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It is said that there is a symmetric gamma-correlation between nonnegative
random variables z and y if these variables have the following joint distribution
density:

pi(z,y) = p(x)p(y) ll + i RELR(x) L (y) | » (1)
k=1

where o > —1, 0 < R < 1, and L§{(z) is the Laguerre polynomial defined by
the formula

_1\7 k IL’T
Lg(x):\/l“(a—l—l)l"]ia—&—k—&—l)z =D (%) @)

k
! —T(a+r+1)
The polynomials (2) are orthogonal and normal on the positive half-axis with
weight equal to the marginal density
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p(z) =

The nonnegativity of (1) in the first quadrant follows from the Miller-Lebedev
formula (1)
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where I (z) is the Bessel function of imaginary argument.

Remark 1. The correlation coefficient R is always considered nonnegative;
negativity of R would mean that z and y have different signs, and this leads
to the loss of symmetry and lies outside the scope of the questions considered
here.
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Definition. If the joint distribution density of nonnegative x and y has the
form

pz,y) = L+ Z cp L () L (y) ()

where {c,} is some sequence of nonnegative numbers satisfying the condition

Zc,% < 00, (6)
=1

which ensures convergence of the series (5) in the mean, then it is said that «
and y are connected by a generalized symmetric gamma-correlation.

Theorem. In order that the sum of the series (5) be nonnegative for x > 0
and y > 0, it is necessary and sufficient that the sequence {c;} be the moment
sequence of some probability distribution concentrated on the half-interval [0, 1).

Necessity. Suppose that the sum of the series (5) is nonnegative; then it is a
distribution density, and ¢, are the correlation coefficients between L (x) and
Ly (y), k= 1,2, ..., therefore

0<¢, <1 (7)

Noting that the Fourier transform of the weighted Laguerre polynomial has the
form
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we find the conditional characteristic function of the random variable y/x for
fixed z # 0
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By means of elementary identical transformations, we represent the expression
in square brackets in (9) as the sum of the following three terms:

sovietrxiv.org/items/ru-196801.19459 Machine Translation


https://sovietrxiv.org/items/ru-196801.19459

- Z ck,
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and show that, for sufficiently large x, the sums J; and J, are arbitrarily small
in absolute value.

Noting that for 8 > 0, |t| < T, and = > 2T

1 T
— 1< = 11
’(1—#/@6 <3 )
and taking (7) into account, we obtain
k T2 o] kal T2
hl<3 Zk' xkz:;(k—l)! z ¢ (12)

To obtain an estimate of |.J,|, note that

1 <k) T(a+k+1) (lPIHE) - glajrisn
(

k! a+k+1—y)< (k—v)! <(k_,/)!’ (13)
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and since, by virtue of (7), |c,| < 1, and, moreover, 1/|1—it/z|* < 1, for [t| < T

e k
1
kolal+1+k
|J2\<;T 2 ;xy(k_y>!. (14)
We note that
k (k/2] k
1 1 1
= + — <
;m”(k—y)! ; av(k—v)! [k/%;l v (k —v)!
1 [k/2] [k/2] 2811 1
< 2R T 2 < | T (15)
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Therefore

olad+1 [ &2 (4T)
|Jo| < —— (Z [k/2]! Z JU[k/Q]) <

1

< glal+1 (14 47) 1672 4T glal+1 [<1 4Ty 7 1]
x ¢ Jz(1 — 4T //z) x ¢ ’
(16)
if z > 6472 and |t| < T.
Finally, note that (11), for 5 =1 4 «, takes the form
1 T
—_— —1 1 — 1
and
o= | (it)E
w(t) <D %ck <eT. (17)
k=0l ™
After this, represent ¢, (t/x) in the form
(1) - T @t + Ty + )
Pel\z) = (1 —it/x)lte v L2
1 Ji+ Jy
= wit |—————— — 1| L2
w(t) + wlt) {(1 “it/z)ra } T A i)
therefore
(£) =] < | s = + 1Al + 1B (19)
Yoz @ @ (1 —it/x)l+e ! 2

Now let € > 0 be arbitrarily small; then, on the basis of (12), (16), (11’), and
(17), taking x greater than each of the numbers 6472 and

1
- [eT(1+ a)T + 72T + 2111 (1 4 4T)e'6T* 4 1],

we obtain

o (t/2) —w(t)| <e (19)
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for all |t| <T.

Thus, w(t) is a characteristic function as the limit of the sequence of characteris-
tic functions ¢, (t/x) as * — oo, and, consequently, {¢,} is a moment sequence,
since ¢;, = w®(0) /i®.

Moreover, since, according to (6), ¢, — 0 as k — oo, the random variable
generating the sequence {c,} cannot, with positive probability, exceed one in
absolute value or take the value equal to one with positive probability. Negative
values of this variable have been excluded from consideration by us in view of
Remark 1 made at the beginning of this article. Thus, {c;} is the moment
sequence of some random variable concentrated on the half-interval [0, 1).

Sufficiency. Let {c;} form the sequence of moments of some random variable
&, concentrated on the half-interval [0,1) and given by the distribution function
F(&). For each fixed ¢ consider expression (1), putting in it R = &; integrat-
ing this expression with respect to £ with the integral weight dF(£), which is
legitimate for series converging in the mean, we obtain, according to (4) and

(5),

1 /2
(o) = / (@) %gef(awy)/(l*f)[a (fzvlfyg) dF(€)>0.  (20)
0

Expression (20) is nonnegative as the integral of a nonnegative function, i.e. (5)
in this case is indeed a density.

Remark 2. For a = —%, replacing z and y by z? and y? leads to bilinear

expansions of a two-dimensional density in Hermite polynomials of even order.
Thus, from the theorem proved there follows the corresponding result obtained
directly in (?).
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