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MATHEMATICS

V. I. RYBAKOV

THE RADON–NIKODYM THEOREM AND
THE REPRESENTATION OF VECTOR MEA-
SURES BY AN INTEGRAL
(Presented by Academician P. S. Novikov on 7 VII 1967)

The paper considers a generalization of the Radon–Nikodym theorem to the
case where both measures are vector-valued (with values in a Banach space). A
similar situation was considered in paper (1), but in (1) rather severe require-
ments were imposed on vector measures. In the present paper some of these
restrictions are removed; however, it is necessary to introduce a more general
integral in order to represent one vector measure with respect to another (in
(1) the bilinear Bartle integral is used for this purpose). As one of the appli-
cations of such a representation, a description will be given of vector measures
of 𝜎-finite variation with values in a reflexive space. In conclusion, necessary
and sufficient conditions will be given for representing a vector measure by a
Bochner integral.

By Σ we shall denote a certain 𝜎-algebra of subsets of a set 𝑆. We shall call
a countably additive function 𝑚, defined on Σ and taking values in a Banach
space, a vector measure, i.e., 𝑚 is such that for any sequence of pairwise disjoint
sets

𝐸𝑖 ∈ Σ one has 𝑚 (
∞
⋃
𝑖=1

𝐸𝑖) =
∞

∑
𝑖=1

𝑚(𝐸𝑖),

where the series on the right-hand side converges unconditionally.

By the variation of the vector measure 𝑚 on the set 𝐸 ∈ Σ (notation 𝑣(𝑚, 𝐸))
we mean

sup{∑
𝑖

‖𝑚(𝐸𝑖)‖} ,

where the supremum is taken over all finite and countable systems {𝐸𝑖} of
pairwise disjoint sets 𝐸𝑖 ⊂ 𝐸, 𝐸𝑖 ∈ Σ.
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If 𝑣(𝑚, 𝑆) < ∞, then 𝑚 is said to have finite variation. If

𝑆 =
∞
⋃
𝑛=1

𝐸𝑛,

where 𝐸𝑛 ∈ Σ are such that 𝑣(𝑚, 𝐸𝑛) < ∞, 𝑛 = 1, 2, …, then we shall say that
𝑚 has 𝜎-finite variation.

It is said that a vector measure 𝑚2 ∶ Σ → 𝑌 is absolutely continuous with
respect to 𝑚1 ∶ Σ → 𝑋 (𝑚2 ≪ 𝑚1), if for 𝐸 ∈ Σ from 𝑣(𝑚1, 𝐸) = 0 it follows
that 𝑚2(𝐸) = 0.
Theorem 1. In order that a vector measure 𝑚, absolutely continuous with
respect to a positive measure 𝜇, have 𝜎-finite variation, it is necessary and
sufficient that the set 𝑆 can be represented in the form

𝑆 =
∞
⋃

𝑁=1
𝐸𝑁 ,

where 𝐸𝑁 ∈ Σ are such that if 𝐹 ⊂ 𝐸𝑁 , 𝐹 ∈ Σ, then

‖𝑚(𝐹)‖ ≤ 𝑁𝜇(𝐹).

By 𝜋 we shall denote any finite set of natural numbers; 𝜋 ≥ 𝜋1 means that
𝜋 ⊃ 𝜋1. Let (𝑌 , 𝜏) be a separable locally convex space and let 𝑉 be some
neighborhood of zero in the topology 𝜏 .
Definition. A series ∑𝑖 𝑦𝑖 (𝑦𝑖 ∈ 𝑌 , 𝑖 = 1, 2, …) will be called unconditionally
summable with accuracy up to 𝑉 to 𝑦0 ∈ 𝑌 if there exists a 𝜋0 such that for
𝜋 ≤ 𝜋0

𝑦0 − ∑
𝑖∈𝜋

𝑦𝑖 ∈ 𝑉 .

Consider a certain bilinear operator 𝑢 ∶ 𝑍 ×𝑋 → 𝑌 , where 𝑋, 𝑌 , 𝑍 are arbitrary
spaces. For brevity, instead of 𝑢(𝑧, 𝑥) we shall write 𝑧𝑥. In what follows it is
assumed that 𝑋 is a Banach space, and that 𝑌 is endowed with a certain
separable locally convex topology 𝜏 .
By a partition we shall mean any finite or countable family
Δ = {𝐸𝑖}, 𝑖 = 1, 2, …, of pairwise disjoint sets from Σ such that ⋃𝑖 𝐸𝑖 = 𝑆.
If Δ′ = {𝐹𝑗}, then Δ′ ≥ Δ means that each set 𝐹𝑗 ∈ Δ′ is a subset of some
𝐸𝑖 ∈ Δ.

Definition. A function 𝑓 ∶ 𝑆 → 𝑍 is called 𝜏 -integrable on 𝑆 (with respect to
𝑚 ∶ Σ → 𝑋), and its 𝜏 -integral on 𝑆 is 𝑦𝑆 ∈ 𝑌 , if for an arbitrary neighborhood
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of zero 𝑉 in 𝜏 there is a partition Δ𝑉 such that, for Δ ≥ Δ𝑉 , every series
∑𝑖 𝑓(𝑠𝑖)𝑚(𝐸𝑖) (𝑠𝑖 ∈ 𝐸𝑖, 𝐸𝑖 ∈ Δ) is unconditionally summable with accuracy
up to 𝑉 to 𝑦𝑆.

Thus, by definition,

𝑦𝑆 = (𝜏) ∫
𝑆

𝑓(𝑠) 𝑑𝑚 = (𝜏) ∫
𝑆

𝑓 𝑑𝑚

(if the function 𝑓 is 𝜏 -integrable on 𝑆, then the 𝜏 -integral is determined uniquely).
It should be noted that the 𝜏 -integral depends, of course, on the bilinear operator
𝑢 ∶ 𝑍 × 𝑋 → 𝑌 , and one ought to speak of the (𝜏, 𝑢)-integral with respect to 𝑚;
but for simplicity we shall adhere to the terminology introduced above.

Definition. A function 𝑓 ∶ 𝑆 → 𝑍 is called 𝜏 -integrable if, for every 𝐸 ∈ Σ, the
function 𝑓(𝑠)𝜒𝐸(𝑠) is 𝜏 -integrable on 𝑆 (𝜒𝐸 is the characteristic function of the
set 𝐸). By definition,

(𝜏) ∫
𝐸

𝑓 𝑑𝑚 = (𝜏) ∫
𝑆

𝑓(𝑠)𝜒𝐸(𝑠) 𝑑𝑚.

If 𝑚 is a positive measure, 𝑍 = 𝑌 , and 𝑢(𝑦, 𝑎) = 𝑎𝑦 (𝑎 ∈ 𝑋, 𝑦 ∈ 𝑌 ), then our
𝜏 -integral coincides with Phillips’𝑈 -integral, see (2).
The following assertion is easily proved: if the functions 𝑓 and 𝑔 are 𝜏 -integrable,
then the function 𝛼𝑓 + 𝛽𝑔 is 𝜏 -integrable (𝛼, 𝛽 are scalars), and for 𝐸 ∈ Σ

(𝜏) ∫
𝐸

(𝛼𝑓 + 𝛽𝑔) 𝑑𝑚 = 𝛼 ⋅ (𝜏) ∫
𝐸

𝑓 𝑑𝑚 + 𝛽 ⋅ (𝜏) ∫
𝐸

𝑓 𝑑𝑚.

Lemma. Let 𝑓 ∶ 𝑆 → 𝑍 be 𝜏-integrable. If Δ = {𝐸𝑖} is a partition of 𝑆 such
that, for Δ′ = {𝐺𝑗} ≥ Δ, every series of the form ∑𝑗 𝑓(𝑠𝑗)𝑚(𝐺𝑗) (𝑠𝑗 ∈ 𝐺𝑗)
is unconditionally summable with accuracy up to 𝑉 to (𝜏) ∫ 𝑓 𝑑𝑚, then for any
𝐸 ∈ Σ the series ∑𝑖 𝑓(𝑠𝑖)𝑚(𝐸𝑖 ∩ 𝐸) (𝑠𝑖 ∈ 𝐸𝑖 ∩ 𝐸, 𝐸𝑖 ∈ Δ) is unconditionally
summable with accuracy up to 3𝑉 to (𝜏) ∫𝐸 𝑓 𝑑𝑚.

Theorem 2 (on countable additivity of the 𝜏-integral). If the function
𝑓 ∶ 𝑆 → 𝑍 is 𝜏-integrable, then for any sequence of pairwise disjoint sets 𝐸𝑖 ∈ Σ
and any neighborhood of zero 𝑉 in 𝜏 there exists a 𝜋𝑉 such that for every 𝜋 ≥ 𝜋𝑉
one has

(𝜏) ∫
⋃∞

𝑖=1 𝐸𝑖

𝑓 𝑑𝑚 − ∑
𝑖∈𝜋

(𝜏) ∫
𝐸𝑖

𝑓 𝑑𝑚 ∈ 𝑉 .

Using the integral introduced, we shall give a generalization of the Radon–
Nikodym theorem.

Let 𝑋∗, 𝑌 ∗ be the spaces dual respectively to the Banach spaces 𝑋, 𝑌 . Define
the bilinear operator 𝑢 ∶ 𝐿(𝑋∗, 𝑌 ∗) × 𝑋∗ → 𝑌 ∗ as follows*:

𝑢(𝑧, 𝑥∗) = 𝑧(𝑥∗), 𝑧 ∈ 𝐿(𝑋∗, 𝑌 ∗), 𝑥∗ ∈ 𝑋∗.
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If, further, (𝑌 ∗, 𝜏) is the space 𝑌 ∗ in its 𝑌 -topology (see (3), p. 453, definition
2), then the following holds

* By 𝐿(𝑋∗, 𝑌 ∗) is denoted, as usual, the space of bounded linear operators from
𝑋∗ into 𝑌 ∗.

Theorem 3. Let 𝑚1 ∶ Σ → 𝑋∗, 𝑚2 ∶ Σ → 𝑌 ∗ be vector measures, and let 𝜇1
be the variation of 𝑚1. Suppose, further, that: 1) 𝜇1 is a full* finite measure
on Σ; 2) the measure 𝑚2 has 𝜎-finite variation; 3) 𝑚2 ≪ 𝑚1.

Then there exists on 𝑆 a function 𝑓 with values in 𝐿(𝑋∗, 𝑌 ∗) such that

𝑚2(𝐸) = (𝜏) ∫
𝐸

𝑓 𝑑𝑚1, 𝐸 ∈ Σ.

Theorem 4. Let 𝑚1 ∶ Σ → 𝑋, 𝑚2 ∶ Σ → 𝑌 (𝑋, 𝑌 are Banach spaces) be vector
measures for which the following conditions are satisfied: 1) 𝜈(𝑚1, (⋅)) is a full
finite measure on Σ; 2) the variation 𝑚2 is 𝜎-finite; 3) 𝑚2 ≪ 𝑚1.

Then there exists on 𝑆 a function 𝑓 with values in 𝐿(𝑋, 𝑌 ∗∗) such that

𝑚2(𝐸) = (𝜏) ∫
𝐸

𝑓 𝑑𝑚1.

In this assertion the bilinear operator 𝑢 ∶ 𝐿(𝑋, 𝑌 ∗∗) × 𝑋 → 𝑌 ∗∗ is defined by
the equality 𝑢(𝑧, 𝑥) = 𝑧(𝑥), 𝑥 ∈ 𝑋, 𝑧 ∈ 𝐿(𝑋, 𝑌 ∗∗); for 𝜏 on 𝑌 ∗∗ the 𝑌 ∗-topology
is taken, and 𝑦 is the image of the element 𝑦 ∈ 𝑌 under the natural embedding
of 𝑌 into 𝑌 ∗∗.

It should be noted that under the conditions of Theorem 4: a) the function 𝑓 ,
generally speaking, is not uniquely determined, even up to a function equal to
zero almost everywhere; b) it may happen that 𝑓(𝑠) ∉ 𝐿(𝑋, 𝑌 ) for almost all
𝑠 ∈ 𝑆. This, for example, will be the case when 𝑌 = 𝐿1[0, 1], 𝑆 = [0, 1], Σ is the
collection of Lebesgue-measurable subsets of the interval [0, 1], 𝑚2(𝐸) = 𝜒𝐸 for
𝐸 ∈ Σ, and 𝑚1 is Lebesgue measure on Σ.

We give conditions sufficient for 𝑓(𝑠) ∈ 𝐿(𝑋, 𝑌 ) for all 𝑠 ∈ 𝑆 in the case when
𝑚1 is a scalar measure (for other conditions, also in the case when 𝑚1 is a scalar
measure, see (4), p. 269, Theorem 5).

Theorem 5. If, under the conditions of Theorem 4, 𝑚1 is a positive measure
and the required function 𝑓 is almost separably valued, then there exists a
separably valued Pettis-integrable** function 𝑔 ∶ 𝑆 → 𝑌 such that

𝑚2(𝐸) = 𝑃 ∫
𝐸

𝑔(𝑠) 𝑑𝑚1

for all 𝐸 ∈ Σ.
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Let a positive full finite measure 𝜇 be given on Σ.

Theorem 6. If 𝑋 is a reflexive space and the vector measure 𝑚 (𝑚 ∶ Σ → 𝑋) is
such that: 1) 𝑚 ≪ 𝜇; 2) the variation 𝑚 is 𝜎-finite, then there exists a separably
valued Pettis-integrable function 𝑓 ∶ 𝑆 → 𝑋 such that

𝑚(𝐸) = (𝑃) ∫
𝐸

𝑓 𝑑𝜇.

Corollary 1. In order that a vector measure 𝑚, defined on Σ with values
in a reflexive space 𝑋, absolutely continuous with respect to 𝜇, have 𝜎-finite
variation, it is necessary and sufficient that there exist a function 𝑓 ∶ 𝑆 → 𝑋,
Pettis-integrable, such that

𝑚(𝐸) = (𝑃) ∫
𝐸

𝑓 𝑑𝜇.

Corollary 2. If 𝑋 is reflexive, then for every Pettis-integrable function 𝑓 ∶
𝑆 → 𝑋 there exists a separably valued Pettis-integrable function 𝑔 ∶ 𝑆 → 𝑋
such that

(𝑃 ) ∫
𝐸

𝑓 𝑑𝑚 = (𝑃) ∫
𝐸

𝑔 𝑑𝑚.

We give a theorem which is a generalization to the vector case of the result of G.
P. Tolstov (see (6)). Let (𝑆, Σ, 𝜇) be a space with a full finite positive measure.
We shall call a vector measure 𝜆 ∶ Σ → 𝑋 (𝑋 a Banach space) elementary (with
respect to 𝜇) if there exist 𝐹 ∈ Σ and 𝑥 ∈ 𝑋 such that 𝜆(𝐸) = 𝑥𝜇(𝐸 ∩ 𝐹) for
every 𝐸 ∈ Σ.

* A nonnegative measure 𝜇, defined on Σ, is called full if from 𝐸 ∈ Σ, 𝐹 ⊂ 𝐸,
and 𝜇(𝐸) = 0 it follows that 𝐹 ∈ Σ.

** For the definition of Pettis and Bochner integrals see, for example, (5), Ch.
III.

Theorem 6. In order that a vector measure 𝑚 ∶ Σ → 𝑋 be representable
as a Bochner integral of some function with respect to the measure 𝜇, it is
necessary and sufficient that there exist a sequence of elementary (with respect
to 𝜇) measures {𝜆𝑛} (𝜆𝑛 ∶ Σ → 𝑋, 𝑛 = 1, 2, …) such that

𝑚(𝐸) =
∞

∑
𝑛=1

𝜆𝑛(𝐸),
∞

∑
𝑛=1

𝑣(𝜆𝑛, 𝑆) < ∞.
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