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Abstract
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MATHEMATICS

A. I. SHTERN

ON COMPLETELY IRREDUCIBLE REPRE-
SENTATIONS OF 𝑆𝑈(2, 1)
(Presented by Academician L. S. Pontryagin on May 6, 1967)

Let 𝐺 be a real semisimple Lie group and let 𝐺 = 𝑈𝐴𝑁 be its Iwasawa de-
composition (see, for example, (7)). Let 𝑀 be the centralizer of 𝐴 in 𝐺,
𝑀𝑁 = {𝜇𝑛, 𝜇 ∈ 𝑀, 𝑛 ∈ 𝑁}. We consider representations of the group 𝐺
induced by finite-dimensional irreducible representations of 𝑀𝑁 under which
𝑁 goes to the identity. The paper describes the structure of these representa-
tions for the group 𝐺 = 𝑆𝑈(2, 1) of complex unimodular matrices of order three
preserving the indefinite Hermitian form |𝑧1|2 + |𝑧2|2 − |𝑧3|2, and finds condi-
tions for equivalence and unitarity of the representations. Representations of
this group were considered in (2−5).

1. Let 𝐺′ be the group, isomorphic to 𝐺, of complex unimodular matrices of
order three preserving the form 𝑧1 ̄𝑧3 + 𝑧2 ̄𝑧2 + 𝑧3 ̄𝑧1. Then

𝐺 =
⎧{
⎨{⎩

𝑠𝑔′𝑠−1 ∣ 𝑔′ ∈ 𝐺′, 𝑠 = 𝑠−1 = ⎛⎜
⎝

1/
√

2 0 1/
√

2
0 1 0

1/
√

2 0 −1/
√

2
⎞⎟
⎠

⎫}
⎬}⎭

. (1)

Consider the subgroups 𝐾, 𝑈, Γ, 𝑀, 𝑁 of the group 𝐺:

𝐾 = {𝑘} =
⎧{
⎨{⎩

𝑠 ⎛⎜
⎝

𝜆−1𝑒𝑖𝜑 𝜆−1𝑒𝑖𝜑𝑧 𝜆−1𝑒𝑖𝜑(−|𝑧|2/2 + 𝑖𝑡)
0 𝑒−2𝑖𝜑 −𝑒2𝑖𝜑 ̄𝑧
0 0 𝜆𝑒𝑖𝜑

⎞⎟
⎠

𝑠
⎫}
⎬}⎭

,

𝑈 = {𝑢} =
⎧{
⎨{⎩

⎛⎜
⎝

𝑢11 𝑢12 0
𝑢21 𝑢22 0
0 0 𝑢33

⎞⎟
⎠

⎫}
⎬}⎭

, Γ =
⎧{
⎨{⎩

𝛾𝜑 ∶ ⎛⎜
⎝

𝑒𝑖𝜑 0 0
0 𝑒−2𝑖𝜑 0
0 0 𝑒𝑖𝜑

⎞⎟
⎠

⎫}
⎬}⎭

, (2)

𝑀 = {𝜇 ∣ 𝜇 ∈ 𝐾, 𝑧 = 0, 𝑡 = 0}, 𝑁 = {𝑛 ∣ 𝑛 ∈ 𝐾, 𝜆 = 1, 𝜑 = 0},

𝐾 = 𝑀𝑁, Γ = 𝑀 ∩ 𝑁.
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Here 𝜆 > 0, 𝑧 is complex, 𝑡 is real, 𝑢∗𝑢 = 1. Let 𝑔 = (𝑎𝑗𝑘)3
𝑗,𝑘=1, 𝛽(𝑔) =

𝑎33 − 𝑎13, 𝛼(𝑔) = |𝛽(𝑔)|𝑖𝜎−𝑚−2𝛽(𝑔)𝑚 (𝜎 complex, 𝑚 an integer). Let 𝑢̄ ̄𝑔 be
an element of 𝑈 such that 𝑢 ̄𝑔 = 𝑘 ⋅ 𝑢𝑔 for some 𝑘 ∈ 𝐾. Then the rep-
resentation of the group 𝐺, induced by the representation of the subgroup
𝐾 = 𝑀𝑁 : 𝑘 → |𝑘33|𝑖𝜎−𝑚𝑘𝑚

33, acts in the Hilbert space ℒ𝑚
2 (𝑈) = {𝑓(𝑢) ∣

𝑓(𝑢) ∈ ℒ2(𝑈), 𝑓(𝛾𝜑𝑢) = 𝑒𝑖𝑚𝜑𝑓(𝑢) for 𝛾𝜑 ∈ Γ} by the formula

[𝑇 𝜎,𝑚(𝑔)𝑓](𝑢) = 𝛼(𝑢𝑔)
𝛼(𝑢̄ ̄𝑔) 𝑓(𝑢̄ ̄𝑔). (3)

The operators 𝑇 𝜎,𝑚 are bounded. The representation conjugate to 𝑇 𝜎,𝑚 is 𝑇 𝜎̄,𝑚.

Along with representations in ℒ𝑚
2 (𝑈), it is convenient to consider representa-

tions given by formula (3) in the nuclear space 𝐶∞
𝑚 (𝑈) of infinitely differentiable

functions on 𝑈 satisfying the condition 𝑓(𝛾𝜑𝑢) = 𝑒𝑖𝑚𝜑𝑓(𝑢), 𝛾𝜑 ∈ Γ.

2. On invariant subspaces of the representations 𝑇 𝜎,𝑚

The representations 𝑇 𝜎,𝑚 in ℒ𝑚
2 (𝑈) are completely irreducible if: 1) 𝑖𝜎 + 𝑚 is

not an even number, or 2) 𝜎 = 𝑚 = 0. If (𝑖𝜎 + 𝑚)/2 = 𝑝, where 𝑝 is an integer,
then let us introduce the integer 𝑞 = (𝑖𝜎 − 𝑚)/2 and denote the representation
𝑇 (𝑝+𝑞)/𝑖, 𝑝−𝑞 by 𝑇𝑝,𝑞.

In the decomposition of the restriction of the representation 𝑇 𝜎,𝑚 to the sub-
group 𝑈 , there enter, with multiplicity one, the irreducible representations of
𝑈 (isomorphic to 𝑈(2)) with weights 𝑓1 = 2𝛼 − 𝛽 − 𝑚, 𝑓2 = 𝛼 − 2𝛽 − 𝑚,
where 𝛼, 𝛽 ≥ 0 are integers. These representations are realized in subspaces
𝔐𝛼,𝛽 spanned by functions from ℒ𝑚

2 (𝑈) which are matrix elements of the corre-
sponding irreducible representations: 𝐶𝑓1,𝑓2

(𝛽−𝛼)/2,𝑗, |𝑗| ≤ (𝛼 + 𝛽)/2. The invariant
subspaces of the representations 𝑇𝑝,𝑞 are direct sums of the subspaces 𝔐𝛼,𝛽.
Introduce the following notation:

𝔐𝑝,𝑞
1 = ∑

0≤𝛼<𝑝
0≤𝛽<+∞

⊕ 𝔐𝛼,𝛽; 𝔐𝑝,𝑞
2 = ∑

0≤𝛼<+∞
0≤𝛽<𝑞

⊕ 𝔐𝛼,𝛽;

𝔐1
𝑝,𝑞 = ∑

−𝑞<𝛼<+∞
0≤𝛽<+∞

⊕ 𝔐𝛼,𝛽; 𝔐2
𝑝,𝑞 = ∑

0≤𝛼<+∞
−𝑝<𝛽<+∞

⊕ 𝔐𝛼,𝛽.

Of course, these subspaces may turn out to be trivial. The structure of the
representation 𝑇𝑝,𝑞 depends on the signs of the numbers 𝑝, 𝑞, 𝑝 + 𝑞.

a) 𝑝 ≥ 1, 𝑞 ≥ 1. The subspaces 𝔐𝑝,𝑞
1 ; 𝔐𝑝,𝑞

2 ; 𝔐𝑝,𝑞
1 +𝔐𝑝,𝑞

2 ; 𝔐𝑝,𝑞
1 ∩𝔐𝑝,𝑞

2 are in-
variant. The representations induced by 𝑇𝑝,𝑞 in 𝔐𝑝,𝑞

1 ∩𝔐𝑝,𝑞
2 ; 𝔐𝑝,𝑞

1 /𝔐𝑝,𝑞
1 ∩

𝔐𝑝,𝑞
2 ; 𝔐𝑝,𝑞

2 /𝔐𝑝,𝑞
1 ∩ 𝔐𝑝,𝑞

2 ; ℒ𝑝−𝑞
2 (𝑈)/𝔐𝑝,𝑞

1 + 𝔐𝑝,𝑞
2 are completely irre-

ducible.
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b) 𝑝 ≤ −1, 𝑞 ≤ −1. The subspaces 𝔐1
𝑝,𝑞; 𝔐2

𝑝,𝑞; 𝔐1
𝑝,𝑞 + 𝔐2

𝑝,𝑞; 𝔐1
𝑝,𝑞 ∩ 𝔐2

𝑝,𝑞
are invariant. The representations induced by 𝑇𝑝,𝑞 in 𝔐1

𝑝,𝑞 ∩
𝔐2

𝑝,𝑞; 𝔐1
𝑝,𝑞/𝔐1

𝑝,𝑞 ∩ 𝔐2
𝑝,𝑞; 𝔐2

𝑝,𝑞/𝔐1
𝑝,𝑞 ∩ 𝔐2

𝑝,𝑞; ℒ𝑝−𝑞
2 (𝑈)/𝔐1

𝑝,𝑞 + 𝔐2
𝑝,𝑞 are

completely irreducible.

c) 𝑝 ≥ 1, 𝑞 ≤ −1, 𝑝 + 𝑞 ≥ 1. 𝔐𝑝,𝑞
1 ; 𝔐1

𝑝,𝑞; 𝔐𝑝,𝑞
1 ∩ 𝔐1

𝑝,𝑞 are invariant. The
representations in 𝔐𝑝,𝑞

1 ∩𝔐1
𝑝,𝑞; 𝔐𝑝,𝑞

1 /𝔐𝑝,𝑞
1 ∩𝔐1

𝑝,𝑞; 𝔐1
𝑝,𝑞/𝔐𝑝,𝑞

1 ∩𝔐1
𝑝,𝑞 are

completely irreducible.

d) 𝑝 ≥ 1, 𝑞 ≤ −1, 𝑝 + 𝑞 ≤ 1. 𝔐𝑝,𝑞
1 ; 𝔐1

𝑝,𝑞; 𝔐𝑝,𝑞
1 ⊕ 𝔐1

𝑝,𝑞 are invariant.
The representations in 𝔐𝑝,𝑞

1 ; 𝔐1
𝑝,𝑞; ℒ𝑝−𝑞

2 (𝑈)/𝔐𝑝,𝑞
1 ⊕ 𝔐1

𝑝,𝑞 are completely
irreducible.

e) 𝑝 ≤ −1, 𝑞 ≥ 1, 𝑝 + 𝑞 ≥ 1. 𝔐𝑝,𝑞
2 ; 𝔐2

𝑝,𝑞; 𝔐𝑝,𝑞
2 ∩ 𝔐2

𝑝,𝑞 are invariant. The
representations in 𝔐𝑝,𝑞

2 ∩𝔐2
𝑝,𝑞; 𝔐𝑝,𝑞

2 /𝔐𝑝,𝑞
2 ∩𝔐2

𝑝,𝑞; 𝔐2
𝑝,𝑞/𝔐𝑝,𝑞

2 ∩𝔐2
𝑝,𝑞 are

completely irreducible.

f) 𝑝 ≤ −1, 𝑞 ≥ 1, 𝑝 + 𝑞 ≤ −1. 𝔐𝑝,𝑞
2 ; 𝔐2

𝑝,𝑞; 𝔐𝑝,𝑞
2 ⊕ 𝔐2

𝑝,𝑞 are invariant.
The representations in 𝔐𝑝,𝑞

2 ; 𝔐2
𝑝,𝑞; ℒ𝑝−𝑞

2 (𝑈)/𝔐𝑝,𝑞
2 ⊕ 𝔐2

𝑝,𝑞 are completely
irreducible.

g) 𝑝 = 0, 𝑞 ≥ 1. 𝔐0,𝑞
2 is invariant. The representations in 𝔐0,𝑞

2 and
ℒ−𝑞

2 (𝑈)/𝔐0,𝑞
2 are completely irreducible.

h) 𝑝 = 0, 𝑞 ≤ −1. 𝔐1
0,𝑞 is invariant. The representations in 𝔐1

0,𝑞 and
ℒ−𝑞

2 (𝑈)/𝔐1
0,𝑞 are completely irreducible.

i) 𝑝 ≥ 1, 𝑞 = 0. 𝔐𝑝,0
1 is invariant. The representations in 𝔐𝑝,0

1 and
ℒ𝑝

2(𝑈)/𝔐𝑝,0
1 are completely irreducible.

j) 𝑝 ≤ −1, 𝑞 = 0. 𝔐2
𝑝,0 is invariant. The representations in 𝔐2

𝑝,0 and
ℒ𝑝

2(𝑈)/𝔐2
𝑝,0 are completely irreducible.

k) 𝑝 ≥ 1, 𝑞 ≤ −1, 𝑝 + 𝑞 = 0. 𝔐𝑝,𝑞
1 ; 𝔐1

𝑝,𝑞 are invariant, 𝔐𝑝,𝑞
1 ⊕ 𝔐1

𝑝,𝑞 =
ℒ𝑝−𝑞

2 (𝑈). The representations in 𝔐𝑝,𝑞
1 and 𝔐1

𝑝,𝑞 are completely irre-
ducible.

l) 𝑝 ≤ −1, 𝑞 ≥ 1, 𝑝 + 𝑞 = 0. 𝔐𝑝,𝑞
2 ; 𝔐2

𝑝,𝑞 are invariant, 𝔐𝑝,𝑞
2 ⊕ 𝔐2

𝑝,𝑞 =
ℒ𝑝−𝑞

2 (𝑈). The representations in 𝔐𝑝,𝑞
2 and 𝔐2

𝑝,𝑞 are completely irre-
ducible.

3. On the equivalence* of representations. If 𝑖𝜎 + 𝑚 is not an even
number, then the representation 𝑇 𝜎,𝑚 is not equivalent to any of the
subrepresentations or factor-representations 𝑇𝑝,𝑞.

If 𝑖𝜎1 + 𝑚1 and 𝑖𝜎2 + 𝑚2 are both not even numbers, then the representations
𝑇 𝜎1,𝑚1 and 𝑇 𝜎2,𝑚2 are equivalent if and only if 𝜎1 = 𝜎2, 𝑚1 = 𝑚2, or 𝜎1 =
−𝜎2, 𝑚1 = 𝑚2.

The representations 𝑇𝑝,𝑞 are pairwise inequivalent, but the following equiva-
lences occur:
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1) The subrepresentation 𝑇𝑝,𝑞 with 𝑝 ≥ 1, 𝑞 ≥ 1 in the subspace 𝔐𝑝,𝑞
1 ∩

𝔐𝑝,𝑞
2 is equivalent to the factor-representation 𝑇−𝑞,−𝑝 in ℒ𝑝−𝑞

2 (𝑢)/𝔐1
−𝑞,−𝑝+

𝔐2
−𝑞,−𝑝.

2) The subrepresentation 𝑇𝑝,𝑞 with 𝑝 ≥ 1, 𝑞 ≤ −1, 𝑝 + 𝑞 ≤ −1 in the
subspace 𝔐𝑝,𝑞

1 is equivalent to the factor-representation 𝑇−𝑞,−𝑝 in
ℒ𝑝−𝑞

2 (𝑢)/𝔐1
−𝑞,−𝑝 = 𝔐−𝑞,−𝑝

1 /𝔐−𝑞,−𝑝
1 ∩ 𝔐1

−𝑞,−𝑝.

3) The subrepresentation 𝑇𝑝,𝑞 with 𝑝 ≤ −1, 𝑞 ≥ 1, 𝑝 + 𝑞 ≤ −1 in the
subspace 𝔐𝑝,𝑞

2 is equivalent to the factor-representation 𝑇−𝑞,−𝑝 in
ℒ𝑝−𝑞

2 (𝑢)/𝔐2
−𝑞,−𝑝 = 𝔐−𝑞,−𝑝

2 /𝔐−𝑞,−𝑝
2 ∩ 𝔐2

−𝑞,−𝑝.

4) The subrepresentation 𝑇0,𝑞 with 𝑞 ≥ 1 in 𝔐0,𝑞
2 is equivalent to the factor-

representation 𝑇−𝑞,0 in ℒ−𝑞
2 (𝑢)/𝔐2

−𝑞,0.

5) The subrepresentation 𝑇𝑝,0 with 𝑝 ≥ 1 in 𝔐𝑝,0
1 is equivalent to the factor-

representation 𝑇0,−𝑝 in ℒ𝑝
2(𝑢)/𝔐1

0,−𝑝.

6) The factor-representation 𝑇𝑝,𝑞 with 𝑝 ≥ 1, 𝑞 ≥ 1 in the factor-space

𝔐𝑝,𝑞
1 /𝔐𝑝,𝑞

1 ∩ 𝔐𝑝,𝑞
2

is equivalent to the factor-representation 𝑇−𝑞,−𝑝 in

𝔐2
−𝑞,−𝑝/𝔐1

−𝑞,−𝑝 ∩ 𝔐2
−𝑞,−𝑝,

to the subrepresentation 𝑇𝑝+𝑞,−𝑞 in 𝔐1
𝑝+𝑞,−𝑞 ∩ 𝔐1

𝑝+𝑞,−𝑞, and to the factor-
representation 𝑇𝑞,−𝑝−𝑞 in

ℒ𝑝+2𝑞
2 (𝑢)/𝔐𝑞,−𝑝−𝑞

1 ⊕ 𝔐1
𝑞,−𝑝−𝑞.

7) The factor-representation 𝑇𝑝,𝑞 with 𝑝 ≥ 1, 𝑞 ≥ 1 in

𝔐𝑝,𝑞
2 /𝔐𝑝,𝑞

1 ∩ 𝔐𝑝,𝑞
2

is equivalent to the factor-representation 𝑇−𝑞,−𝑝 in

𝔐1
−𝑞,−𝑝/𝔐1

−𝑞,−𝑝 ∩ 𝔐2
−𝑞,−𝑝,

to the subrepresentation 𝑇−𝑝,𝑝+𝑞 in 𝔐2
−𝑝,𝑝+𝑞 ∩ 𝔐2

−𝑝,𝑝+𝑞, and to the factor-
representation 𝑇−𝑝−𝑞,𝑝 in

ℒ−2𝑝−𝑞
2 (𝑢)/𝔐−𝑝−𝑞,𝑝

2 ⊕ 𝔐2
−𝑝−𝑞,𝑝.

8) The factor-representation 𝑇𝑝,𝑞 with 𝑝 ≥ 1, 𝑞 ≥ 1 in

ℒ𝑝−𝑞
2 (𝑢)/𝔐𝑝,𝑞

1 + 𝔐𝑝,𝑞
2
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is equivalent to the subrepresentation 𝑇−𝑞,−𝑝 in 𝔐1
−𝑞,−𝑝 ∩ 𝔐2

−𝑞,−𝑝, to the
subrepresentation 𝑇𝑞,−𝑝−𝑞 in 𝔐1

𝑞,−𝑝−𝑞, to the subrepresentation 𝑇−𝑝−𝑞,𝑝 in
𝔐2

−𝑝−𝑞,𝑝, to the factor-representation 𝑇𝑝+𝑞,−𝑞 in

ℒ𝑝+2𝑞
2 (𝑢)/𝔐𝑝+𝑞,−𝑞

1 = 𝔐𝑝+𝑞,−𝑞
1 /𝔐𝑝+𝑞,−𝑞

1 ∩ 𝔐𝑝+𝑞,−𝑞
1

and to the factor-representation 𝑇−𝑝,𝑝+𝑞 in

ℒ−𝑞−2𝑝
2 (𝑢)/𝔐−𝑝,𝑝+𝑞

2 = 𝔐−𝑝,𝑝+𝑞
2 /𝔐−𝑝,𝑝+𝑞

2 ∩ 𝔐−𝑝,𝑝+𝑞
2 .

9) The subrepresentation 𝑇0,−𝑞 with 𝑞 ≤ −1 in 𝔐1
0,𝑞 is equivalent to the

factor-representation 𝑇−𝑞,0 in ℒ−𝑞
2 (𝑢)/𝔐−𝑞,0

1 and to the subrepresentation
𝑇𝑞,−𝑞 in 𝔐2

𝑞,−𝑞.

10) The subrepresentation 𝑇𝑝,0 with 𝑝 ≤ −1 in 𝔐2
𝑝,0 is equivalent to the factor-

representation 𝑇0,−𝑝 in ℒ𝑝
2(𝑢)/𝔐0,−𝑝

2 and to the subrepresentation 𝑇𝑝,−𝑝
in 𝔐1

−𝑝,𝑝.

In all other cases the representations are pairwise inequivalent.

Thus, in each set of pairwise equivalent representations there is at least one
representation in an irreducible invariant subspace ℒ𝑝−𝑞

2 (𝑢) and at least one
representation in the factor-space of the space of the representation 𝑇𝑝,𝑞 by a
maximal invariant subspace.

4. On the unitarity of the representations 𝑇 𝜎,𝑚 and the subrep-
resentations 𝑇𝑝,𝑞. In 𝐶∞

𝑚 (𝑢) one can introduce a nonzero Hermitian
functional invariant with respect to 𝑇 𝜎,𝑚 only for: 1) real 𝜎, 2) purely
imaginary 𝜎. In the first case the functional is definite and has the form

𝐵(𝜑, 𝜓) = ∫
𝑈

𝜑(𝑢)𝜓(𝑢) 𝑑𝑢,

where 𝑑𝑢 is Haar measure on 𝑈 . In the second case

* Here and below, in the sense of (1).

the functional is definite for 𝑚 = 0, −2 < 𝑖𝜎 < 2 and −1 < 𝑖𝜎 < 1, 𝑚 =
2𝑘 + 1, 𝑘 an integer. At the other nonintegral points the functional for purely
imaginary 𝜎 gives an indefinite scalar product with an infinite number of positive
and negative squares.

For all subrepresentations 𝑇𝑝,𝑞 there exist invariant continuous Hermitian func-
tionals. They are definite in the following cases.

The subrepresentation 𝑇1,1 in the one-dimensional subspace 𝔐1,1
1 ∩ 𝔐1,1

2 .

The subrepresentations 𝑇𝑝,𝑞 with 𝑝 ≥ 1, 𝑞 ≤ −1, 𝑝 + 𝑞 ≤ −1 in the subspace
𝔐𝑝,𝑞

1 .
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The subrepresentations 𝑇𝑝,𝑞 with 𝑝 ≤ −1, 𝑞 ≥ 1, 𝑝 + 𝑞 ≤ −1 in the subspace
𝔐𝑝,𝑞

2 .

The subrepresentation 𝑇0,1 in 𝔐0,1
2 .

The subrepresentation 𝑇1,0 in 𝔐1,0
1 .

The subrepresentations 𝑇𝑝,−𝑝+1 for 𝑝 ≥ 2 in 𝔐𝑝,−𝑝+1
1 ∩ 𝔐1

𝑝,−𝑝+1.

The subrepresentations 𝑇1−𝑞,𝑞 for 𝑞 ≥ 2 in 𝔐1−𝑞,𝑞
2 ∩ 𝔐2

1−𝑞,𝑞.

The subrepresentations 𝑇𝑝,𝑞 with 𝑝 ≤ −1, 𝑞 ≤ −1 in 𝔐1
𝑝,𝑞 ∩ 𝔐2

𝑝,𝑞.

The subrepresentations 𝑇𝑝,−𝑝 for 𝑝 ≤ −1 in 𝔐2
𝑝,−𝑝 and 𝔐2

𝑝,−𝑝.

The subrepresentations 𝑇𝑝,−𝑝 for 𝑝 ≥ 1 in 𝔐𝑝,−𝑝
1 and 𝔐1

𝑝,−𝑝.

Invariant Hermitian functionals for representations not equivalent to those listed
above are indefinite and, for infinite-dimensional representations, contain an
infinite number of both positive and negative squares.

5. Using the result of Harish-Chandra ((6), Theorem 4), we obtain:

Theorem. Every completely irreducible representation of the group 𝑆𝑈(2, 1) in
a Banach space is equivalent (in the sense of (1)) to one of the representations
described in Section 2. Every irreducible unitary representation of 𝑆𝑈(2, 1) is
unitarily equivalent to one of the representations indicated in Section 4.

6. Unitary representations of the group 𝑆𝑈(2, 1) were studied in papers (2–5).
In (2, 4) the representations 𝑇 𝜎,𝑚 are described for real 𝜎 and the subrepresen-
tations 𝑇𝑝,𝑞: for the cases 𝑝 ≥ 1, 𝑞 ≤ −1, 𝑝 + 𝑞 ≤ −1 and 𝑝 ≥ 1, 𝑝 + 𝑞 = 0
in the subspace 𝔐𝑝,𝑞

1 , and for the cases 𝑝 ≤ −1, 𝑞 ≥ 1, 𝑝 + 𝑞 ≤ −1 and
𝑞 ≥ 1, 𝑝 + 𝑞 = 0 in the subspace 𝔐𝑝,𝑞

2 . In (3), moreover, the subrepresentations
𝑇𝑝,𝑞 with 𝑝 ≤ −1, 𝑞 ≤ −1 in 𝔐1

𝑝,𝑞 ∩ 𝔐2
𝑝,𝑞, the subrepresentations 𝑇𝑝,−𝑝 for

𝑝 ≤ −1 in 𝔐2
𝑝,−𝑝, and 𝑇𝑝,−𝑝 for 𝑝 ≥ 1 in 𝔐1

|𝑝|,−𝑝 are indicated.

In (5) there are constructed (in infinitesimal form) the subrepresentations 𝑇𝑝,𝑞
for 𝑝 ≥ 1, 𝑞 ≤ −1, 𝑝 + 𝑞 ≤ −1 in 𝔐𝑝,𝑞

1 , the subrepresentations 𝑇𝑝,𝑞 for 𝑝 ≤
−1, 𝑞 ≥ 1, 𝑝+𝑞 ≤ −1 in 𝔐𝑝,𝑞

2 , and the subrepresentations 𝑇𝑝,𝑞 for 𝑝 ≤ −1, 𝑞 ≤
−1 in 𝔐1

𝑝,𝑞 ∩ 𝔐2
𝑝,𝑞. From the continuous series of unitary representations of the

Lie algebra, given by the complex number 𝜎 (see item 6 of the addendum in
(5)), only the representations with integral 𝜎 + 𝜎̄ = 𝑚 extend to representations
of the group. These are the representations 𝑇 Im 𝜎,𝑚 (reducible for Im𝜎 = 0 and
even 𝑚).

In conclusion I express my deep gratitude to Prof. M. A. Naimark for posing
the problem and for advice.

Moscow State University
named after M. V. Lomonosov
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