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MATHEMATICS

A. V. CHERNAVSKII

LOCAL CONTRACTIBILITY OF THE GROUP
OF HOMEOMORPHISMS OF A MANIFOLD
(Presented by Academician P. S. Aleksandrov, 12 II 1968)

1. Statement of the problem. In this note an outline is given of a proof of the
local contractibility of the group of homeomorphisms ℌ of a metrizable manifold
𝑀 (with metric 𝜌(𝑥, 𝑦)), endowed with one of three topologies—compact-open,
uniform, or majorant. A base of neighborhoods of the identity 𝑒 is given in
the first case by pairs (𝐾, 𝜀): the neighborhood Ω𝐾,𝜀(𝑒), where 𝐾 is compact
and 𝜀 > 0, consists of homeomorphisms ℎ for which 𝜌(𝑥, ℎ𝑥) < 𝜀 for 𝑥 ∈ 𝐾; in
the second case by numbers 𝜀 > 0: the neighborhood Ω𝜀(𝑒), determined by the
number 𝜀 > 0, consists of homeomorphisms ℎ for which 𝜌(𝑥, ℎ𝑥) < 𝜀 for all 𝑥;
in the third case by strictly positive functions 𝑓 , which we shall call majorants:
the neighborhood Ω𝑓(𝑒), determined by the majorant 𝑓 ∶ 𝑀 → (0, ∞), consists
of homeomorphisms for which 𝜌(𝑥, ℎ𝑥) < 𝑓𝑥 for all 𝑥. The correspondingly
topologized group is denoted by ℌ𝑐(𝑀), ℌ𝑢(𝑀), or ℌ𝑚(𝑀), or by ℌ𝜏(𝑀), if
it is not specified which topology is meant. For a compact manifold all three
topologies coincide.

An isotopy of the manifold 𝑀 is a fiber-preserving homeomorphism of 𝑀 × 𝐼
onto itself. The condition of being fiber-preserving means that the isotopy Φ
determines homeomorphisms (Φ)𝑡 so that Φ(𝑥, 𝑡) = ((Φ)𝑡𝑥, 𝑡). We topologize
the set of all isotopies ℑ𝜏(𝑀) as a subspace of ℌ𝜏(𝑀 × 𝐼). The identity in ℑ𝜏
will be denoted by 𝐸. Besides the product ΦΨ of isotopies Ψ and Φ in the sense
of this group, we also consider the composition Φ ∘ Ψ, which is defined as for
homotopies if (Φ)0 = (Ψ)1.

We say that a subset 𝐴 ⊂ ℌ𝜏 is deformed along a subset 𝐵 into a subset Γ,
if there exists a continuous mapping Υ ∶ 𝐴 → ℑ𝜏 such that for ℎ ∈ 𝐴 we
have (Υ(ℎ))0 = ℎ, (Υ(ℎ))𝑡 ∈ 𝐵, 𝑡 ∈ 𝐼 , (Υ(ℎ))1 ∈ Γ. In particular, if 𝐴 is a
neighborhood of 𝑒, and Γ = 𝑒, then we shall say that the group ℌ𝜏 is locally
contractible. By Δ𝜏(𝑋) we shall denote the subgroup of ℌ𝜏(𝑀) consisting of
homeomorphisms identical on 𝑋.

Main theorem. For an arbitrary metrizable manifold 𝑀 , the group ℌ𝜏(𝑀) is
locally contractible.

Since for compact 𝑀 all topologies coincide, we have the following consequence:
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Theorem 1. For a compact manifold 𝑀 , the group ℌ𝑐(𝑀) is locally con-
tractible.

In the case of noncompact 𝑀 , as simple examples show, one can speak of local
contractibility of ℌ𝑐(𝑀) or ℌ𝑢(𝑀) only when the topology of 𝑀 is sufficiently
simple at infinity. At the same time, for an open manifold with finitely generated
homology and one-connected at infinity in the case when dim 𝑀 ≥ 6, or when
𝑀 is three-dimensional and irreducible (1,2 ), there exists a compact manifold
whose interior is homeomorphic to 𝑀 . Therefore, although in general we cannot
give an answer for the topologies 𝜏 = 𝑐 and 𝑢, with a high degree of generality
one may assume that if 𝑀 is open, then it is the interior of a compact-

of the manifold 𝑁 . In this case, using Brown’s result (3), that 𝜕𝑁 has in 𝑁
a neighborhood 𝐺 of the form 𝜕𝑁 × 𝐼 , and Alexander’s modification of the
argument (4), we can prove that the subgroup Δ𝜏(𝑀 ∖𝐺) is contractible, where
𝜏 = 𝑐 or 𝑢, and it is assumed that the metric of 𝑀 is induced by the metric of
𝑁 . Thus, it remains only to prove that ℌ𝜏(𝑀) is locally contractible in Δ𝜏(𝐾).
This follows easily from the following more general proposition, from which, as
a special case, the main theorem is also obtained.

(A). If 𝐶 and 𝐷 are closed subsets of the manifold 𝑀 , then for every neighborhood
𝑂(𝐶) and every neighborhood 𝑂′(Fr 𝐷∩𝐶) there exists a strictly positive function
𝑓 on 𝑂 such that for every homeomorphism ℎ, for which 𝜌(𝑥, ℎ𝑥) < 𝑓𝑥, 𝑥 ∈ 𝑂,
there is an isotopy Υ(ℎ), continuously depending on ℎ, such that: 1) (Υ(ℎ))0 = ℎ;
2) (Υ(ℎ))𝑡 = ℎ on 𝑀 ∖𝑂, 𝑡 ∈ 𝐼; 3) (Υ(ℎ))𝑡 = 𝑒 on 𝐷∖𝑂′, 𝑡 ∈ 𝐼; 4) (Υ(ℎ))1 = 𝑒
on 𝐶.

If in the case indicated above, where 𝑀 = Int 𝑁 , we take [𝑀 ∖ 𝐺] as 𝐶 and
𝐷 = Λ, then, as was said, we obtain the following consequence:

Theorem 2. If 𝑀 = Int 𝑁 , where 𝑁 is a compact manifold, then ℌ𝑐(𝑀)
and also ℌ𝑢(𝑀), if the metric of 𝑀 is induced by the metric of 𝑁 , are locally
contractible.

2. Reduction of (A) to the main lemma. Without much difficulty it
is shown that it is enough to prove (A) for manifolds without boundary and,
moreover, in the case when 𝐶 is compact. We shall also assume that the closure
of 𝑂 is compact. Choose a covering of 𝐶 by Euclidean neighborhoods:

𝐶 ⊂
𝑘

⋃
𝑖=1

𝑄𝑖, where 𝑄𝑖 = 𝑞𝑛
𝑖𝑅, and 𝑞𝑖 ∶ 𝑅𝑛 → 𝑀 is a homeomorphism, 1 ≤ 𝑖 ≤ 𝑘.

Let 𝐼𝑛
𝑟 be the cube in 𝑅𝑛: {𝑥 ∣ |𝑥𝑖| ≤ 𝑟, 1 ≤ 𝑖 ≤ 𝑛}, and let 𝐼𝑛 = 𝐼𝑛

1 . We shall
assume that 𝐶 ⊂ ⋃ 𝑞𝑖𝐼𝑛, and moreover Fr 𝐷 ∩ ⋃[𝑄𝑖] ⊂ 𝑂, Fr 𝐷 ∩ ⋃[𝑄𝑖] ⊂ 𝑂′.
Take another 𝑘 neighborhoods 𝑂𝑖(Fr 𝐷 ∩ 𝐶) such that [𝑂𝑖] ⊂ 𝑂𝑖+1 ⊂ 𝑂′, and
one may assume that Fr 𝐷 ∩ [𝑄𝑖] ⊂ 𝑂1. Take also numbers 𝛾𝑖, 1 ≤ 𝑖 ≤ 𝑘, such
that 0 < 𝛾𝑖 < 𝛾𝑖−1 ≤ 𝛾1 < 1/4. We construct successively numbers 𝛿𝑖 and, for
every homeomorphism

ℎ ∈ Ω[𝑂],𝛿𝑖
(𝑒) ∩ Δ𝜏(𝐷),
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isotopies Ψ𝑖(ℎ), continuously depending on ℎ, such that: 1) (Ψ𝑖(ℎ))0 =
(Ψ𝑖−1(ℎ))1 (or = ℎ for 𝑖 = 1); 2) (Ψ𝑖(ℎ))𝑡 = (Ψ𝑖−1(ℎ))1 on 𝑀 ∖ 𝑄𝑖 (or = ℎ for
𝑖 = 1); 3) (Ψ𝑖(ℎ))1 = 𝑒 on 𝐷 ∖ 𝑂𝑖; 4) (Ψ𝑖−1(ℎ))1 = 𝑒 on

𝑖−1
⋃

𝑖′=1
𝑞𝑖′𝐼𝑛

1+𝛾𝑖
.

If
Υ(ℎ) = Ψ𝑘(ℎ) ∘ ⋯ ∘ Ψ1(ℎ)

for a homeomorphism ℎ from Ω[𝑂],𝛿(𝑒) ∩ Δ(𝐷), where 𝛿 > 0 is sufficiently small,
then it is easy to show that Υ(ℎ) has the required properties. Condition 2
shows that the construction of Ψ𝑖 takes place in a single neighborhood 𝑄𝑖 and,
consequently, can be transferred to Euclidean space. Namely, it is enough to
prove the following assertion:

(B). If 𝐷 is a closed subset of 𝑅𝑛, then for every neighborhood 𝑂(Fr 𝐷∩𝐼𝑛
2 ) there

exists 𝛿 > 0 such that for every 𝛿-homeomorphism 𝑔 ∶ 𝐼𝑛
2 → 𝑅𝑛, identical on

𝐷, there is an isotopy Ψ(𝑔) of the space 𝑅𝑛, continuously depending on 𝑔, such
that: 1) (Ψ(𝑔))0 = 𝑒; 2) (Ψ(𝑔))𝑡 = 𝑒 on (𝑅𝑛 ∖ 𝑔𝐼𝑛

2 ) ∪ (𝐷 ∖ 𝑂); 3) (Ψ(𝑔))1 = 𝑔−1

on 𝐼𝑛
1.5.

To prove (B) we take a triangulation 𝑇 of 𝑅𝑛 so fine that

St𝑇 ″(St𝑇 (𝐷 ∖ 𝑂) ∩ (Fr 𝐷 ∩ 𝐼𝑛
2 )) = Λ

and
St𝑇 ′ St𝑇 𝐼𝑛

1.5 ⊂ 𝐼𝑛
1/4,

where 𝑇 ″ is the second barycentric subdivision. For each open simplex 𝜎 ∈ 𝑇
take the cell

𝑧 = 𝑧(𝜎) = [St𝑇 ″ 𝜎 ∖ St𝑇 ″ 𝜕𝜎].
Let 𝜎1, … , 𝜎𝑠 be the simplexes from St𝑇 𝐼𝑛

1.5, where first the simplexes from
[St𝑇 (𝐷 ∖ 𝑂)] are numbered (say, 𝑑 of them), and the remaining 𝑠 − 𝑑 in order
of increasing dimension. It is easy to see that if 𝑧𝑖 ∩ (𝐷 ∖ 𝑂) ≠ Λ, then 𝑖 ≤
𝑑. Let the numbers 𝜂𝑖 > 0, 𝑑 + 1 ≤ 𝑖 ≤ 𝑠, be so small that 𝑂𝜂𝑖

(𝑧𝑖) ⊂ 𝐼𝑛
2 ,

𝑂𝜂𝑖
(𝑧𝑖) ∩ 𝑂𝜂𝑖

(𝑧𝑖′) = Λ, if 𝑧𝑖 ∩ 𝑧𝑖′ = Λ, and if 𝑂𝜂𝑖
(𝑧𝑖) ∩ (𝐷 ∖ 𝑂) ≠ Λ, then

𝑖 ≤ 𝑑. We construct successively numbers 𝛿𝑖 and, for every 𝛿𝑖-homeomorphism
identical on 𝐷, an isotopy Φ𝑖, continuously depending on 𝑔, such that the first
𝑑 of them are ident-

are the identity, and (Φ𝑖(𝑔))0 = (Φ𝑖−1(𝑔))1, (Φ𝑖(𝑔))𝑡 = (Φ𝑖−1(𝑔))1 on (𝑅𝑛 ∖
𝑔𝑂 𝑖

𝜂(𝑧𝑖)) ∪ St𝑟′ 𝜕𝜎𝑖, (Φ𝑖(𝑔))1 = 𝑔−1 on 𝑔𝑧𝑖. Then, for a 𝛿-homeomorphism 𝑔 ∶
𝐼𝑛

2 → 𝑅𝑛, where 𝛿 is sufficiently small, all the Φ𝑖 are defined and, hence, so is
their composition Ψ, which, as is easy to see, has the required properties. To
construct the next isotopy Φ𝑖 we construct a homeomorphism 𝑞 ∶ 𝑅𝑛 → 𝑂𝜂𝑖
such that

𝑞𝐼𝑛 = 𝑧𝑖, 𝑞(𝑅𝑛 ∖ (𝐼𝑝 × 𝑅𝑛−𝑝)) ⊂ St𝑟′ 𝜕𝜎𝑖,

sovietrxiv.org/items/ru-196801.18430 Machine Translation

https://sovietrxiv.org/items/ru-196801.18430


𝑞(𝐼𝑝 × 𝑅̄ 𝑛−𝑝) ⊂ 𝑂𝜂(𝑧𝑖),
where 𝑝 = dim 𝜎𝑖 and 𝑅𝑛 = 𝑅𝑝 × 𝑅𝑛−𝑝. It is easy to show that, with the aid of
the homeomorphism 𝑞, the construction of Φ𝑖 reduces to the following lemma.

3. Main lemma. There exists a 𝛿 > 0 such that for every homeomorphic
𝛿-shift 𝑔 ∶ 𝐼𝑛

2 → 𝑅𝑛, identical on 𝐼𝑛
2 ∖ 𝐼𝑝 × 𝐼, there exists an isotopy H(𝑔),

depending continuously on 𝜉, such that:

1) (H(𝑔))0 = 𝑒;

2) (H(𝑔))𝑡 = 𝑒 on 𝑅𝑛 ∖ 𝑔(𝐼𝑝 × 𝐼 𝑛−𝑝
2 ), 𝑡 ∈ 𝐼 ;

3) (H(𝑔))1 = 𝑔−1 on 𝑔𝐼𝑛.

The general case is easily obtained from the case 𝑝 = 0, which we shall assume
in what follows. We put 𝛿 = 1/8 ⋅ 32𝑛. Introduce the notation:

𝑅𝑖,𝑑 = {𝑥 ∣ 𝑥𝑖 = 𝑑},

𝑅+
𝑖,𝑑 = {𝑥 ∣ 𝑥𝑖 ≥ 𝑑}, 𝑅−

𝑖,𝑑 = {𝑥 ∣ 𝑥𝑖 ≤ 𝑑}, 𝑅𝑖(𝑑1, 𝑑2) = 𝑅+
𝑖,𝑑1

∩ 𝑅−
𝑖,𝑑2

,
𝑅𝜀

𝑖,𝑑 = 𝑅𝑖(𝑑 − 𝜀, 𝑑 + 𝜀), 𝐼𝑖(𝑑, 𝑟) = 𝑅𝑖,𝑑 ∩ 𝐼𝑛
𝑟 ,

𝐼𝜀
𝑖 (𝑑; 𝑟) = 𝑅𝜀

𝑖,𝑑 ∩ 𝐼𝑛
𝑟 , Π𝑖(𝑑1, 𝑑2; 𝑟) = 𝑅𝑖(𝑑1, 𝑑2) ∩ 𝐼𝑛

𝑟 .

By 𝜉𝑖(𝑑1, 𝑑2, 𝑑3, 𝑑4; 𝑟1, 𝑟2), where 𝑑1 < 𝑑2, 𝑑3 < 𝑑4, we denote an isotopy which
is the identity outside Π𝑖(𝑑1, 𝑑2; 𝑟2), on each segment 𝑙 parallel to 𝑂𝑥𝑖 and
contained between 𝐼𝑖(𝑑1; 𝑟1) and 𝐼𝑖(𝑑4; 𝑟1), carries the point 𝑙 ∩ 𝐼𝑖(𝑑1; 𝑟1) to
the point 𝑙 ∩ 𝐼𝑖(𝑑3; 𝑟1), and is extended linearly to the adjacent intervals of
this segment and to the segment of each ray issuing from the point 𝑅𝑖,𝑑 ∩ 𝑂𝑥𝑖,
contained between 𝐼𝑛

𝑟2
and 𝐼𝑛

𝑟1
. It is clear that 𝜉𝑖(𝑑1, 𝑑2, 𝑑3, 𝑑4; 𝑟1, 𝑟2) carries into

𝐼𝑖(𝑑2; 𝑟1) = 𝐼𝑖(𝑑3; 𝑟1).
We shall construct a sequence of isotopies Φ𝑗, depending continuously on 𝑔, so
that (Φ𝑗)0 = 𝑒 and, if 𝑔𝑗 = (Φ𝑗)1 … (Φ1)1𝑔 (and 𝑔0 = 𝑔), then we can define

(H(𝑔))𝑡 = (Φ𝑗)(𝑗+1)(𝑡𝑗+1−𝑗)𝑔𝑗−1, 𝑡 ∈ [𝑗/(𝑗 + 1), (𝑗 + 1)/(𝑗 + 2)],

and (H(𝑔))1 = lim 𝑔𝑗. It is easy to verify that for this it is sufficient that, first,
each Φ𝑗 be an (𝜂/2𝑗)-isotopy, where 𝜂 does not depend on 𝑗 or on 𝑔, and, second,
that

𝑔𝑗𝐼𝑖(𝑑; 𝑟) ⊂ Int 𝐼𝜀𝑗
𝑖 (𝑑; 𝑟 + 𝜀𝑗),

where 1 ≤ 𝑖 ≤ 𝑛, 𝑟 = 1 + 1/2𝑗, 𝜀𝑗 = 1/2𝑗+132𝑛, and 𝑑 runs through all rational
numbers in the interval

[−1 − 1/2𝑗+1, 1 + 1/2𝑗+1],

multiples of 1/2𝑗+13𝑛−1, and also the numbers dividing the intervals

[−1 − 1/2𝑗, −1 − 1/2𝑗+1]
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and
[1 + 1/2𝑗+1, 1 + 1/2𝑗]

into 3𝑛 − 1 equal parts (these conditions are given in the form needed for the
inductive construction). In addition, it is required that

(Φ𝑗)𝑡 = 𝑒 on 𝑅𝑛/𝑔𝑗−1𝐼 𝑛
1+2−𝑗−1.

We note that for 𝑗 = 0 these conditions are satisfied for every 𝛿-homeomorphism
𝑔.

Let
𝑟𝑖 = 1 + 1/2𝑗−1 − (3𝑖 − 1)/2𝑗(3𝑛 − 1), 0 ≤ 𝑖 ≤ 𝑛,

and
̄𝑟 = (𝑟𝑖−1 + 𝑟𝑖)/2.

We shall call numbers of order (𝑖, 𝑖′), in the case 𝑖 < 𝑖′ ≤ 𝑛: a) numbers,
multiples of 1/2𝑗 ⋅ 3𝑛−1, from [−𝑟𝑛, 𝑟𝑛], and b) numbers dividing the intervals
[−𝑟𝑖, −𝑟𝑛] and [𝑟𝑛, 𝑟𝑖] into 3𝑛 − 1 equal parts; and, in the case 1 ≤ 𝑖 ≤ 𝑖′: a)
numbers, multiples of 1/2𝑗+1 ⋅ 32𝑛−𝑖−1, from

[−𝑟𝑛 + 1/2𝑗+1, 𝑟𝑛 − 1/2𝑗+1],

b) numbers dividing into 3𝑛−𝑖(3𝑛 − 1) equal parts the intervals

[−𝑟𝑛, −𝑟𝑛 + 1/2𝑗+1]

and
[𝑟𝑛 − 1/2𝑗+1, 𝑟𝑛];

c) numbers dividing into 3𝑛−𝑖 equal parts each of the intervals

[−𝑟𝑖, −𝑟𝑛] and [𝑟𝑛, 𝑟𝑖].

We construct Φ𝑗 as the product 𝜓𝑗𝜑𝑗, where 𝜓𝑗 is the product, taken in any
order for all 𝑖, 1 ≤ 𝑖 ≤ 𝑛, and for all 𝑑 of order (𝑖, 𝑛), of the isotopies:

𝜉𝑖(𝑑 − 2𝜀𝑗−1, 𝑑 − 𝜀𝑗−1, 𝑑 − 𝜀𝑗, 𝑑; 𝑟𝑛 + 𝜀𝑗−1, 𝑟0 − 𝜀𝑗−1)

𝜉𝑖(𝑑, 𝑑 + 𝜀𝑗−1, 𝑑 + 𝜀𝑗, 𝑑 + 2𝜀𝑗−1; 𝑟𝑛 + 𝜀𝑗−1, 𝑟0 − 𝜀𝑗−1),
and 𝜑𝑗 is the composition 𝜑𝑗,𝑛 ∘ ⋯ ∘ 𝜑𝑗,1; moreover

(𝜑𝑗,𝑖)1𝑔𝑗−1𝐼𝑖′(𝑑; 𝑟𝑖) ⊂ Int 𝐼𝜀𝑗−1
𝑖′ (𝑑; 𝑟𝑖 + 𝜀𝑗−1),

where 1 ≤ 𝑖′ ≤ 𝑛 and 𝑑 runs

moves points of order (𝑖, 𝑖′). If one further requires that 𝜑𝑗,𝑖 depend continuously
on 𝑔, they would be (𝜂𝑖/2𝑗)-isotopies, where 𝜂𝑖 does not depend on 𝑗 or on 𝑔,
and that

(𝜑𝑗,𝑖)𝑡 = (𝜑𝑗,𝑖−1)1 on 𝑅𝑛 ∖ (𝜑𝑗,𝑖−1)1𝑔𝑗−1𝐼𝑛
𝑟𝑖−1

,
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then it is easy to see that 𝜓𝑗𝜑𝑗 satisfies all the requirements for Φ𝑗. In turn, 𝜑𝑗
is constructed as the product of the isotopies 𝜓𝑗 and 𝜑𝑗, and also (for 𝑖 → 1)
of the homeomorphism (𝜑𝑗,𝑖−1)1. The isotopy 𝜓𝑗 is the product, taken in any
order for all 𝑖′ ≠ 𝑖 and for all numbers 𝑑 of order (𝑖, 𝑖′), of the isotopies

𝜉(𝑑″−2𝜀𝑗−1, 𝑑′−𝜀𝑗−1, 𝑑−𝜀𝑗−1, 𝑑; ̄𝑟+𝜀𝑗−1, 𝑟𝑖−1−𝜀𝑗−1) 𝜉′
𝑖(𝑑, 𝑑″+𝜀𝑗−1, 𝑑+𝜀𝑗−1, 𝑑″+2𝜀𝑗−1; ̄𝑟+𝜀𝑗−1, 𝑟𝑖−1−𝜀𝑗−1),

where 𝑑′ and 𝑑″ are the neighbors of 𝑑 on the right and on the left among the
points of order (𝑖 − 1, 𝑖′). To construct 𝜑𝑗,𝑖, take the points of order (𝑖 − 1, 𝑖′)
in [−𝑟𝑖, 𝑟𝑖], including the endpoints:

𝑑0, 𝑑1, … , 𝑑𝜆,

and let 𝑑𝜆+1 also be the point of the same order neighboring 𝑟𝑖. The isotopy
𝜑𝑗,𝑖 is

𝜒𝑗,𝑖,𝜒 ∘ ⋯ ∘ 𝜒𝑗,𝑖,1,
where

(𝜒𝑗,𝑖,𝑘)𝑡 = (𝜒𝑗,𝑖,𝑘−1)1 outside 𝑔𝑗−1Π𝑖(𝑑𝑘−1, 𝑑𝑘+1; 𝑟𝑖−1),
and

(𝜒𝑗,𝑖,𝑘)1 = (𝜒𝑗,𝑖,𝑘−1)1 outside 𝑔𝑗−1Π𝑖(𝑑𝑘−1, 𝑑𝑘; 𝑟𝑖−1).
It follows that we can construct the 𝜒𝑗,𝑖,𝑘 independently of one another. Let
𝑐1, … , 𝑐𝜆 be the points of order (𝑖, 𝑖) inside the interval [𝑑𝑘−1, 𝑑𝑘]. We construct
𝜒𝑗,𝑖,𝑘 as the composition of the isotopies

𝜔𝑗,𝑖,𝑘,1 ∘ ⋯ ∘ 𝜔𝑗,𝑖,𝑘,𝜆

(first 𝜔𝑗,𝑖,𝑘,𝜆 is constructed), where

𝜔𝑗,𝑖,𝑘,𝑙 = 𝜎−1𝜌𝜎𝜏((𝜔𝑗,𝑖,𝑘,𝑙+1)1,

and the isotopies 𝜎, 𝜏, 𝜌 are described below. Let

̃𝑔 = (𝜔𝑗,𝑖,𝑘,𝑙+1)1(𝜒𝑗,𝑖,𝑘−1)1(𝜑𝑗,𝑖−1)𝑔𝑗−1

and put
𝐻 = ⋃

𝑖′≠𝑖
(𝑅𝜀𝑗−1

𝑖,𝑟𝑖−1
∪ 𝑅𝜀𝑗−1

𝑖′,−𝑟𝑖−1
) .

Let 𝑎1 be the minimal number having the property that

̃𝑔𝐼𝑖(𝑎1; 𝑟𝑖−1) ⊂ 𝑅+
𝑖,𝑐𝑙−𝜀𝑗−1

∪ 𝐻,

and let 𝑎2 be the maximal number such that, for all 𝑎′, 0 < 𝑎′ < 𝑎2,

̃𝑔𝐼𝑛
𝑟𝑖−1

∖ ⋃
𝑖′≠𝑖

Π𝑖′(−𝑟𝑖−1 + 𝑎′, 𝑟𝑖−1 − 𝑎′; 𝑟𝑖−1) ⊂ Int 𝐻.
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Then 𝑎1(𝑔) is a continuous function, and 𝑎2(𝑔) is a lower semicontinuous function
of 𝑔, moreover 𝑎2(𝑔) is strictly positive. By the well-known theorem of Baire, it
can be replaced by a continuous function ̃𝑎2(𝑔). Let

𝜏 = 𝜉𝑖(𝑑𝑘−1, 𝑐𝑙, (𝑎1 + 𝑐𝑙+1)/2, 𝑐𝑙+1; 𝑟𝑖−1 − ̃𝑎2; 𝑟𝑖−1)

and
𝜏 = ̃𝑔 𝜏 ̃𝑔−1.

Let 𝑏1 and 𝑏2 be the minimal numbers such that 𝑏1 ≥ 𝑐 and

(𝜏)1 ̃𝑔𝐼𝑖(𝑏1; 𝑟𝑖−1) ⊂ 𝑅+
𝑖,𝑐𝑙+1−𝜀𝑗−1

∪ 𝐻,

(𝜏)1 ̃𝑔𝐼𝑖(𝑏2; 𝑟𝑖−1) ⊂ 𝑅+
𝑖,𝑐𝑙+2−𝜀𝑗−1

∪ 𝐻.
Let

𝜎 = 𝜉𝑖(𝑏1, 𝑐𝑙+1, (𝑏2 + 𝑐𝑙+2)/2, 𝑐𝑙+2; 𝑟𝑖−1, 𝑟𝑖−1 + 𝜀𝑗−1)
and

𝜎 = ((𝜏)1 ̃𝑔)𝜎((𝜏)1 ̃𝑔)−1.
Finally, put

𝜌 = 𝜉𝑖(𝑐𝑙 − 𝜀𝑗−1, 𝑐𝑙+1 − 𝜀𝑗−1, 𝑐𝑙 + 𝜀𝑗−1, 𝑐𝑙+2 − 𝜀𝑗−1; ̄𝑟 + 𝜀𝑗−1, 𝑟𝑖−1 − 𝜀𝑗−1).

4. Corollaries. The classes of stably equivalent homeomorphisms (see (5)) co-
incide with the connected components and with the path-connected components
of ℌ𝑚(𝑀).
If a homeomorphism is approximated by stable ones, then it is itself stable.

The covering homotopy axiom is valid for embeddings with normal microbun-
dles.

5. Questions. Does there exist, between two close piecewise linear homeomor-
phisms (say, of 𝑅𝑛), a small piecewise linear isotopy joining them?

Can the neighborhood 𝑂′ be removed from the formulation (A)? Yes, if 𝐷 is a
locally flat submanifold, but I do not know the answer when 𝐷 is a polyhedron
or, say, a zero-dimensional compactum.
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