 ↔ (𝛼1 … 𝛼𝑝), 𝛼∗

𝑝−1 = 𝑚𝑝−2 + 1, … , 𝑚𝑝−1;
𝛽∗

𝑝 = 𝑚𝑝−1 + 1, … , 𝑚𝑝−1 + 𝑘𝑝−1,
where

𝑞(𝑟, 𝑡) = 𝑚𝑟 + 𝑘𝑟 + … + 𝑘𝑡−1
𝑟 , 𝑘𝑠

𝑟 = 𝐶𝑟+1
𝑚+𝑟−𝑠, 𝑘0

𝑟 = 𝑘𝑟

(𝑠 = 1, … , 𝑚 − 1, 𝑠 fixed; 𝑡 = 1, 2, … ; 𝑟 = 𝑝 − 2, 𝑝 − 1);
5) 𝑟 = 3, … , 𝑚.
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The fixation of the canonical frame of the manifold 𝑆𝑚(𝑙𝑎), carried out by
formulas (1), has the following geometric interpretation. The linear subspace
𝐿𝑚 = (𝐴0𝐴1 … 𝐴𝑚) is the tangent 𝑚-plane of the surface 𝑆𝑚 at the point 𝐴0,
while 𝑑𝐿𝑚𝑎

= (𝐿𝑚𝑎−1
𝐴𝑚𝑎−1+1 … 𝐴𝑚𝑎

) is the osculating 𝑚𝑎-plane of order 𝑎 + 1
of the surface 𝑆𝑚 at the point 𝐴0 in the sense of (11). Each (𝑚𝑎 + 1)-plane

𝐿𝛼𝑎
𝑚𝑎−1+1 = (𝐿𝑚𝑎−1

𝐴𝛼𝑎
)

from 𝐿𝑚𝑎
contains, along the corresponding coordinate line Γ𝑎 of the surface

𝑆𝑚, the first differential neighborhood of the corresponding (𝑚𝑎−1 + 1)-plane

𝐿𝛼𝑎−1
𝑚𝑎−2+1 = (𝐿𝑚𝑎−3

𝐴𝛼𝑎−1
)

from 𝐿𝑚𝑎−2
(for 𝑎 = 1 the role of 𝐿𝛼1

𝑚−1+1 is played by the lines 𝐴0𝐴𝛼1
). The

linear subspace
𝐿∗

𝑚−1 = (𝐴1𝐴2 … 𝐴𝑚)
is a normal of the first kind in the sense of (12), and the 𝑘1-plane

𝐿∗
𝑘1

= (𝐴0𝐴𝑚+1 … 𝐴𝑚1
)

is chosen so that the space with connection, in the sense of (12, 13), induced
by the 𝑘1-plane 𝐿∗

𝑘1
along 𝑆𝑚, whose geometric element (17) is the point 𝐴0

and the 𝑚-plane 𝐿𝑚, is an affine homogeneous space. At the same time the
manifold

𝑋𝑚−1
𝑚

is an 𝑚-parameter manifold of normals of the second kind—harmonically conju-
gate to the surface 𝑆𝑚 in the sense of (12). Each (𝑚𝑎 − 1)-plane

𝐿∗
𝑚𝑎−1 = (𝐿∗

𝑚𝑎−1−1𝐴𝑚𝑎−1+1 … 𝐴𝑚𝑎
) (𝑎 = 1, … , 𝑝 − 1)

is an osculating linear subspace of order 𝑎 of the manifold 𝑋𝑚−1
𝑚 in the element

𝐿∗
𝑚−1, i.e. it contains all differential neighborhoods of the (𝑚 − 1)-plane 𝐿∗

𝑚−1
up to order 𝑎 inclusive. Consequently,

𝑙𝛼𝑏+1𝑚𝑏 = (𝐿∗
𝑚𝑏−1𝐴𝛼𝑏+1

) = 𝐿𝑏+1
𝑚𝑏+1

∩𝐿∗
𝑚𝑏−1 (𝑏 = 1, … , 𝑝−2; 𝐿𝛼𝑏+1𝑚𝑏+1 = (𝐿𝑚𝑏−1𝐴𝛼𝑏+1

)).
In the case 𝑚𝑝−1 < 𝑛 ≤ 𝑚𝑝−1 + 𝑘𝑝−1, each linear subspace

𝐿∗𝛽0
𝑝

𝑚𝑝−1 = (𝐿∗
𝑚−1𝐴𝛽0𝑝

),

belonging to 𝐿𝛽0
𝑝

𝑚𝑝−1+1 and not passing through the point 𝐴0, contains the first
differential neighborhood of the 𝑚𝑝−2-plane 𝐿𝑝−1

𝑚𝑝−2
under the displacement 𝜔2 =

… = 𝜔𝑚 = 0. Analogously characterized are

geometrically the 𝑚𝑝−1-planes 𝐿∗𝛽𝜈
𝑝

𝑚𝑝−1 = (𝐿∗
𝑚𝑝−1−1𝐴𝛽𝜈𝑝

) and 𝐿∗𝛽∗
𝑝

𝑚𝑝−1 =
(𝐿∗

𝑚𝑝−1−1𝐴𝛽∗𝑝
) in the case 𝑞(𝑝 − 1, 𝑠) < 𝑛 ≤ 𝑞(𝑝 − 1, 𝑠 + 1). Thus the hy-

perplane 𝐿𝑛−1 = (𝐴1𝐴2 … 𝐴𝑛) is geometrically determined by the fact that it
passes through all 𝐿∗𝛼𝑏+1𝑚𝑏 and 𝐿∗𝛼𝑝

𝑚𝑝−1 .
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Each linear subspace 𝐿∗𝛼𝑎+1
𝑘1+⋯+𝑘𝑎

= (𝐿∗
𝑘1+⋯+𝑘𝑎−1𝐴𝛼𝑎+1

) is such that

𝐿∗𝛼𝑎+1
𝑘1+⋯+𝑘𝑎

= 𝐿𝛼𝑎+1𝑚𝑎+1 ∩ 𝐿∗
𝑘1+⋯+𝑘𝑎+1

,

where 𝐿∗
𝑘1+⋯+𝑘𝑎+1

is the tangent linear subspace of order 𝑎 of the variety 𝑋𝑘1−1
𝑚

—the 𝑚-parameter variety of (𝑘1 − 1)-planes 𝐿∗
𝑘1−1 = 𝐿𝑘1

∩ 𝐿∗
𝑚1−1. In the case

𝑚𝑝−1 < 𝑛 ≤ 𝑚𝑝−1 + 𝑘𝑝−1, every (𝑚𝑝−1 − 𝑚)-plane

𝐿∗𝛽0
𝑝

𝑘1+⋯+𝑘𝑝−1
= (𝐿∗

𝑘1+⋯+𝑘𝑝−1−1𝐴𝛽0𝑝
)

contains the first differential neighborhood of the linear subspace 𝐿∗𝛼𝑝−1
0

𝑘1+⋯+𝑘𝑝−2
un-

der a displacement 𝜔2 = 𝜔3 = ⋯ = 𝜔𝑚 = 0. The (𝑚𝑝−1 − 𝑚)-planes 𝐿∗𝛽𝑝
𝑘1+⋯+𝑘𝑝−1

and 𝐿∗𝛽𝜈
𝑝

𝑘1+⋯+𝑘𝑝−1
are characterized analogously in the case 𝑞(𝑝 − 1, 𝑠) < 𝑛 ≤

𝑞(𝑝 − 1, 𝑠 + 1). Thus the normal of the first kind in the sense of (12)—the
(𝑛 − 𝑚)-plane

𝐿𝑛−𝑚 = (𝐴0𝐴𝑚+1 … 𝐴𝑛)
—is geometrically characterized by the fact that it passes through the point 𝐴0
and all linear subspaces 𝐿∗𝛼𝑎+1

𝑘1+⋯+𝑘𝑎
(𝑎 = 1, … , 𝑝 − 2) and 𝐿∗𝛼𝑝

𝑘1+⋯+𝑘𝑝−1
. Since the

normals of the first and second kind are geometrically determined, the surface
𝑆𝑚 is normalized in the sense of A. P. Norden (12). Each linear subspace

𝐿∗
𝑘𝑏−1+𝑘𝑏−1 = (𝐿∗

𝑘𝑏−1−1𝐴𝑚𝑏+1 … 𝐴𝑚𝑏+1
)

is chosen so that it induces, along 𝑋𝑘𝑏−1−1
𝑚 —the 𝑚-parameter variety of linear

subspaces 𝐿∗
𝑘𝑏−1−1 = (𝐴𝑚𝑏−2+1 … 𝐴𝑚𝑏−1

) (𝑏 = 2, … , 𝑝 − 1)—a space with connec-
tion that is an affine homogeneous space. Consequently,

𝐿∗
𝑘𝑏+1−1 = (𝐴𝑚𝑏+1 … 𝐴𝑚𝑏+1

) = 𝐿∗
𝑘𝑏+1+𝑘𝑏−1−1 ∩ 𝐿∗

𝑘1+⋯+𝑘𝑏+1−1.

Each (𝑘𝑏+1 + ⋯ + 𝑘𝑎 − 1)-plane

𝐿∗
𝑘𝑏+1+⋯+𝑘𝑎−1 = (𝐿∗

𝑘𝑏+1+⋯+𝑘𝑎−1−1𝐴𝑚𝑎−1+1 + ⋯ + 𝐴𝑚𝑎
)

(𝑏 = 1, … , 𝑝−1; 𝑎 = 𝑏+1, … , 𝑝) is a tangent linear subspace of order 𝑎−𝑏 of the
variety 𝑋𝑘𝑏+1−1

𝑚 —the 𝑚-parameter variety of linear subspaces 𝐿∗
𝑘𝑏+1−1. Therefore

𝐿𝛼𝑎
𝑘𝑏+1…𝑘𝑎

= (𝐿∗
𝑘𝑏+1+⋯+𝑘𝑎−1−1𝐴𝛼𝑎

) = 𝐿𝛼𝑎
𝑘𝑏+1+⋯+𝑘𝑎−1

∩ 𝐿𝛼𝑎
𝑚𝑎−1+1.

Each (𝑘𝑏+1 + ⋯ + 𝑘𝑝−1)-plane

𝐿∗𝛽0
𝑝

𝑘𝑏+1+⋯+𝑘𝑝−1
= (𝐿∗

𝑘𝑏+1+⋯+𝑘𝑝−1−1𝐴𝛽0𝑝
)

in the case 𝑚𝑝−1 < 𝑛 ≤ 𝑚𝑝−1 + 𝑘𝑝−1 contains the first differential neighborhood
of the (𝑘𝑏+1 + ⋯ + 𝑘𝑝−2)-plane

𝐿∗𝛼𝑝−1
0

𝑘𝑏+1+⋯+𝑘𝑝−2
= (𝐿∗

𝑘𝑏+1+⋯+𝑘𝑝−2−1𝐴𝛼0
𝑝−1

)
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under a displacement 𝜔2 = ⋯ = 𝜔𝑚 = 0. The (𝑘𝑏+1 + ⋯ + 𝑘𝑝−1)-planes
𝐿∗𝛽𝑝

𝑘𝑏+1+⋯+𝑘𝑝−1
and 𝐿∗𝛽𝜈

𝑝
𝑘𝑏+1+⋯+𝑘𝑝−1

are also determined geometrically in the case
𝑞(𝑝 − 1, 𝑠) < 𝑛 ≤ 𝑞(𝑝 − 1, 𝑠 + 1). Each 𝑘𝑝−1-plane

𝐿∗𝛽0
𝑝

𝑘𝑝−1
= (𝐿∗

𝑘𝑝−1−1𝐴𝛽0𝑝
)

in the case 𝑚𝑝−1 < 𝑛 ≤ 𝑚𝑝−1 + 𝑘𝑝−1 contains the tangent to

line described by the point 𝐴𝛼0
𝑝−1

under the displacement 𝜔2 = ⋯ = 𝜔𝑚 = 0.

Analogously, the 𝑘𝑝−1-planes 𝐿∗𝛽∗
𝑝

𝑘𝑝−1
= (𝐿∗

𝑘𝑝−1
𝐴𝛽∗𝑝

) and 𝐿∗𝛽0
𝑝

𝑘𝑝−1
= (𝐿∗

𝑘𝑝−1
𝐴𝛽0𝑝

) are
geometrically defined in the case 𝑞(𝑝 − 1, 𝑠) < 𝑛 ≤ 𝑞(𝑝 − 1, 𝑠 + 1). In the
case 𝑚𝑝−1 < 𝑛 ≤ 𝑘𝑝−1 + 𝑚𝑝−1, in the linear subspace there exists such a point
𝐴𝛽0𝑝

for each 𝛽0
𝑝 that the line 𝐴𝛼0

𝑝−1
𝐴𝛽0𝑝

is tangent to the line described by
the point 𝐴𝛼0

𝑝−1
under the displacement 𝜔2 = ⋯ = 𝜔𝑚 = 0. The points 𝐴𝛽∗𝑝

and 𝐴𝛽0𝑝
are analytically defined in the case 𝑞(𝑝 − 1, 𝑠) < 𝑛 ≤ 𝑞(𝑝 − 1, 𝑠 + 1).

Thus, the points 𝐴𝛼 belong simultaneously to the lines 𝑙𝛼 = (𝐴0𝐴𝛼) and to
the normal of the second kind, while each point 𝐴𝛼𝛼

belongs simultaneously to
the (𝑚𝛼 + 1)-plane 𝐿𝛼𝛼

𝑚𝛼−1+1 = (𝐿𝑚𝛼−1
𝐴𝛼𝛼

) and to the (𝑘𝛼 − 1)-plane 𝐿∗
𝑘𝛼−1

=
(𝐴𝑚𝛼−1+1 … 𝐴𝑚𝛼

). Therefore all elements of the canonical frame of the manifold
𝑆𝑚(𝑙𝛼) are geometrically characterized. In this frame we single out the following
two special classes: 1) the manifold 𝑆𝑚(𝑙𝛼), determined by the relations Λ𝛽

𝛼𝛽 = 0
(summation over 𝛽), exists with an arbitrariness of 𝑛 + 𝑚(𝑚 − 3) functions of
𝑚 arguments and is characterized by the fact that the points 𝐴𝛼 on the lines
𝐴0𝐴𝛼 are harmonic poles (18) of the point 𝐴0 with respect to the pseudofoci
𝐹 𝛽

𝛼 (𝛼 ≠ 𝛽) (15); 2) the manifold 𝑆𝑚(𝑙𝛼), determined by the natural equations
Λ𝛽

𝛼𝛽 = 0 (𝛼 ≠ 𝛽, with no summation over 𝛽), exists with an arbitrariness of 𝑛−𝑚
functions of 𝑚 arguments and is characterized by the fact that all pseudofoci
𝐹 𝛽

𝛼 of each line 𝐴0𝐴𝛼 coincide with the point 𝐴𝛼.
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