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TIONAL SEMIMATRICES OVER THE SYM-
METRIC SEMIGROUP OF AN ALPHABET

(Presented by Academician V. M. Glushkov on 12 II 1968)

1. A semimatrix of order k over a set M (k= 1,2,...,00) is a table of the form
(¢i)j<i (1,5 =0,1,..., k), where p,; € M, or, in other words, a function of two
natural variables 7 and j with values in M, defined only on those pairs (i, j) for
which j <.

Let us take as M the totality of all possible functions «(zx), defined on a fixed
finite alphabet X of n > 2 elements, with values in its symmetric semigroup
S'(X). A semimatrix a;;(7);-; over such a set will be called a functional semi-
matrix over S’ (X); moreover, by definition we require that its diagonal elements
be constant functions: a;;(z) = a;; € S (X), x € X. Two functional semima-
trices (f.s.m.) (a;;(x)) and (B;;(x)) over S’(X) are called equivalent if, for any
i=0,1,... and every vector x = (zg,...,7;_;) € X*, one has

@io(Tg) - O‘i(ifl)(xifl)aii = Bio(zo) --- Bi(ifl)(mifl)ﬁii‘
This relation is reflexive, symmetric, and transitive.

By the derivative (a;;(z)), of an fsm. (a;;(z)) with respect to the vector

a=(ag,...,a, 1) € X*°, s <00, we mean the f.s.m. (8;;(z)) for which

Bi(x) = Ol(s+i)0(a0) Oz<s+1')(sf1)(Cls,l)o;<sﬂ.)s(x)7 if j=0;
’ Uai(at) (7): if j > 0.

A semimatrix of infinite order over an arbitrary set will be called periodic if
it has periodic (more precisely, ultimately periodic) sequences of columns and
each column.

Proposition 1. If the fs.m. (a;;(z)) and the f.sm. (8;;(x)) over S'(X) are
equivalent, then, for any a € X*, s < oo, the f.s.m. (a;;(v)), and (B;;(z)), are
also equivalent.
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Proposition 2. If the f.s.m. (a;;()) is periodic, then (a;;(z));, is also periodic
for any a € X*, s < o0.

To the f.s.m. (a;;(x)) we associate a mapping « of the set X*° into itself, which
carries the vector x = (g, ..., z,, ...) € X*° into x’ = (g, ... , @, ...), where

JT; = arO(xO) ar(rfl)(xrfﬁarrasr (7” =0,1, )

(px denotes the result of applying the mapping ¢ from S’(X) to the letter z
from X).

For the formulation of the following proposition we recall a theorem on the con-
nection between automaton mappings and wreath products of symmetric groups
and semigroups. Let semigroups F,, P, ... of mappings of the sets X, X;, ... be
given. Consider a table of functions

a = [ag, a1 (Tg)s ey (T, ooe s T q), ], (1)

where a,.(xg,...,x,_1) is defined on the set X, x ... x X,_; with values in P,.
To each such table there corresponds a mapping « of the set X, x X; x ...
into itself, carrying x = (z,...,2,,...) into X" = (z{,...,2,,...), where z,. =
a,(zgy ..., T,_1)x,. All such mappings form a semigroup, which is called the
wreath product of the semigroups P, P, .... This construction was first studied

by L. A. Kaluzhnin (see, for example, (%)) for

groups. Put Xy = X, == X; Py =P, =+ = 5(X). The semigroup ob-
tained, i.e., the countable wreath product of the symmetric semigroups S’ (X),
coincides with the semigroup of all automaton mappings over the alphabet X.
This result is an obvious generalization of the author’ s theorem on the repre-
sentation of the group of automaton permutations in the form of a countable
wreath product of symmetric groups S(X) (see (4,%)).

Proposition 3. The mapping a, induced by the functional semimatrix (;;(x))
over S’(X), is an automaton mapping whose representation functions (1) admit
decompositions of the form

ar(xO’ 7xr71) = OZTO(Z'())Cle(.’El) ”'ar(rfl)(erl)arr (’I" = 07 1? )

Proposition 4. Two f.s. are equivalent if and only if they induce the same
automaton mapping.

/

Proposition 5. If an fs. (a;;(7)) induces an automaton a, then (ay;(z));

induces its state a,.

Proposition 6. If M is an arbitrary set of automaton mappings, and M’ is the
set of states of the mappings belonging to it, then the correspondence M — M’
is a closure (see ()). The set of automaton mappings induced by f.s. is closed.

From these propositions and Raney’ s theorem it follows that
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Theorem 1. Let, in the representation (1) of an automaton mapping a over
the alphabet X, the functions admit decompositions of the form (2). Fix one
such decomposition for each r, and construct an automaton whose states are the
functional semimatrices (a;;(z));, and whose transition and output functions
are given by the formulas

Ol(aij(@))a,yl = (@(2))ay,  Allag;())g, y] = (u;(2)qw;

as the initial state we choose (;;(x)). The automaton thus constructed is the
minimal automaton inducing the mapping a.

If, moreover, the f.s. (;;()) is periodic, then the mapping a is finite-automaton,
and the constructed minimal automaton has no more than

(k+m)n n(x+mp)

states, where k, m are the numbers of elements before the first period and in
the period of the sequence of columns; x;, p1; are the corresponding numbers for
the j-th column,

X = max(Xo, -+ » Xk-tm—1)s p="Lcm.(kos s Mprm—1)-

The set of automaton mappings specified by functional semimatrices is closed.

2. Let us narrow the class of admissible functional semimatrices. We shall
call an fis. (a;;(z)) completely normalized if two conditions are satisfied: a)
for any x € X and 4,57 = 0,1, ..., the elements aij(x) are invertible mappings
from S’(X); b) the subgroups A;; of the semigroup S’(X), generated by the
subsets «;;(X) C S'(X) (i # j), with common index i and distinct indices j,
are pairwise elementwise permutable: from j, # j, and oy € A;; , ay € 4
it follows that ajay = asae;. We shall call a function a(z) homogeneous with
respect to a € X if a(a) = &, where ¢ is the identity of the semigroup S’ (X).
It is agreed to say that a completely normalized f.s. (;;(x)) has normal form
with respect to a if its off-diagonal elements are homogeneous with respect to
a.

Proposition 7. For every completely normalized f.s. and every a € X, there
exists a unique f.s. equivalent to it, in normal form with respect to a.

Proposition 8. If an f.s. is completely normalized, then any derivative of it is
completely normalized.

Theorem 2. In order that the automaton mapping induced by a completely
normalized f.s. in normal form with respect to a be finite-automaton, it is
necessary and sufficient that this f.s. be periodic. The set of all automaton
mappings induced by completely normalized f.s. is closed.

3. Let a binary alphabet X = (z,y) be given. Denote
=) -G () -()
xy YT xxT Yy
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If a(z) is a function on X with values in S'(X) = (e,0,&,n), then by QZ(I)
(¢ € (X)) we denote the set of those letters z from X for which a(z) = (.
Thus, between the functions a(z) and partitions of the alphabet X into four

disjoint subsets ng, Qﬁm, QZ(‘T), QZ@) (some of which may be empty), a one-

to-one correspondence is established. Denote by P¢ (¢ € §'(X),z € X) the full
preimage of the letter z under the mapping ¢ of the alphabet X into itself.

The following lemma is important; for its formulation we introduce one defi-
nition. If an infinite sequence, beginning with the k-th term, is divided into
segments of length s, and the latter are numbered by the numbers I = 0,1, ...,
while inside each I-th segment the elements are numbered by the numbers
i=0,1,...,s — 1, then the pair of numbers (i, I) corresponding to any element
of the sequence, beginning with the k-th term, will be called the (k, s)-number
of this element, and we shall say that a (k, s)-numbering of the elements of the
sequence has been performed.

Lemma 1 (on periodic semimatrices). In order that a semimatriz (¢;;) <;
(i, =0,1,...) over an arbitrary set M be periodic, it is necessary and sufficient
that there exist such a (q + r,s)-numbering of the sequence of its rows under
which the row [a; ;] with (q+ r,s)-number (i,1) has the form

a(i,[) = 627.(51)1(32|l+1_>z (I =0, ]-7 s i=0, ]-7 ey S ]-),

where &i,Bﬁi are finite-dimensional vectors over M, independent of I, of
dimensions r, s, q, respectively, independent of i; (,@i)] is the result of I-fold
appending of the vector Bw and (BZ| +1 denotes the initial segment of length i +1
of the vector BZ

Let us note that, according to Lemma 2, a periodic semimatrix is completely
determined by specifying its first ¢ + r rows and the vectors &, 5;, 7;-

We shall consider vectors of the form ¢ = ((¢q, ..., ¢,_1) over S(X) = (g, 0),
and shall call such a vector even if an even number of its components are equal
to o, and odd otherwise; the set of r-dimensional even vectors will be denoted
by O,., and of odd vectors by I,.

Theorem 3. If a finite-automaton mapping « in the binary alphabet X = (x,y)
with canonical system of events (W, W,) is induced by a periodic f.s. (c;;(z)),
for which

a; = (O‘%)(‘T)a -'~7O‘j«71(aj))a Bz = (ﬂé(x)v '--36271(1’))’ Y = (76(3/(1‘)7 7'7;72(1')77271)

are the vectors defining it by Lemma 2, then W, is an event of the cyclic depth
2, which can be given by a regular expression having the following structure:
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q+r—1

1) W,=Pv@; 2 P=\/ P;

70
J=0

\/ an ijj Y (1)) Y (\/ Qso 'QZ§U11]<I)) Py

pel.

\/ JO(m Q@ij 2)(®) ) Q?J’(J’—l)(m)X v
iG-2(®) (j-1)(@)
\/ Q‘P QQP Qn XV

\/ QS(;J(J 3 ) Q Qi 2) X2
aj(l(m> ](_7 3 Qe 2
Vo Qo) x

pel;_ o

Qe Qe xit v Qe xit v Qe X,

s—1
R=\/R; 5 R =RCVR]

1=0
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r=[( 0V QEsQb @)y

PXEO yisq
( \/ QaiTQ - Q Sivg1 ’))]Pfswqiv
P Xo Xitq—1 z
PXEL g
a a 5 (z it 111)
(VI V  e@isad® -l v

?
a; 58 Sivaig ™ PR
(V @mal - )el e w0y

(VI( Vv epsaf ey

I=l0 0, ;
i(x i(x)
( \/ Q Q Qij}]:ll( ))]Qgsﬁ ‘ )Xj+i+(1> {XS}\/
oY elrﬂ j
’ %(90 R P e AT TS s
(\/[ \/ Q%J 1 }QE X7 q){X h
J=1"¢€0,_;

where

(88(z), ..., 0k (); 5§+1(x),...,5}+q_ (z ),6§+q) =
= (6(1)(56)”6:(1:); 76(1')""’72—2(1')’73—1)a

a; al(z) a,_1*. B, _ a_®
Ry =Qyy Qg7 Qu't =0\, =Qg, ={e

(e is the empty word);
7) R! is obtained from RY by replacing S; by T, and, conversely, x by y, &
by 7;

s={ (v e (e v e (v er) |
e (e (v o) (e Ly e (ve)
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where

Bi _ HB(@) /Bs—li(z)
Qp =Qu, @y

Conversely, if in the canonical system of events of a finite-automaton mapping
the regular expression for the event W, has the described structure under cer-

tain partitions a§'1’5;2’7;3 of the alphabet X into the sets Q?” ,Q?h ,szs

(¢ € 8'(X)), respectively (i = 0,1,...,s —1; j; = 0,...,7—1; j, = 0,...,5 —
L jg=0,...,q— 1), then from these partitions one reconstructs the functions
ol (x), /6’;»2 (2),7;,(x), and from them, on the basis of Lemma 2, the functional

sejllnimatrix (@;;()) inducing a.
In the proof the following lemma is used, in particular.
Lemma 2. Let the events S,T,C, D in the alphabet X satisfy the relations
S=evCSV DT, T=DSVCT,
where e is the empty word. Then
S ={Cv D{C}D}; T ={C}D{C Vv D{C}D}.
The author expresses deep gratitude to V. M. Glushkov and A. A. Letichevsky

for their discussion of the results presented here.
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